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Preface

Fuzzy sets theory has been more than five decades of development and
applications since the finding of it by L. A. Zadeh in 1965. The scope of
development and applications ranges from theoretical basis to practical
foundation and from natural science and engineering to humanity, medi-
cine, and artificial intelligence. The broad array of applications demon-
strates the value of the theory.

I have researched fuzzy sets, fuzzy systems and fuzzy neural network
theories and their applications almost four decades since 1981. Since
around 1999, I have been thinking an important question which I think
that it is important and interesting: To where in science ocean can fuzzy
sets theory lead us? Why I always consider this question? Because I
regard Prof. Zadeh as one Columbus in Science Ocean and I am a diligent
Chinese sailor in his ship, I really want to know where I can go and what
I can discover on Zadeh’s research ship.

Although fuzzy sets theory has been more than fifty years since it was
founded, people still think it as a new subject in Science Ocean. Of course,
we all have known many other similar new subjects such as neural
networks, machine learning, deep learning, soft computing, data mining,
big data, granular computing, rough sets, and the like.

For any one of these new subjects, it must be in the face of a strict test
question: Can it solve an important problem which cannot be solved by
using any methods or theories coming from any other subjects?

For example, probability theory had ever not admitted by a lot of
mathematicians in its early development stage partly on account of its
coming from gambles. Later on, a mathematician, Kolmogorov, built the
mathematical theory for it by means of measure theory. More importantly,
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a lot of successful applications of probability theory made its case
improved. As we all know, without probability theory, we even do not
know how to do weather forecast nowadays. Without probability theory,
we do not know what statistic mechanics is. Without probability theory,
quantum mechanics does not have today’s situation, because Schrodinger
Equation is one of backbones of quantum mechanics, and the solutions
of Schrodinger Equation have been given their statistical interpretation
by de Broglie, a French physicist, the solutions are called de Broglie
waves. This means that, without probability theory, basically there is
no today’s quantum mechanics; therefore basically there is no today’s
modern physics.

For any one new subject in science, considering some important open
problem, I think that there are four cases:

Case 1: the new subject cannot solve the open problem, and any other
subjects cannot solve the open problem, too;

Case 2: the new subject cannot solve the open problem, but there is
one of other subjects can solve the open problem, which means that the
new subject is of little science worth;

Case 3: the new subject can solve the open problem, but there are
some of other subjects can also solve the open problem, which means that
the new subject is just of a little science worth;

Case 4: the new subject can solve the open problem very well, but all
other subjects cannot solve the open problem, which means that the new
subject is of a great science worth in no doubt.

Now I return to talk about fuzzy sets theory and fuzzy systems.
Whether there exists at least one important problem in science or in real
practice application such that fuzzy sets theory and fuzzy systems can
effectively solve it but just this problem cannot be solved by using any
methods or theories coming from any other subjects? Maybe there is only
one answer: no.

Why I use the word “maybe”? I should tell a science story coming
from 2002 to explain this question. Dr. Li H. X. with his fuzzy sets theory
research group successfully achieved the stable control experiment of
four-stage inverted pendulum in 2002, which is real hardware equipment
not a simulation and was the first experiment in the world (see Photo. f.1).
This four-stage inverted pendulum can be called linear four-stage inverted
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pendulum because its cart or slider bearing four rods moves along a linear
sliding rail, while the four rods move around a plane. This problem
belongs to fuzzy control theory while I do not involve this issue in this
book. I want to write another book to focus on my own control theory with
fuzzy sets theory and introduce the stable control experiment of four-stage
inverted pendulum in details.

As we all know, the experiment of three-stage inverted pendulum
has been a very difficult thing and a few of people can do this experiment.
As far as I can see, from 2002 to now, I have not learned that second
experiment of four-stage inverted pendulum appears.

Photo. f.1. linear four-stage inverted pendulum

Much more difficult about the stable control experiment of four-stage
inverted pendulum is on the spherical four-stage inverted pendulum.
“Spherical” means that its cart or slider bearing four rods moves around
plane, while the four rods move around in three-dimension space. From
2002 to 2010, after going through a lot of control method exploring and
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stable control experiments, Dr. Li H. X. with his fuzzy sets theory research
group successfully achieved the stable control experiment of spherical
four-stage inverted pendulum in 2010, which is also real hardware
equipment not a simulation and was the first experiment in the world (see
Photo. £.2).

Photo. f.2. spherical four-stage inverted pendulum

Around 2012 to 2013, my student Dr. Hu Dan was a visiting scholar at
San Jose State University and Prof. T. Y. Lin was her supervisor. Dr. Hu
had a chance to tell the four-stage inverted pendulum story to Prof. Lin,
and then Prof. Lin told the story to Prof. Zadeh. And Prof. Zadeh invited
me to UC Berkeley with carrying my linear four-stage inverted pendulum
(my spherical four-stage inverted pendulum is too big and heavy to carry
to USA) to give a talk and to do demonstration in front of Prof. Zadeh.
Of course I also visited San Jose State University invited by Prof. T. Y.
Lin and discussed some interesting problems on fuzzy sets theory with
Prof. Lin. The following photos can show the situations of my visiting
Prof. Zadeh in April, 2013.
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Foursstage Inverted Pendulum

and Its Fuzzy Set Theory

Photo. f.4. stable linear four-stage inverted pendulum in UC Berkeley

ix
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Four=stage Inyerted Pendulum

and Its Fuzzy Set Theory

Photo. f.5. Prof. Zadeh and Prof. Li

Photo. f.6. (from left to right) Dr. D. G. Wang, Prof. Y. Zheng, Dr. D. Hu,
Prof. T. Y. Lin, Prof. L. A. Zadeh, Prof. H. X. Liand Dr. J. Y. Wang
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After I came back from UC Berkeley to China, Prof. Zadeh sent me a
thank note. In order to make readers to learn how to exchange academic
viewpoints for two scholars on some academic problems, I would better
copy the note as following:

Dear Professor Li:

Many thanks for coming to Berkeley to make a presentation of
your work on the four-stage inverted pendulum. The system which you
described is a remarkable achievement. I believe that what you achieved
is worthy of a major prize. I was highly impressed by the sophisticated
mathematics which you employed to stabilize the pendulum. I was also
highly impressed by the two-stage self-learning pendulum. Please accept
my compliments and congratulations on your path-breaking achievement.

With my thanks and warm regards

Sincerely,

Lotfi Zadeh

Professor Emeritus

Director, Berkeley Initiative in Soft Computing (BISC)

In my answer letter, I explained my idea on the relationship between the
variable universe adaptive fuzzy control and type-2 fuzzy sets, which is as
follows:

Dear Professor Zadeh,

I just came back to China from USA yesterday and I have blessedly
received your “thank note”. Many thanks for you giving me such a good
opportunity to have my talk in Berkeley.

I view that the idea on the fuzzy sets defined on variable universe is
essentially a kind of type-2 fuzzy sets or a kind of generating method of
type-2 fuzzy sets. In other words, some finite type-1 fuzzy sets can gener-
ate a type-2 fuzzy set. By the use of my experiments, I think that type-2
fuzzy sets are much more powerful than type-1 fuzzy sets.

I regard you as another Columbus leading us to discover many new
lands or continents in science world. I am a Chinese diligent sailor on your
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ship continuing to do hard work on fuzzy sets. When I obtain some new
good work, I will visit you again in the future.

Sincerely yours,
H. X. Li

To make me very sad is that our well-beloved mentor Prof. L. A. Zadeh
passed away in 2017 so that I have not any chance to visit him.

Prof. Zadeh had ever been a well-known control theory expert and
did many important contributions on control theory. Since 1965, he
had devoted himself to develop his fuzzy sets theory. As I mentioned
four Cases above for any new subjects, particularly Case 4 is the most
important. I think that the stable control of the four-stage inverted pendu-
lum should strong enough support Zadeh’s fuzzy sets theory, which means
that the Case 4 has been realized for fuzzy sets theory.

I need to think another question calmly: the stable control of the four-
stage inverted pendulum is of strong application background. Can fuzzy
sets theory and fuzzy systems lead us into main fields of science such
as physics and mathematics to solve some important and interesting
problems?

Since I came back from UC Berkeley in 2013, I have been doing some
research on quantum mechanics by using fuzzy sets theory and fuzzy
systems. Fortunately, I have got some important and interesting research
results so that I have this book to be published to show these research
conclusions not only in quantum mechanics but in mathematics as well.
These conclusions are as the following.

On physics, I have pointed that the motion of a mass point in classic
mechanics has also waviness in Section 8.3. The wave function of the
motion of a mass point has surely no uncertainty. On the other hand,
although the motion of a particle has surely uncertainty, the wave function
of the particle must have no uncertainty. Thus, we can consider the relation
between the wave function of a mass point in classic mechanics and the
wave functions of some particles in quantum mechanics. As I discussed
in Section 8.2, I have revealed the relation by means of Theorem 8.2.1.
In other words, by using wave functions of both classic mechanics and
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quantum mechanics, classic mechanics and quantum mechanics are
unified, which is the significance of our unified theory about the two kinds
of mechanics.

I need to emphasize my new and important and interesting conclusion:
The motion of a mass point has also so-called duality: wave-mass-point
duality, which is very similar to the case of the motion of a particle in
quantum mechanics and is an important support to our unified theory on
classic mechanics and quantum mechanics. It is not difficult to understand
that Theorem 8.2.1 should be the most important in physics.

On mathematics, another new and important and interesting conclu-
sion of me is coming from Theorem 8.4.1 which means that, for any a
continuous function, there must be a sequence of probability spaces and a
sequence of random vectors defined on the sequence of probability spaces,
such that the sequence of conditional mathematical expectations of the
sequence of random vectors uniformly converges to the continuous func-
tion. This conclusion can establish a new bridge between real analysis and
probability theory.

It is worth noting that, Prigogine had ever pointed out his conclusion
by many experiments: world is random not certain (see [20]). In fact,
Theorem 8.4.1 just prove his idea, because, as we all know, a large part
of physical phenomenon can be described by some kind of continuous
functions, and based on Theorem 8.4.1, any one of these continuous
functions must be the limit of the sequence of conditional mathematical
expectations of a sequence of random vectors.

Besides, in Section 8.5, approximation theory significance of Theorem
8.2.1 is discussed in detail and its main conclusion is expressed by
Theorem 8.5.1. This undoubtedly gives a new kind of new method to
function approximation theory.

Another important thing is worth noting that, in this book, I give the
definition of wave-set duality which its idea is coming from the wave-
particle dualism in quantum mechanics (see Section 1.2).

In this book, there are three unifications problems and their solution
schemes: One is just the unification between classic mechanics and quan-
tum mechanics (see Chapter 8); second is the unification between fuzzy
systems and stochastic systems (see Chapter 5 and Chapter 6); third is
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the unification between Riemann integral and Lebesgue integral (see
Chapter 9).

At last, I want to say, Zadeh’s one of the most basic contributions
for fuzzy sets theory is that he extended characteristic functions of
Cantor’s sets to membership functions of fuzzy sets. I regard this thing as
Extension Principle. Why this Extension Principle? Because a principle is
a principle and a theorem is a theorem, a principle needs not to be proved
but a theorem must be proved. As I pointed out in Section 2.10, Zadeh’s
extension principle can be proved by this Extension Principle which I
suggested in Section 2.10. This means that Zadeh’s extension principle is
not a principle but a theorem or a proposition.

Li Hong-Xing
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Chapter 1

Fuzzy Sets

1.1 Cantor’s Sets

Set theory was found in 1874 by G. Cantor, a German mathematician.
One of the important methods used by Cantor in creating sets is the
comprehension principle, which means that for any P, a property, all
the objects with P and only with P can be included together to form a set
denoted by the symbol as follows:

A={a|P(a)}

’

where A expresses the set and “«a ” means an object in 4 . Generally, “a”’
is referred to as an element or a member of 4. The symbol P(a) repre-
sents the fact that the element “qa > satisfies P, and “{} ” means that all
the elements satisfying P are collected to form a set. In logic, the com-
prehension principle is stated as the following:

(Va)(ae A<= P(a)).

People routinely use the word “concept”, for example, the word “man”
is a concept. A concept has its intension and extension; by intension we
mean attributes of “man”, and by extension we mean all of the objects
defined by the concept. That is, sets can be used to express concepts.
Since set operations and transformations can express judging and reason-
ing, modern mathematics based on set theory becomes a formal language
for describing and expressing certain areas of knowledge.

In a practical problem, a set is always regarded as an extension of a
concept so that a topic under discussion may be limited to the same
“scope”. For example, if the topic of discussion is the concept “man”,
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then the scope is limited to “people”, and it is not necessary to consider
other objects that have no relation to the concept. Let all people be
denoted by U , and all men selected fromU form a set 4 in U, in fact it
is a subset of U , which is just the extension of the concept “man”.

All objects of a “concept” under discussion form a universe which
is also called universal set or total set. We prefer to use universe. A
universe is often denoted by capital letters, e.g. by U,V,---, X,Y . Each
object in the universe is called an element, denoted by corresponding
lower letters u,v,---,x,y . A number of elements in U is a set on U,
denoted by capital letters 4,B,C,---.

A universe U may be imaged as a “rectangle” and the elements of U
are abstract “points” without mass and size. A set on U may be repre-
sented by a “circular ring” or “oval” in the “rectangle”. The relationship
between the elements of U and a set 4 on U is depicted as a Venn
diagram in Figure 1.1.1.

L] . U’

Fig. 1.1.1. A Venn diagram containing a universe, a set and its elements

For any element u in U and a set 4 on U, u either belongs to 4
(denoted by ue A) or does not belongs to 4 (denoted by ug A4). If
u e A4, ie. ulies inside of the oval, then the relationship between u and
A is denoted by 1; If u ¢ A, i.e. u lies outside of the oval, then the rela-
tionship betweenu and 4 is denoted by 0. This means we can in fact get a
mapping based on A4 as follows:

1, ued,
20U 01, urs mu>={

0, uegd
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The mapping y, is called characteristic function of the set 4, which
clearly indicates membership between an elementu and a set 4 .

Let 4 and B be any two sets on U . If 4 and B satisfy the follow-
ing condition:

(VueU)(ue A=ueB),

we call 4 being a subset of B or 4 being included by B or B includ-
ing A, denoted by A< B or B> A. So when we say that 4 is a set on
U, this just means 4 is asubsetof U,ie. ACU.

We all well know that this class of sets, Z(U) = {A|A c U} , is called
power set of U. In U, we define two binary algebraic operations U,
and one unitary algebraic operations “c ” as follows

U:2(U)xPU)—>PU)
(A,B)I—)AUB:U(A,B):{ueU|(ueA)v(ueB)},

N: P(U)x PU)— PU)
(4,B)~ AN B=(4,B) :{u eUl(ue ) (u eB)},

c:PU)-> PU)

A A =c(A)=U\A={ueU|ug 4}.
This algebraic system (7)(U ),U,ﬂ,c) is called set algebra, where v is
logic symbol: extraction, meaning “or”, and A is conjunction, meaning
“and’,‘

It is easy to prove the following results: for any two sets 4,B€ Z(U),
we have

(Vu € U)(ZAUB (W) =y, W)V s (”)),
(Vi eU) (2405 @) = 7,@) A 2,w)),
(VueU)(z, @) =1-z,w)).

where v is of another meaning: v =max, i.e.
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(Va,beR)(avb=max{a,b})

and A =min, i.e.
(Va,beR)(a Ab=min{a,b}).

In addition, let V' be another universe and for any a set Be P(V), we
well know the symbol:

AxB={(a,b)|lae 4,be B
which is called the direct product of 4 and B, especially we have
UxV ={(u,v)|u eU,ve V}
and we easy know the fact: V(u,v)eU xV ,
2o @)= 2, W) A 2,(0) = 2,) 2,(V). (L11)
Now we use the following symbol to express the set of such mappings:
Ch(U) ={x|x:U—-[0.1]},

and define two binary algebraic operations Vv, A and one unitary algebraic

3 2

operation “c ” as follows:
v :Ch(U)x Ch(U) — Ch(U)
(o) 0N 26 =v(2:2)s
(VueU)(n v 2) @)= 1@V 2,w))
A:Ch(U)x Ch(U) — Ch(U)
(2o2)= 0~ 2=~ (10 26)5
(VueU)((x A z)w) = 2@ A z,w))
¢:Ch(U) - Ch(U)
x-x =c(x),
(VueU)(z @) =1-z(u))
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It is easy to prove that this algebraic system (P(U ),U,ﬂ,c) must be
isomorphic with the algebraic system (Ch(U ),v,/\,c) , l.e.

(PWU),U,N,c)=(ChU),v,Ac). (1.1.2)

Thus we will regard Ch(U) and Z(U) as the same thing.
Now we prove (1.1.2). In fact, consider the following mapping:

f:PU)—Ch)
A= (D=2,
Forany 4,Be P(U),if 4= B, then

(EiueU){[(ueA)/\(uéB)}v[(ueA)/\(ueB)]}.

Assume that (1€ A) A(u ¢ B) is true, and then we have

(2,@)=1)A(z5@)=0),

thus y, # y,. This means that f is an injection. For any y € Ch(U), by
it we can form a set 4 € 2 (U) as follows

A={ueU|;{(u)=l}.
Then by using 4 , we can get another y, € Ch(U) as well, i.e.
x,:U—>{0,1}

I, uedA,

uHZA(”):{O ue A

Now we can prove the fact that y, = y . In the matter of fact, for any an
element u € U , we have the following expression:

r(w=1lcoucds y(u)=1.

So we have the fact that y, = y , which means that f(4)=y, =y, i.e.
f is a surjection. Therefore f is a bijection.

Now for any two sets 4,8 € P(U), we can easily have the following
expressions:

SAUB) = 2,55 fANB)=g,05. f(4)=12,



6 Fuzzy Systems to Quantum Mechanics

In fact, by noticing the following facts

[£ (AU B)] () = 245 () = 22, () v 15 ()
=[f@]@) v [FB)]) = {[f( D]V [FB)]} @),

[/ (AN B 1) = 2405 ) = 2,0) A 2, ()
=[F(D]@) A[FB)]@) = {[ F D] A[FB]} ),

L£(4) @)= 2, @) =1- 2,@) =1-[ (D] @)
=[/ (D] ()

we know that f keeps algebra operations. This proves that (1.1.2) is true.

1.2 Physical Significance for Cantor’s Sets

In this section, we consider physical significance for Cantor’s sets with
interest. For any a nonempty universe U , since it has nothing to do with
time ¢, U can be regarded as a static system. For any an element u €U ,
it is an element in U. However, if we put a “dress” on it, i.e. put 4 = {u},
it becomes a set 4= {u} e P(U). So we get its characteristic function as
follows:

W=z @=1> 7"
X)= xX)=
La A 0, x#u

Z{u}(‘x)
1 """""""""""" N T

1
X

0 u U=R

Fig. 1.2.1. Unit impulse wave of u
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For convenience, we take U =R (the set of all real numbers). Then
the graph of the characteristic function y,,(x) is drawn as Figure 1.2.1.

This clearly is a unit impulse wave corresponding to the set 4 = {u}
or the element u . We can regard this fact as wave-element duality. This
reveals that every element in U must have its unit impulse wave, which
is very important phenomenon.

And then, for any nonempty set 4 € Z(U), corresponding to it, we
have its characteristic function y,; particularly, if we take the universe
U=R and 4=[a,b]c R, then the graph of the characteristic function
% ,(x) is drawn as Figure 1.2.2.

Xa(x)

X

0 a b U=R
Fig. 1.2.2. Unit rectangle wave of A =[a,b]

This clearly is a unit rectangle wave corresponding to the set A =[a,b].
As having known the fact that

(PWU),U,N,c)=(ChU),v,Ac),

we have some reason to regard this fact as wave-set duality. This reveals
that every set in /(U ) must have its unit rectangle wave, which is also very
important phenomenon.

By taking notice the following fact:

A=,
xed
we clearly know that a set in Z(U) must be made up of some elements
in U . From a physical point of view, if we regard elements in U as micro-
scopic particles, then any set in 2 (U) can be regarded as a macroscopical
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mass point; it is easy to imagine that the mass point is composed of a group
of elements in U . We can prove the following fact:

(WGU)[ZA(MFZZ{X}(M)) (1.2.1)

xeAd
In the matter of fact, for any u € U , we have that

r,w=lcouceds

Zl{x} (u)= }[{“}(u) + Z X (u) =1+0=1

xeA xeA\{u}

We want to know that this fact can give us what new idea. In fact,
we all know that any object in real macroscopical physical world can be
regarded as a mass point and the object must be made up of a lot of
microscopic particles. If a macroscopical mass point movement is also of
wave property, then its wave must be made up of the waves of the micro-
scopic particles based on (1.2.1). Unfortunately, in classical mechanics,
there is no the idea that a macroscopical mass point movement is of wave

property.

1.3 Background of Fuzzy Sets

We start this section from a kind of open loop system with one-input and
one-output shown as Figure 1.3.1, where § stands for a system, x for
input variable taking values in the universe X =[a,b]c R and ) for

output variable taking values in the universe ¥ =[c¢,d]c R.

% . y = s(x)
X=Ja. b Y =[e,d]

Fig. 1.3.1. One-input one-output open loop system
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If S is a complicated uncertainty system, then it is hard to model the
system by mechanism modeling method. Thus we often use some exper-
iments to get a group of discrete data which usually describe the relation-
ship between input and output of the system.

The data set is denoted by IOD, Input and Output Data, as the following

10D 2 {(x,,,)|i =0,1,-,nf € X x ¥

where “£ ” means “be defined as”. And the input data and the out data
are also respectively written by

X, é{x[|i=0,1,---,n}, Y, é{y,.|i=0,l,---,n},

in which we can assume that

a=x,<x <---<x,=b, c=miny,, d=maxy,

0<i<n 0<i<n
Actually data set IOD can be viewed as a mapping:
g X, oY, x> g(x)2y, i=01-,n
From the view of systems, for every number i €{0,1,---,n}, g, (xl.) =y,
is regarded as a response of the system to input x,. However the map-
ping g, has no definition in X; = X'\ X, which means that S does not

respond to any element in X . The mapping g, can be shown as Figure

1.3.2.
Now we expand the mapping g,: X, — ¥, as the following mapping:

g XY, x> y=g()= 1,y

i=0
Now we expand the mapping g, : X, — ¥, as the following mapping:

g:X->Y

x> y=g(x)= Zl{x’}(x)yi
i=0
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! (2

% .

{xn—l 2 -rn—l )
.

( Xos Vi )
-

Fig. 1.3.2. Discrete response of the systemby g : X — 7Y,

Now we expand the mapping g, : X, — ¥, as the following mapping:

g:X—-Y, xHng(x)ZZZ{xi}(x)yi

i=0

Although the mapping g: X — Y makes the system S having response

onevery xe X, i.e.,

(x) Yio X=X,
X)=
& 0, xeX-X,

VxeX, i=0,1,---,n

if we notice that (VxeX \XO)( g(x)zO) , we know the fact that the
responses of S in X \ X are almost useless.

Then we consider a Problem: How to get a practical mapping
f:X > Y by using of the discrete mapping g,: X, — Y, such that S

has useful response to every element in X and satisfies the natural
condition:

(Vi E{O,l,""n})(f(xi) =& (xl))
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Of course, as we all know, interpolation is one of methods for solving
the problem, but this method is without system view and also without
meanings of operations of sets, logic and inference.

We will consider a new schedule to solve the problem by adequately
using sets, logic and inference.

We all know well that the data x,,y,,i=0,1,---,n have their errors,

thus we have the following expressions:
x,t6, yteg, 06,20, 20, i=0,1,---,n
Or we can write above expression as the following:
X; E[Xi —0,x, +§i]’ Vi e[yi —&,Y, +5i], i=0,1---,n
This implies that our data is extended step by step as follows

10D ={(x,,3,)]i =0 L+,n} = {({x}, {3} =0.1,++-.n]

= {([xi —0,%, +é‘i]’[yi —&); +gi])‘i :Oal,"',”l}
By noticing the characteristic function of every error interval as follows

1, xe[x,. —0,,X, +5,.],
Xty ) () = {0’ e X—[x,-5.5+5]
i=0,1--,n
based on wave-element duality and wave-set duality, every unit impulse
wave ;({xi}(x) has turned into an unit rectangle wave X654, ](x)
shown as Figure 1.3.3. From unit impulse waves ;({Xi}(x) to unit rectan-

gle waves X-6.+ 5_](x) , we actually gain more information quantity by

using errors of the data. Now we calculate a kind of information quantity
from [x, = &,,x, + &, ] as follows:

J-b;{[x_g,xﬂs](x)dx:zé‘ja i:()ala"'an~ (131)
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Y
Z[x—o x +6](x) Z{x}(x)
o e
L
i & ‘ " & X
X, Xeg k0o X, XAE By X,

Fig. 1.3.3. Unit rectangle waves [, , .., (%)

As shown in Figure 1.3.4, it is easy to learn that the system does not
respond for the inputs in these interspaces.

Z[Jq -G +5,](x)

interspace interspace

Fig. 1.3.4. The system does not respond for the inputs in these interspaces

(x-d.a) w0 (x+3.5)

X X, = 6: X X, + 5r Xin X

Fig. 1.3.5. Another type of waves £, (x) of “some sets A, ”
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In order to solve this problem, our idea is that, under keeping the
information quantity obtained by the definite integrals (1.3.1), we con-
sider another type of waves 1, (x) of “some kind of sets 4, as shown
as Figure 1.3.5. In order to keep the condition as follows:

(Vie {O,l,---,n})(ijA‘_ (x)dx = 25,.),

if we take the following two numbers:

a, = i B= i

X~ X X

then we can get the following wave functions:

0, paS [a,xH),
é‘i (x X )

(xi _xi—l)(xi X _é‘i)’
(xi — X, _é;)(x_xi +5i)+5[2

xel[x_.,x,—6),

1

, xe[x X —5.),

(xi_xi—l)é‘i i !
My (x)= (xy =% —8)(x—x,) (1.3.2)
1— 1+15(1x ,_x) v xel[x_,x,—6,),
i i+l i
5.(x—x.1)
i i+ , N _5 ’
(=) (5 =%, +0)) xe[x.x-3)
O’ xe[xiﬂfb]

And then we have already kept the condition:
b
(vie 1) [, Gxtv=23 )

It is easy to learn that the wave functions are of a property:

(Vi€ {0,1-,n}) (e, (X) =[0,11),
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where 1, (X)is the image set of the universe X under the mapping 4,
which is quite different from Hx-6m+ é._](X )={0,1}, the image set of the

universe X under the mapping Val

5-6,5,+6] "

Based on wave-set duality stated in the Section 1.2, we may guess or
image a possible fact that the wave functions z, (x) should be corre-
sponding to a new type of sets that will be called “fuzzy sets”. In the next
section, we will give its definition.

1.4 Definition and Operations of Fuzzy Sets

From above section, we have learned the fact that
(Vi€ {0.1wn) (e, (X) =[0.1]).

So naturally we give the following definition.

Definition 1.4.1 A fuzzy set 4 on a given universe U is that, for
any ueU , there is one and only one corresponding real number
M, (w)€[0,1] to u, where p,(u) is called the grade of membership of
u belonging to A . This means that we get a mapping:

/uA :U_>[Oal]a MH,UA(U),

and this mapping is called the membership function of 4. The set of all
fuzzy sets on U is denoted by #(U) which can be called fuzzy power
setof U. m
We can illustrate fuzzy sets by using a graphing method similar to
Venn diagrams. First, universe U is taken to be a rectangle in a Euclidean
plane. Then elements of U are regarded as line segments with unit
length 1, and a fuzzy set A4 is regarded as a “circular ring” or “oval” in
the rectangle as well as Figure 1.1.1, which is shown as Figure 1.4.1, and
the diagrammatic sketch of Figure 1.4.1 is called pan-Venn-diagram.
From Figure 1.4.1, we easy to learn the fact that

/JA(ul)=1, ﬂA(u2)=0, yA(u3)=0.3, i, (u,)=0.6.
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i,

2 - U

Fig. 1.4.1. Pan-Venn-diagram on fuzzy sets

Clearly #(U)> 2(U) where P(U) is just the power set of U. Just
as Cantor’s sets can be completely described by characteristic functions,
fuzzy sets can also be completely described by membership functions. If
the range of x, admits only two values 0 and 1, that is, x,(U)=1{0,1},
then this membership function degenerates to a characteristic function,
which means the result as the following:

A={ueU|u,w)=1}.

Therefore, Cantor’s sets are special cases of fuzzy sets. Clearly it is true
that Z(U)\PU)#, and if 4e F(U)\PU), then 4 is called a
proper fuzzy set because (Elu0 eU)(,uA (uo) e(O,l)) where (0,1) is an
open interval. These (x),i=0,1,---,n, shown by (1.3.2), are proper
fuzzy sets which are useful examples of fuzzy sets.

Example 1.4.1 Zadeh has defined two fuzzy sets “young” and “old”,
denoted by Y and O, respectively, on the universe U =[0,100] as the
following:

1, u <[0,25],

/uY(u): —2527 UG(ZS,IOO]
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0, u €[0,50],

— >
1+[u—50j
5

Recalling algebraic system (Ch(U ),V, /\,c) , let

Ho(u) = u €(50,100]

Meb(U) ={ pt|u:U —[0,1]},

and define two binary algebraic operations Vv, A and one unitary algebraic

(13 2

operation “c¢ ” as follows
v :Meb(U)x Meb(U) — Meb(U)
(o) = 1y =V (1, 11),
(VueU)((4 v m)) = @) v m@w));

A:Meb(U)xMeb(U) - Meb(U)
(/Jla/uz) = Al = /\(/ul?:UZ)a
(VueU) (14 A ) @) = p1,(u) A g1, () )

c:Meb(U) - Meb(U)
p pt =c(u),
(VueU)(u ) =1- u(u))

Then we get an algebraic system (Meb(U ),v,/\,c). It is very important

idea to define two binary algebraic operations U,(] and one unitary
algebraic operation “c¢ ” on .# (U) such that

(FU).U,N.c)=(MebU),v,A,c). (1.4.1)

It is important to indicate that the extension from the following:
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(PU),U,N,c)=(ChU),v,A.c)

to Expression (1.4.1) should be called extension principle.

In the matter of fact, for any two fuzzy sets 4,8 € #(U), we define

basic fuzzy set operations such as inclusion, equality, union, intersection
and complement as follows:

AD B (Yuel)(p, ) 2 puy(u));
A=B<(ADB)A(Bo A) < (VuelU)(u,u) = u,(wu));
C=AUB & (VueU)(pue(u) = p, )V 1, w));
C=ANB < (VueU) uew) = 1,@) A sty @));

C=4° @(VueU)(yC(u)zl—,uA(u))

In addition, let V" another universe. For any 4 #(U) and Be F(V),
based on (1.1.1), we define the direct product Ax B € # (U xV) of fuzzy

sets 4 and B as follows

(v(u,v)eUXV)(ﬂAxB(”aV)::UA(”)/\/UB(V)) (1.4.2)

Remark 1.4.1 Based on (1.1.1), we also define Ax B e # (U xV) as the
follows:

(V(U:V)EUXV)(:“Axg(uav)zluA(u)'/uB(V)) (1.4.3)

i

Under above the operations on fuzzy sets just defined by us, it is easy
to know the fact that

(FU)LUN,c) = (MebU),v,Ac).
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Because (f ), U,ﬂ,c) and (Meb(U ),v,/\,c) are isomorphic, we
need not differentiate . (U) and Meb(U), which should be regarded as

wave-fuzzy-set duality.

It is easy to prove that the union, intersection and complement opera-
tions of fuzzy sets have the following properties: for any 4,B,C € # (U),

we have the following operation laws:

(1) Idempotency.
AUA=4, ANA=A4

(2) Commutativity.

AUB=BUA, ANB=BN4
(3) Associativity.

(4UB)UC=4U(BUC),
(4NB)NC=4N(BNC)

(4) Absorption.
(AﬂB)UAzA, (AUB)ﬂAzA

(5) Distributive law.

(6) Bipolarity.
AUU=U, ANU=4, AUZ=4, AND=C
(7) Reflexivity.

() -
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(8) De Morgan’s Law.
(AUB) =4°NB°, (ANB) =4 UB°

Note that the complementary law of Cantor sets does not apply to
fuzzy sets, that is,

(v4 ef(U)\P(U))[(AUA“ 2U)A(ANA 2 @)] . (144)

As a matter of fact, for any 4€ #(U)\ P(U), since there exists u, €U

such that 0< 2, (u,) <1, we have
(/JA(uo)v(l—,uA(uo))<1)/\(,uA(uo)/\(1—,uA(uo))>0)
:>(,uAUAL. (u0)<1)/\(,uAmL (u0)>0)

So (1.4.1) is true because of (£, (u) =1) Ay (u)=0).

Example 1.4.2 Based on Example 1.4.1, we can get fuzzy sets “young
orold” YUO, “young and “not young” Y and old” Y (1O shown as
the following:

L 0<u<25

_25)’
ty o (1) = 1+(“55H, 25<u <5l

-2
1+(“_550j } . 51<u<100

0, 0<u<2s

u.(u) = 25V ]
r 1{1{”‘5 ” . 25<u <100
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0, 0<u<50
_ L
u—350
Hypo(U) = 1+( s j , S0<u<si
-1
2
u—25
1+ , S51<u<100
5
O
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Chapter 2

Fuzzy Relations

2.1 Cantor’s Relations

Again we consider 10D = {(x[, V; )|z = 0,1,---,n} coming from the system

A

S shown as Figure 1.1.1. If we put (Vi e {0,1,---,n})(Ri 2 {(x,.,y,.)}) and

R :UR,. , then R makes input universe X and output universe Y to
i=0

have some kind of relation. Unfortunately, this “relation” is discrete or

incomplete. However, if we can find a curve through every binary point

(x,,»,), just like y=f(x) in Figure 2.1.1, this new kind of relation

should be complete.

Y (x,.3,) y=f

y

3
J’lu—l P
} ( xu 2 yn )

.
Yo

M

Fig. 2.1.1. The curve as a relation

21
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In a matter of fact, it is very hard to find a reasoning curve to meet the
need for the system response. Our idea is that, first of all, every single-

point relation {(xl., yl.)} should be extended as a non-single-point rela-

tion R, just like the one shown in Figure 2.1.2. Then the relation

R= URl. may be complete.

i=0

Fig. 2.1.2. Every single-point relation is extended as R,

Though R = URI. may be complete, the response of the system based
i=0

on it will not be single value, which is shown as Figure 2.1.3. For exam-
ple, for input x”, the system gives a set value to response B”. But do not
worry about this case, because we will have a very good method to han-
dle it by using centroid method coming from physics.

Now we start to learn so called relations being with what kind of
mathematical significance. LetU and ' be two nonempty universes. Any
one subset as the following:

RCUsz{(u,v)|ueU,veV}
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is called a binary relation between U and V', simply called a relation. In
order to differ from fuzzy relation coming from next section, sometimes
we call relations here to be Cantor’s relations.

Y B*ICY (x”yi) );f(x)
Vi "
Y (xn—l’yn—l)
Yuu I 4000 - Elﬁil ,,,,,,,,,,,,,
‘ ‘ (%ais)
E o) i v
X X x X X Xk

Fig. 2.1.3. Set value response B~ for input x”

For any (u,v)eU xV , if (u,v) e R, then u and v are called being are
of relation R, denoted by uRv, or else, i.e. (u,v) ¢ R, called being not of
relation R, denoted by uRy, shown as Figure 2.1.4.

- (t,,v,)€R

v R R

U

Fig. 2.1.4. Relation R between U and V'
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If one relation f c U xV satisfies such condition

(‘v’u € U)(El!ve V)(ufv)

G"”

where “!” means “one and only one”, then this relation f actually defines

a mapping as follows

US>V, ub- f(u)=v.

This fact means that mappings or functions are special cases of relations.
The image of this mapping, denoted by G, , is as follows

G, z{(u,v)eUxV|v=f(u)}=f.

This means that the image G, is just the relation f regarded as a map-

ping. For example, a function defined as

f:00,27]—>[-LI1], x> f(x)=sinx
just gives the following relation:
f= {(x,y) €[0,27]x [—1,1]|y = sinx} c[0,27]x[-1,1]

LetU,V and W be three nonempty universes; and we take a relation
P cUxV and another relation Q c V' xW . By using P and O, we can
get a new relation PoQ c U xW as follows

PoQ= {(u,w) cUxW|3veV)((wv)eP)A((v,we Q))}

U V

Q
PoQ

w

Fig. 2.1.5. Interchange graph for P o QO
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This relation PoQ is called the composition (or composition relation)
of P and Q, which we can use an interchange graph as shown as Figure
2.1.5 to express PoQ.

For composition relation Po Q , we can prove the following result:

(V(u,w)eUxW)(;(POQ(u,w):V\e/y(;(,;(u,v)/\;(Q(v,w))). 2.1.1)
Proof. Forany (u,w)eU xW , we have
Lot W) =15 (uw) €U xW
& (v e?)(((w.v)eP)A((v,w)€Q))
c>(ElveV)((;(P(u,v)=1)/\(;(Q(v,w)=1))
& (el 2owwv) A 2, w) =1)
& v (2,0 A go(vw) =1

So (2.1.1) is true. O

Example 2.1.1 For three finite universes as follows

U={u,tty, o}y V={mvasv)s W={w,wy,eom,

m

we take two relations Pc U xV and Q c V' xW , where the two relation

can be expressed by so-called Boolean matrixes as the following

pu P Pu
P=(zp(wm)),, =(p),, =| 7 T2

Py P " P

9 9 " G
Q:(ZQ(VMW/‘)),X,,,z(‘lzm)zxmz qgﬂ 61;22 qzm )

dn 492 " G
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49 92 " Yim

R T
Q:(ZQ (vk’wj))lxm :(qlm)/Xm = :2I :22 2, ,

an 492 9w

D éZP (”ka)’ dm éZQ (VkaWj),
i:1,2"‘.,n; k=1’2"“’l; j:1,2"..’m

Based on (2.1.1), if we write R=Po(Q, then we have the following

result:

o ha Him
V. r. Y.
21 22 2m
PoQ=R=(z,(uw;)) =7 7 ",
! nxm
rnl rn2 nm

1
A
w2zl n= o pn)

Example 2.1.2 In Example 2.1.1, when n=4,k=3,m=5, we have
U={u1,u2,u3,u4}, V:{vl,v2,v3}, Wz{wl,wz,w3,w4,w5}.

We take two relations Pc U xV and QcV xW as follows
P={(ul,v2),(u1,v3),(u2,v1),(u3,v1)},

Q:{(Vl’wl)’(vl’WZ)’(v2’w3)’(v3’w5 )}’
POQ:{(MUWS)’(ul’WS)’(MZ’WI)’(MZ’WZ)’(u3’wl)’(u3’w2)}

Then we can clearly draw a relation graph very like a neural network
shown as Figure 2.1.6.
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Fig. 2.1.6. Relation graph like a neural network

We can also use Boolean matrixes to express them as the following:

ZP(“l,Vl) ZP(”lavz) ZP(ul’V3) 0 1 1
P ZP(”zvvl) ZP(“sz) ZP(”27V3) _ 1 00
ZP(”S’Vl) Zp(”savz) ZP(MS’VS) 10 0f
ZP(“4=V1) ZP(uMVZ) lP(u4aV3) 000
ZQ(Vlawl) ZQ(Vlawz) ZQ(VDW}) ZQ(V1,W4) ZQ(VDWS)
0= ZQ(Vle) ZQ(V29W2) ZQ(V25W3) ZQ(V29W4) ZQ(VpWs)
ZQ(Vsawl) ZQ(Vaawz) ZQ(Vaaws) ZQ(V3:W4) ZQ(Vssws)
1 1.0 0 O
=0 01 0 0],
00 0 01
01 1 0 01 01
1 1.0 0O
1 0 0 1 1.0 0 0
PoQ= ofl0 01 0 0=
1 0 0 1 1.0 00
0 0 0 01
0 0 O 0 0 0 0O
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2.2 Definition of Fuzzy Relations

Based on the preparation from Section 2.1, we start to consider fuzzy
relations.

Definition 2.2.1 Let U and V' be two nonempty universes and make a
new universe U xV by U and V' . Any one fuzzy set R ef(UxV) is

called a fuzzy relation between U and V', where the membership func-
tion of the fuzzy relation R is as the following

t UV >[00], () 1 (u,v) .
And u,(u,v) is called relationship strength between u and v . Espe-
cially, when U =V, i.e.,
Re F(UxU)=7(U?),

R is called a fuzzy relation on U . mi

Example 2.2.1 Let U =V =R, and define a fuzzy relation >e # (Rz) ,
where “>>" means “far more greater than”, as follows
wu, :R* —[0,1]
0, x<y
() > a1, (5, y) = ( 100 ]"
1+ =, x>y
(x=»)

It is easy to calculate the following situations:

(x,») =(1000,100) = 2 (x,y) ~ 0.9999;
(x,»)=(20,10) = z_(x,y) = 0.5000;
(x,»)=(20,18) = g (x,y) ~0.0385.

For the situation about finite universes as the following:
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U={u1,u2,"',un}, V:{Vlavza“'7vm}9

a fuzzy relation Re # (U ><V) can be expressed by a fuzzy matrix as

follows

A
R= (ry‘ )nxm s T = Hg (ui’vj)’
i=1,2,--,n, j=12,---,m.
Definition 2.2.2 Let U,V and W be three nonempty universes. We
take one fuzzy relation Pe * (U X V) and another fuzzy relation
Qe F(VxW). By using P and O, we can get a new fuzzy relation

between U and W as being R=PoQe f(Ux W) , and it is called the
composition (or composition fuzzy relation) of P and O, where its

membership function is defined based on Extension Principle coming
from Section 1.4 as follows, for any (u,w)eU xW ,

H W) = pipg W) = V(1 ,0) Ay (v, ) 2.2.1)
o
Remark 2.2.1 When U =V =W , forany R e f(Uz) , we have

R*£RoRe .7 (U?),
then we have R® £ R? oRef(Uz), and so on, we have

R”éR”"oRef(Uz), n=273-- ]

Remark 2.2.2 For three finite universes as follows

Uz{ul,uz,...,un}, VZ{VI,VZ’..-’VI}, W:{WI’WZ’“'aW }’

m

we take two fuzzy relations Pe A (U X V) and Qe A~ (V>< W) . Then
P,0 and R=Po(Q can be expressed by fuzzy matrixes as the following:
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P:(pik)nxl’ Q:(qk/‘) R:(ri/')nxm’

b
Ixm

P = Hp (4,9, )5 9y é/’Q (v,(,wj),
1

Ty £ iy (ui’W/'):k\il(pik /\qkj)a
i=1,2,-,n, j=12,---om, k=12,
O

Example 2.2.2 Let U ={u;,u,,uy,u, },V ={v,,v,,v,},W ={w,w,}, and

03 0.7 0.2
0.1 0.9
1 0 04
P= 0 05 1 e FUxV), 0=(09 0.1|eFVxW).
0.6 0.4
06 0.7 038
Then we have the following result:
03 0.7 0.2 0.7 03
0.1 0.9
1 0 04 04 09
R=PoQ= 0109 0.1|= . O
0 05 1 0.6 0.4
06 04
06 0.7 0.8 0.7 0.6

Remark 2.2.3 Because a fuzzy relation Re # (U xV) is a fuzzy set

on U x V', the operations on fuzzy sets are also valid for fuzzy relations.
For example, for any two fuzzy relations P,R € (U xV'), we have the

results:
PcR @(Vu,veUxV)(,uP(u,v) < ,uR(u,v)),
P=R< (Vu,veUxV)(,uP(u,v) =,uR(u,v))
Q=PUR < (Vv eUxV )ty (@.v) = 1, (u,9) v g1 (u,v)),
0=PNR < (Vv eUxV)(ty(@,v) = g1, (u,v) A g1 (u,v)),
0=R < (Yu,veUxV)(uyu,v)=1- 1, (u,v)).
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2.3 Projections and Cross-section’ Projections of Relations

In order to make a fuzzy system, it is necessary to know some knowledge
projections and cross-section’ projections of relations and fuzzy rela-
tions. But we start it from Cantor’s relations.

Definition 2.3.1 Let X and Y be two nonempty universes and the set
Rc XxY is a relation between X and Y . By using the following
symbols:

R, ={xeX|(EIer)((x,y)eR)},
R, ={er|(ElxeX)((x,y)eR)}

we call R, and R, to be projection of R on X and on Y, respectively;

they are shown as Figure 2.3.1.

L

Fig. 2.3.1. Projections R, and R, of relation R on X and on ¥

Clearly, we have R, c X andR, c Y. O

Proposition 2.3.1 Let X and Y be two nonempty universes and take a
relation between X and Y as R < X xY . We have the following results:

(Vxe X)(ZRX ()= v, Zs (x,y)),

(%€ 7)1, )= v, 22(x7)
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Proof. For any a point x € X, it is not difficult to understand the fact
that

I, (X)=1=xeR, @(EIer)((x,y)eR)
e @Fe) (=)o v 7xy=1

So the first expression is true. Similarly, the second is also true. o

Definition 2.3.2 Let X and Y be two nonempty universes and
Rc XxY is a relation between X and Y . For any x€ X and any
y €Y, by using the following symbols:

R|x={er|(x,y)eR}, R|y ={xeX|(x,y)eR}

we call RL and R|y to be cross-section’ projection of R at x and at y,
respectively, where R|x is shown as Figure 2.3.2 and the situation about

R|y is quite similar as RL . m

X

Fig. 2.3.2. Cross-section’ projections R |X of relation R at x

Proposition 2.3.2 Let X and Y be two nonempty universes and take a
relation between X and Y as being R < X xY . We have the results:

(Fre¥)(2y )= 2:(50). (Ve X) (1 ()= 220

Proof. Forany a point y €Y, by noticing the fact as the following
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ZR“ (y) =l< y ER|x g (X,)/) ERS ZR(x’y) =1,
we know that the first expression is true. Similarly the second expression

1s also true. O

Proposition 2.3.3 Let X and Y be two nonempty universes and take a
relation between X and Y as being R < X xY . We have the following
results:

Re=UR|,. »R=UR|,

yeYy xeX

Proof. For any yeY, by using of Proposition 2.3.1 and Proposition

2.3.2, we have the following results:

I, D=V 2 60)= v 2y D=2 O

Thus the second expression is true. Similarly the first is also true. mi

Proposition 2.3.4 Let X and Y be two nonempty universes and take a
relation between X and Y as Rc X xY . We have the following results:

R=UJ(ix}xR). R= U(R|y x {y})
xeX yeYy
Proof. Forany (u,v) e X xY, by using Proposition 2.3.2, we have

ZU({x}xRL)(u’V) = xZXZ{X}xR‘x (M,V)

= v (2@ A Zy )= 20 ) A 25 )

=1A ZR\“ (V) = ZR\“ (V) = Xr (”av)
So the first expression is true. Similarly, we can get the second expres-
sion as well. O

Remark 2.3.1 From Figure 2.3.3, Proposition 2.3.4 is obvious, where
cross-section of relation R at x is just {x} x R|x = ({x} X Y) NR. i
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{x}xR|, ?({x}xY)ﬂR

X

Fig. 2.3.3. Cross-section of relation R at X is just {x} x RL

Proposition 2.3.5 Let X andY be two nonempty universes and take a
relation between X and Y as being R X xY . We have the following
results:

(Vxe X)(RL =[ () x Y)ﬂR]y),
(wer)(R|, =[(xx)NR],)

Proof. For any (x,y)€ X xY, by using Proposition 2.3.1 and Proposi-

tion 2.3.2, we have
H(arina], W)= Y, Xgerine (1)
=V (Zigr @) A 22 @)
= v (2@ A 2 () A 22 @, )
= v (24 0 A 2, ))

:qu}(x)/\lk(xay) =Xr, 6))

So the first expression is true. Similarly, we can get the second expres-
sion as well. o

Remark 2.3.2 From Figure 2.3.3, Proposition 2.3.5 is obvious as well. o
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Proposition 2.3.6 Let X and Y be two nonempty universes and take
two relations P,Qc X xY . If P> Q, then we have the following

results:
P, o0,, P20, (Vx € X)(PLC ) Q|X), (Vy € Y)(P|y ) Q|))

It is not necessary to prove them for they are obvious. o

2.4 Projections and Cross-section’ Projections of Fuzzy Relations

Based on the discussion in Section 2.3 and by using Extension Principle
coming from Section 1.4, we can consider the same subjects on fuzzy
relations.

Definition 2.4.1 Let X and Y be two nonempty universes and take a
fuzzy relation Re 7 (X xY). A fuzzy set R, € #(X) is called projec-

tion of R on X, if its membership function is defined by the following
condition:

(vre )y, ()= v a0

Another fuzzy set R, € #(Y) is called projection of R on Y , if its

membership function is defined by the following
(VyeX)(ﬂRY (y)=x\E/XﬂR(x,y))- 0

Definition 2.4.2 Let X and Y be two nonempty universes and take a
fuzzy relation between X and Y as Re * (X xY ) For any xe X , a

fuzzy set R|x € #(Y) is called cross-section’ projection of R at x, if its

membership function is defined by the following

(Vye Y)(ﬂRL (V)= 4ty (x,y)) :
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For any a point y €Y, another fuzzy set R|y e #(X) is called cross-
section’ projection of R at y, if its membership function is defined by

the following
(e X) g ()=t (5.). o

Proposition 2.4.1 Let X and Y be two nonempty universes and take a
fuzzy relation R e # (X xY ) . We have the following results:

R =R, R =UR

yeY xeX

X

Proof. For any a point x € X, by using Definition 2.4.1 and Definition
2.4.2, we have

Ha, ()= vy (%,9) = vty (x) = A, (x).

Thus the first expression is true. Similarly the second is also true. O

Proposition 2.4.2 Let X and Y be two nonempty universes and take a
fuzzy relation as being R € A (X xY ) . We have the following results:

rR=U (xRl R=U(R] x()

xeX

Proof. Forany (u,v) € X xY, by using Definition 2.4.2, we have

/uU ({x}xR\X)(u’v) = x\e/X ,u{x}xR“ (u, V)

= v (B @) Ay 0)) = g1, @0) A 1 )
=LA fy (V) = py (9) = pty (1,)

So the first expression is true. Similarly, we can get the second expres-
sion as well. m
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Proposition 2.4.3 Let X and Y be two nonempty universes and take a
fuzzy relation as being R € A (X xY ) . We have the following results:

(Vxe X)(RL =[ (4} Y)ﬂR]y),
(weY)(R, =[(XxOH)NR], )

Proof. For any (x,y)e X xY, by using Definition 2.4.1 and Definition
2.4.2, we have

Hegnnal, )= Y Hispere ()

Hioxy (u,y)~ Hp (u,y))

H () A 1, (1,))
/J{x}(x) AR (X, ) =ty (x,Y)
Ha ()

A
V(b ) A 1y (9) A 1 (1, )
A

So the first expression is true. Similarly, we can get the second expres-
sion as well. O

Proposition 2.4.4 Let X and Y be two nonempty universes and take
two fuzzy relations P,Q e (X xY ) If P> Q, then we have the fol-

lowing results:
P50, B20, (VacX)(P,>0). (Ve Y)(P|y 5 Q|y)

It is not necessary to prove them for they are obvious. O

Example 2.4.1 Let Xz{xl,xz,---,xn} and Yz{yl,yz,---,ym} be two

finite universes and a fuzzy relation as being the following:

Rz(,uR(xi,yj)) :(rf/)nxm ef(XxY),

nxm
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where
}?[:#R(x,‘zy‘/)a i:1’2"”9n7j:1727"'7m~

We can calculate projections and cross-section’ projections of R as
follows:

O

Example 2.4.2 Let X ={x,x,,x;} and ¥ ={y,,»,,»,,),} be two finite

universes and we take a fuzzy relation as
R= (,UR (x,-,yj ))nxm = (I”U )nxm S f(X X Y)

as the following:

03 05 07 09

R=(pae(%53,)),, =(),,=[04 1 02 07|
0.8 0.6 09 0

We can calculate projections and cross-section’ projections of R as the
following:
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= (byby,by,b,) =(0.8,1,0.9,0.9),

(») ,,yj) i=1,2,3, j=1234,
UﬂZﬂA&Jﬁ,i=Lll j=1,2,3,4,

(0.3,05,07,09), R| =(0.4,1,0.2,0.7),

(0805090
0.5 0.7 0.9
R =|01], R| =02 R =[07
0.6 0.9 0

2.5 Cantor’s Set Transformations

Let X and Y be two nonempty universes. Any mapping as the following

T:P(X)—> P(Y), Ar>B=T(4)

is called a set transformation from X to Y .

Definition 2.5.1 Let X and Y be two nonempty universes and
R c X xY . The following mapping
T:P(X)-> PX)

A B=T(A)2[(4xY)NR], @31

is called a set transformation induced by relation R from X to Y,
denoted by

B=T(A)=AoR. (2.5.2)

O
In expression (2.5.1), the relation R can be regarded as a transformer
or a convertor from 2(X) to 2(Y), which is shown as Figure 2.5.1.
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4 B=T(4)=AoR
‘ R I
PX) A)

Fig. 2.5.1. R is regarded as a transformer from 2 (X) to 2 (Y)

Proposition 2.5.1 Let X and Y be two nonempty universes and take a
relation R < X xY . About (2.5.1), for any a point y €Y, we have

250 =V (2, A 7 (x.)). (2.5.3)

Proof. For any an element y €Y, by using Proposition 2.3.1, we have

the following equation:

X5 =X (¥) = Zlcaxnng), ()

= x\e/X X (axr)NR )

x\e/X[ZAxY(xay) A Xr (x’y)]

[N 2, (D) A 22 (3, )]

\4
xeX

V() A 7 (x.3)

So (2.5.3) is true. i
- et axY
.
B=[(4x")NR],
(AxY)NR

X
A

Fig.252. A T(A)=[(4xY)NR],
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Remark 2.5.1 In fact, it is easy to understand (2.5.3) by Figure 2.5.2.
Besides, the mapping:

T:7(X)—> F()

A BET(A)=[(4xY)NR],

is obtained by the following three steps:
(1) By use of 4, we make the cylinder expansion 4xY .
(2) Get (AxY)( R by intersection operation between AxY and R.

(3) We obtain [(AxY)ﬂR]Y by the projection of (4xY)(NR on Y. O

Remark 2.5.2 For any x € X, if we regard x as a single point set as to
be 4={x}, by (2.5.1), we can get another mapping

T:X > P(Y)

x> B, =T(x)2[({x}xY)NR], @54

This is a point-set mapping. By using (2.5.3), for any y €Y, we have

X, ) :u\E/X(ZA(”) AN Xr (u,y))

MO ACSY)
= Z{x}(x) /\ZR(X,)/’) = ZR(xay) = ZR‘X (6))

This means the following expression:

(vxeX)(B,=R|) (2.5.5)
]

Example 2.5.1 Let X ={x,,x,,~-,x,} and Y ={y,,,,-,»,} be two

finite universes and R X xY and 4 c X, where

R=(z, (xf’yf))nxm =(),.,.

and then we have the following results:
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n

X (y_,-) zi\z/l(ZA (xi)/\ZR ('xi’y.]‘))a
a4 =X4 (xi)’ Ty =Xz (xi’yj),

bﬁﬂts(yj):i(af”y)’
i=12,--,n, j=12,---,m,
o ha 0 ha

7

(bl’bz’...,bm):(al,az’...’an)o fl

2m

nl n2 .“ nm

2.6 Fuzzy Set Transformations

Let X and Y be two nonempty universes. Any one mapping as the
following

T:F(X)—> F(Y), A B=T(4)

is called a fuzzy set transformation from X to Y .

Definition 2.6.1 Let X and Y be two nonempty universes and for any
a fuzzy relation R € # (X xY). The following mapping

T:7(X)— A ()

A B=T(A)2[(4xY)NR], @6.1)

is called a fuzzy set transformation induced by relation R from X to
Y , denoted by

B=T(A)=A°R. (2.6.2)

O

In expression (2.6.1), the relation R can also be regarded as a trans-
former or a convertor from #(X) to #(Y), which is shown as Figure

2.5.1.
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A B=T(4)=AoR
T R
F(X) )

Fig. 2.6.1. R isregarded as a transformer from * (X) to #(Y)

Proposition 2.6.1 Let X and ¥ be two nonempty universes and take
one fuzzy relation R e # (X xY). About (2.6.1), for any a point ye?Y,

we have the following equation:
yB(y)=x;/X(/1A(x)/\/1R(x,y)). (2.6.3)
Proof. For any a point y €Y, by using Definition 2.4.1, we have

Mg (¥) = tr 4y (¥) = Hraxrng), )
= X\E/X Heannr = X\E/X [;quy (%, ) A g (x, y)]

V@) A sy () A (3,9)]

V(1 () A g (x,3)

So (2.6.3) is true. mi

Remark 2.6.1 It is necessary to state that Remark 2.5.1 is also effective
in the use. o

Remark 2.6.2 For any a point x € X, if we regard x as a single point
set as to be 4 ={x}, by (2.6.1), we can get another mapping:

T:X > P(Y), xB =T(x)2[({x}x)NR], (2.6.4)

This is a point-fuzzy-set mapping. By using (2.6.3), for any a point
yeY, we have the following result:

Hp, = ul/x(/lf‘ () A (”’y))
= v (4, @) A (1, 9))
= My )N (%, ) = 1y (X, ) =y (¥)
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This means the following expression:

(vxe X)(B,=R|) (2.6.5)

|

Example 2.6.1 Let Xz{xl,xz,---,xn} and Yz{yl,yz,---,ym} be two
finite universes and R e (X xY),Ae #(X), where

R=(p(x.3,))  =(n),..-

nxm

and then we have the following results:

/’lB(yj):i\Z/l(/uA(x[)/\ﬂR(xi’yj))’
ai::uA(xi)’ ’;'j:/uR(xi’yj)’ b-/:‘uB(yf):,-\i/l(aiArU)’

i:1527”'9n5 j:1729'”9m7

rll ’i2 ”im
V. v 12
21 22 2m
(bpbza"',bm)=(%az="',an)° : ? )
rnl rnZ rnm

O

Example 2.6.2 We now consider a fuzzy relation between height and
weight for male young person. Let X = {40,50, 60, 70,80} (kg) be weight
universe and Y ={1.4,1.5,1.6,1.7,1.8} (meter) be height universe. We

have known the fuzzy relation between height and weight for male
young person as follows:

1 08 02 01 0
08 1 08 02 0.1

R=|02 08 1 08 02|eA(XxY)
01 02 08 1 0.8
0 01 02 08 1
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Let B be a “male young person” and he has an expression on X as a
fuzzy set as the following:

A= (0.8,0.9,0.6,0.2,0) e F(X).
Then we can get an expression on Y as the following fuzzy set:

1 08 02 01 0
08 1 08 02 0.1
B=4°R=(0.8,0.9,0.6,0.2,0)o/ 02 0.8 1 08 0.2
0.1 02 08 1 08
0 01 02 08 1
=(0.8,0.9,0.8,0.6,0.2) € #(Y).

2.7 Ternary Relations and Their Projections and
Cross-section’ Projections

In order to make a fuzzy multi-input system, it is necessary to know
some knowledge for projections and cross-section’ projections of
Cantor’s ternary relations and fuzzy ternary relations. But we start it
from Cantor’s ternary relations.

Let X,Y and Z be three nonempty universes. Any one subset of the
set X xY xZ as the following:

RCX><Y><Z={(x,y,z)|xeX,er,zeZ}

is called a ternary relation among X,Y and Z. In order to differ from

fuzzy ternary relation coming from next section, sometimes we call
ternary relations here to be Cantor’s ternary relations.

Definition 2.7.1 Let X,Y and Z be three nonempty universes and
Rc X xYxZ is aternary relation among X,Y and Y . Let

R, :{x € X|(El(y,z) € YxZ)((x,y,z) € R)},
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R, {y € X|(El(x,z) e X x Z)((x,y,z) € R)},

R, = {z 5 Z|(El(x,y) e XxY)((x,y,2) € R)}

We call R,,R, and R, projection of R on X,Y and on Z, respectively.
Clearly we have R, ¢ X,R, cYandR, c Z. o

Proposition 2.7.1 Let X,Y and Z be three nonempty universes and
Rc X xYxZ.Wehave

(Vx € X)(ZRX (X) = (y,z;éYxZZR (x,y,z)),
(vy € Y)(ZR) (y) - (x,z)\e/XxZ ZR (x,y, Z)),
(VZ € Z)(;(RZ (z)= (x,y)\e/XXYlR (x,y,Z))

Proof. For any a point x € X , it is not difficult to understand the follow-
ing equivalence expression:
Xr, (X) =1 xeR,
= (El(y,z) € YxZ)((x,y,z) € R)
= (El(y,z) € YxZ)(;(R(x,y) = 1)
v xe(xy,2) =1

(y,z)e¥xZ

So the first expression is true. Similarly the other two expressions are
also true. m|
Definition 2.7.2 Let X,Y and Z be three nonempty universes and the
set Rc XxYxZ is a ternary relation among X,Y and Y . For any
xeX,any yeYandany ze Z, let

R ={(».2)eYxZ|(x,y.z) R},

R|y = {(x,z) e X x Z|(x,y,z) € R},

R|. ={(x,y)eX><Y|(x,y,z)eR}.
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We call R

R|y and R|Z to be cross-section’ projection of R at x, at y

and at z, respectively. And for any (x,y)e X xY , any (y,z)e¥Y xZ
and any (x,z)e X xZ, let
R

() {Z € Z|(x,y,z) S R},

R|(y’z) {x € X|(x,y,z) € R},

R(x,z) ={er|(x,y,z)eR}.

We call R| ,R| and R| ~to be cross-section’ projection to R at
(x.3) (r.2) (x,2)

(x,»),at (,z) and at (x,z), respectively. mi

Proposition 2.7.2 Let X,Y and Z be three nonempty universes and we
take Rc X xY xZ . We have the following results:

V(0,2 €Y Z)( 2 (1:2) = 24 (5.3,2)),

V(x,z)e X x Z)(ZR\\- (x,2) = xz (x,y,z)),

V() € X XY )( 4 (5,3) = 23, ,2)

Ve Z)( 1y ()= 2:50.9)).

Ve X)(z, (9= 2za(x.0.2),

(
(
(
(
(
(

VyeY )(ZR\M (¥) = Zx(x.5, Z))
Proof. Forany (y,z) €Y xZ , by noticing the following expression:
X, (r,2)=1(y,2)e R|x < (xy,2)eRE yp(x,y,2) =1,
we know that the first expression is true. Similarly the other two expres-

sions are also true.
And for any an element z € Z, by noticing the following

Y (2)=leze R|(X’y) S (xy,2)eRE yp(x,y,2)=1
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we know that the fourth expression is true. Similarly the other two
expressions are also true. mi

Proposition 2.7.3 Let X,Y and Z be two nonempty universes and take
Rc X xYxZ.Wehave

|(y,Z)’

(x,2)°

R,= |J R
(y,z)e¥YxZ
R=[J R
(x,2)eXxZ

R,= |J R

(x,y)eXxY

(x,»)

Proof. For any an element z€ Z, by using of Proposition 2.7.1 and
Proposition 2.7.2, we have the following result:

ZRZ (Z):(x,y)\ényZR(x’y’Z): ZR\

\Y
(x,y)eXxY I(x

NOLFATIINCE

)X xY

Thus the third expression is true. Similarly the other two expressions are
also true. i

Proposition 2.7.4 Let X,Y and Z be three nonempty universes and
take Rc X xY xZ . We have the following expressions:

k= (x,)gxxy({(x’y)} xR (x’y))
_ U ({x} x{VpxR| )’
R="UJ (Rl,.*{t:2)})

(x,y)eXxY
(y,z)e¥YxZ

= U (Rl x <z,

(y,2)eYxZ

R= | ({x}xRLX’Z)x{Z}),

(x,z)eXxZ

R= U({x}xRL), R= U(RL x{z})

xeX zeZ
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Proof. Forany (u,v,w)e X xY xZ , by using Proposition 2.7.2, we have

the following equations:

({(X,W}XR‘(W)(M,V, W= Ve Kl WV W)
(x,p)eXxy )

- (x,y)\é)(x)’ (Z{(x’y)} wv)A ZR‘(x.y) (W))

= Z{(u,v)} (u,V) A /{R‘(W) (W) = /F{R‘(’”) (W) = ZR (u,V, W))

ZU (tx}xR],) (u,v,w) = Y KR, (u,v,w) = e (Z{x} (u) A x|, (v, W))
= Z{u}(u) A ZR\” (V’ W) = ZRL, (v, W) = Xr (u,v, W)

So the first expression and the fourth expression are true. Similarly, we
can know that the other expressions are also true. mi

Proposition 2.7.5 Let X,Y and Z be three nonempty universes and
take relation R < X xY xZ . We have the following results:

(Ve e X xY)(R| =[({e}xZ)NR],),
(V(y,z)erZ)(RL} 5 [(Xx{(y,z)}) ] ),
o =Ll x Y xizhNR] )

(V(x,z)eXxZ)(

Proof. For any (x,y,z)e XxYxZ , by using Proposition 2.7.1 and

Proposition 2.7.2, we have the following result:

H(tesrzinad, = oy Kty s V>2)

(u v)eXxY(Z HERDIEVA (u’v’ Z) A ZR (l/l,\/', Z))

(u v)eXxY(Z {Ge) (M,V) Nz (Z) Nk (M,V, Z))

(lt,v)\e/XxY( (U) (u V)/\IAZR(L‘ v Z))

Z{(x,y)} (xay) A /’{R (xay:Z) = //L/R (x,y,Z) = /’{R\(w) (Z)
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So the first expression is true. Similarly, we can get the other expressions
as well. m]

Proposition 2.7.6 Let X,Y and Z be three nonempty universes and
take two ternary relations P,Q c X xY xZ . If P> Q, then we have the

following results:

PXDQX’ PYDQY’ PZDQZ’
VxeX)(P|x:Q|x),

Vye Y)(P|y =Y} )
vze¥)(P. > 0l.).
vy e XxY)(F,, =0,
V(y,2)eYxZ )(P = Q|<y,z>)’

V(x,z)eXxZ)(P (x’z))

It is not necessary to prove them for they are obvious. m

(
(
(
(
(
(

(e 2

2.8 Fuzzy Ternary Relations and Its Projections and
Cross- section’ Projections

Let X,Y and Z be three nonempty universes. Any one fuzzy set as being
Re F (X xYxZ ) is called a fuzzy ternary relation among X,Y and Z .

Definition 2.8.1 Let X,Y and Z be three nonempty universes and take
one fuzzy ternary relation as being R e (X xYxZ ) among X,Y and
Y . Three fuzzy sets R, € #(X),R, € #(Y) and R, € F(Z) are re-
spectively called to be projection of R on X,Y and Z, if their member-
ship functions are defined by the following

(vxeX) iy, (0= v an(rp.2)),

(vyey )(ﬂR, D)=V, H (x,y,Z)),
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(vze2)(m, ()= v a(rn2) o

Definition 2.8.2 Let X,Y and Z be three nonempty universes and take
a fuzzy ternary relation as being R € A (X xYxZ ) among X,Y and Y.

Forany xe X ,any y€Y and any z € Z, three fuzzy sets as follows:
R e F(YxZ), R| eF(XxZ), R|.eF(XxY)

are respectively called to be cross-section’ projection of R at x,y and z,

if their membership functions are defined by the following:
(V0220 € ¥ X Z)(tty (2) = g (x,.2)).
(Y20 X xZ){tty (5:2) = 1 (5.9:2) )
(Vrp) € X %) 11y (e03) = 1y (.92

And for any (x,y)e XxY, any (y,z)e¥YxZ and (x,z)e X xZ, three
fuzzy sets R|(X » e F(Z),R . € F(X) and R|(X 5 e #(Y) are respec-

tively called to be cross-section’ projection of R at (x,y), at (v,z) and

W,

at (x,z), if their membership functions are defined by the following:

(Ve 2)( g ()= a(3:9)),
(Vre X) sy (9= ta(3,2),

(vyeY )(uR\(m ()= g (x,y,Z))
O

Proposition 2.8.1 Let X,Y and Z be three nonempty universes and
take a fuzzy ternary relation as being Re * (X xYxZ ) We have the
following results:

RX = U R (r,2)? RY = U R (x,2)° RZ = U

(y,2)eYXZ (x,z)eXxZ (x,y)eXxY

(x,»)
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Proof. For any z € Z, by using of Definition 2.8.1 and Definition 2.8.2,
we have the following expression:

(x,y)eXxY

My, (2)= (mgXxyZR(x,y,Z)= v NR\W(Z)Z# U R\U_,,)(Z)'
.

x,p)eXxy

Thus the third expression is true. Similarly the other two expressions are
also true. mi

Proposition 2.8.2 Let X,Y and Z be three nonempty universes and
take a fuzzy ternary relation as being Re # (X xYxZ ) We have the

following results:

R= U ({(x,y)} x R|(x,y))

i (x :g;:xy({x} Wi R, )

- U(R| *{(r.2)})

) v z)LeJsz(RLy,z) x{y}x {Z}),

k= U (bchl, xiz)

R Zg({x}xRL), R :zeUz(RL «12})

Proof. For any (u,v,w)e X xY xZ , by using Definition 2.8.1 and Defi-

nition 2.8.2 and Proposition 2.8.1, we have the following results:

H U ({(X’y)}XR‘(x,y;)(u’v’W)

(x,0)EXXY

\4 u,v,w
(x,y)eXXYﬂ{(x’y)}xR‘(x,y)( > )

- (x’)’)\éXXY(Z{(x’y)} (wv)A 'uR‘u.m (W))

= l((u,v)} (U,V) N :uR‘("’V) (W)
= IuR\(M) (W) = Hy (M,V, W)’
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/uU (tx}R),) (u, v, W) = x\E/X ﬂ{x}xR‘x (u, v, W)

= x\E/X(Z{x} (u) A Hy (v W))

= Z{u} (M) A :uR‘” (V, W)

= ;uR\U (V7 W) = :uR (u7 v, W)
So the first expression and fourth expression are true. Similarly we can
know that the second expression and fourth expression are also true. O

Proposition 2.8.3 Let X,Y and Z be three nonempty universes and
take a fuzzy ternary relation as being R e * (X xYxZ ) We have the

following results:

[ (x, y) ><Z ﬂR] )
(V(y,z)erZ)(RL} )=[ (y,z) ] ),

(‘v’(x,z)eXxZ)(RL =|: {x}xY x{z} ﬂR] )

(V(x,y) € XxY)(R|(

Proof. For any (x,y,z)e XxYxZ , by using Proposition 2.8.1 and

Proposition 2.8.2, we have the following results:

lu[ ()” ) XZ ﬂR:l ( ) (u, v)\e/XxY /J({(X WIXZ ﬂR (14 v Z)

(u v)eXxY(Z {C, V)}XZ(U,V,Z) A :L[R (U,V,Z))

(u V)EXXY(Z (V )’)} (M,V) A ZZ (Z) N luR (M,V,Z))

i) (V) NN g1 (u V,Z))

(lt,v)\e/XxY(
Z{(XJ)} (x’y) A Hg (x: Y, Z)
- /IR (x’ y’ Z) = lLlR‘(wr) (Z)

So the first expression is true. Similarly, we can get the other expressions
as well. m]
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Proposition 2.8.4 Let X,Y and Z be three nonempty universes and
take two fuzzy ternary relations P,Q e A (X xYxZ ) If PoQ, then

we have the following results:

P, o0y, K20, P20,
(vrex)(P,>0,),

Vye Y)(P|y ! Q|y),
vzeY)(P.20.).

(
(
(Y. exxY)(P, 20, ).
(
(

V(y,z)eYXZ)(PLy’Z) DQ|(y,2))’

(x,z))

It is not necessary to prove them for they are obvious. m]

V(x,z)e X x Z)(P|(x,z) o0

2.9 Fuzzy Set Transformations Based on Fuzzy Ternary
Fuzzy Relations

First of all, we consider Cantor’s set transformations based on ternary
relations.

Definition 2.9.1 Let X,Y and Z be three nonempty universes and take
a relation R < X xY xZ . The following mapping
T:PX)xPX)—>P(Z)

(4,B) = C=T(4,B)2[((AxB)xZ)NR] (2.9.1)

is called a set transformation induced by ternary relation R among
X, Yand Z, denoted by the following equation:

C=T(4,B)=(A%xB)oR. (2.9.2)

O
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Proposition 2.9.1 Let X,Y and Z be three nonempty universes and
take a relation Rc X xY xZ . About (2.9.1), for any z € Z, we have

(@)= v (2N Z A 2x(%.7:2)). (29.3)

Proof. Forany z € Z , by using Proposition 2.7.1, we have

Xc(2)= ZT(A)(Z) = Zl(axnnr), (2)

= T })eXxY X ((4xB2)NR (x,y,2)

(X})eXxY[I(AXB)XZ(x y’Z)/\ZR(x y,Z)]

= [ZAxB(x A X (Z)A 2 (x, y,Z)]

(x y)eXxY

= (ZAxB(x MIA Zr(X, y))

(x v)eX xY

= (ZA(X)/\ZB(J})/\ZR(X y))

(Xy) eXxy

S0 (2.9.3) is true. mi

Remark 2.9.1 The set transformation as the following:

(4,B) T(4,B)=[((A4xB)xZ)NR],

is obtained by the following three steps:
Step 1. By use of (4, B) , we make the cylinder expansion (AxB)xZ .

Step 2. Get ((4xB)xZ)NR by intersection operation between the
two relations (AxB)xZ and R.
Step 3. We obtain the set what we want as being [((A x B)x Z) N R]Z,

by the projection of ((AxB)xZ)ﬂR on Z. ]

Remark 2.9.2 For any one point (x,y)e X xY, if we regard x,y as
two single point sets by (2.9.1) as following:

A={x}c X, B={y}cY,

we can get another mapping as follows:
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T:XxY > P(Z)

. 294
(x, )= C., =T(x,y):[(({X}X{y})xz)nﬂz ( )

This is a point-set mapping. By using (2.9.3), for any (x,y)e X xY , we

have the following equation:

Yo @= v, (a8 2,00 A 2, (w,9,2)

u,v)eXxY
- (u,v)\e/XxY(Z{x} @)~ Xy () A AR (u,v, Z))

= Z{x}('x) A Z{y}(y) A ZR(X,J/:Z) = ZR(xsysz)
= ZR‘(x.v) (Z)

This means that

(V(x,y)eXxY)(C =T(x,y)=R

(W)) (2.9.5)

O

(x,y)

Now we turn to consider fuzzy set transformations based on fuzzy
ternary relations.

Definition 2.9.2 Let X,Y and Z be three nonempty universes and
Re A (X xYxZ). The following mapping
T:FX)xFY)> F(Z)

(A,B)|—>C:T(A,B)é[((AXB)XZmR]Z (2.9.6)

is called a fuzzy set transformation induced by fuzzy ternary relation
R among X,Y and Z, denoted by

C=T(4,B)=(AxB)oR. (2.9.7)
O

Proposition 2.9.2 Let X,Y and Z be three nonempty universes and
Re F(XxYxZ).About (2.9.1), for any z € Z, we have

Ho(D)= v (1, (x¥) A a5 (D) A 1 (3, 9,2)). (2.9.8)

YeXxY
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Proof. For any an element z € Z , by using Definition 2.4.1, we can have
the following equation:

He(z)= Hray (2)= Hicaxnnr), (2)

= T )eXxY HiaxBy2)NR (x,,2)

(x 1)6X><Y|:'U(AXB)XZ(X y,z) /\,UR(X y’Z)]

= [:quB(x J’)/\Zz(z)/\:uR(x y,z)]

(xy EXXY

= (/quB(x VI A Hg (X, y))

(\”/\)EX xY

_ (/JA(X)/\,UB()/)/\/”R(X y))

(Xy) eXxy

So (2.9.8) is true. mi

Remark 2.9.3 The fuzzy set transformation as the following:

(4,B) T(4,B)=[((4xB)xZ)NR]

is also obtained by the following three steps:
Step 1. By use of (4, B), we make the cylinder expansion

(AxB)xZ .

Step 2. Get ((AxB)xZ )ﬂR by intersection operation between two
fuzzy relations (AxB)xZ and R.

Step 3. We obtain the fuzzy set as being [((A x B) x Z) N R]Z by the

projection of ((4xB)xZ)R on Z. o

Remark 2.9.4 For any (x,y)e X xY , if we regard x,y as two single
point sets by (2.9.6) as the following:

A={x}c X, B={yjcY,

we can get another mapping
T:XxY—>F(Z)

. 2.9.9
(x, ) C. T(x,y):[(({X}X{y})xz)ﬂﬂz =
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This is a point-fuzzy-set mapping. By (2.9.8), for any (x,y)e X xY , we

have the following expression:

/JC(U) (2)= v (qu () A Hp A Hp (u:V,Z))

(u,v)eXxy

= (Zm(“) A Xy (V) A g (”,Vaz))

(u,v)eXxY

= X ) A X2y D) A g (%, 3,2) = prp (X, 9,2) = pty - (2)
This means that
(V(x,p) e X x Y)(c(w) =T(x,y)= R|(w)) (2.9.10)
m
2.10 On Zadeh’s Extension Principle

Let X and Y be two nonempty universes and consider a mapping:

f: XY, xby=f(»

Zadeh’s extension principle describes such a principle which expresses
how to extend the mapping f: X — Y to a following mapping:

[T FX)> FY), A B=f"(A)

Y AxY
B < i
4
~(AxY)N f
A X

Fig. 2.10.1. The set transformation as (2.10.1)
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First of all, we consider a special case about Zadeh’s extension princi-
ple that how to extend the mapping f:X —7Y to such a following

mapping:
fF:PX)>PX), A— B=f"(A)
We have known the fact that f < X xY, i.e., the mapping f is regarded

as a Cantor’s relation between X and Y . Based on Definition 2.5.1, we
can get a set transformation like the following form (see Figure 2.10.1):

PX)->PI)

(2.10.1)
A B= (A =[(4xN[],

And then by using Proposition 2.5.1, we have such a proposition:

Proposition 2.10.1 About the set transformation as (2.10.1), we have

X3(¥) = w7 (x), yeY. (2.10.2)

Proof. Forany yeY, based on Proposition 2.5.1, we have the following

result:
X5 =X e V)= Liwarnsy, (V)
=V X (69)
= v (2o ) A 2, (x.9))
= v (A1) A 2,(60)
= v (2,0 A 2, (x)
RN PACISACD)
= o) (z,,( XA, (x,f(x))
= efeileso) (ZA( )Al)= eperleyoy £
If we denote XE{tEX\{v:m)} x,.(x) as VX ,(x), we have the following
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form:
Zs(M= v y,(x), yeY.
y=1(x)
Thus (2.10.2) is true. See Figure 2.10.1. 0

Now we turn to consider how to extend the mapping f: X —>Y to a

following mapping:
[T FX)> FX), A B=[f7(A)

Based on Definition 2.6.1, we can get a set transformation like the
following form:

[ FX) > FY)

(2.10.3)
A B=f1(A)=[(4xYV)N f],

And then by using Proposition 2.6.1, we have such a proposition as
follows.

Proposition 2.10.2 About the set transformation as (2.10.3), we have

Hy(V)= v (x), yeY. (2.10.4)

Proof. Forany yeY, based on Proposition 2.6.1, we have the following

expression:
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Py =t (V)= gy, (V)
= x\E/X Hoaxnny (x,»)
= v (o () A 2, (x,9))
= v (1A M)A 2,6 0)
= v (1) A 2, ()

= ey O~z ()

R PR RS ACHIS))

= 1

XE{ZEX\‘{V‘:_/‘(I)}(ILJA(X)A ) {t X‘ f(l) IUA( )
If we denote I A #A( x) a S Y u,(x), we have the following
form:
()= v u,(x), yeY.
y=/(x)

Thus (2.10.4) is true. m]

Remark 2.10.1 The Equation (2.10.4) is just Zadeh’s extension princi-
ple. Because Zadeh’s extension principle has not proved before, it is
called extension principle. In fact, it is not a principle, but should be a
proposition or theorem like Proposition 2.10.2 which can be proved
based on the extension principle defined by (1.4.1) in Section 1.4. m

The Equation (2.10.4) is clearly the extension principle on unary func-
tions or functions of one variable. Of course, we should consider how to
establish the extension principle on functions of many variables.

Let X,Y and Z be three nonempty universes and consider a mapping

as follows:

[ XxY>Z, (x,y)—>z=f(x,y)

We first extend the mapping f: X xY — Z to a following mapping:
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[ F(XxY) > F(Z), R>C=f"(R)

Based on Definition 2.6.1, we can get a set transformation like the
following form:

[T F(XxY)—> F(Z)

. (2.10.5)
Ri—>C=f"(R)=[(RxZ2)N f],

And then by using Proposition 2.6.1, we have such a proposition.
Proposition 2.10.2 About the fuzzy set transformation as (2.10.5), we
have

/UC(Z):Z:/\(/X V)IUR(x’y), ZGZ' (2106)

Proof. For any z e Z, based on Proposition 2.6.1, by noticing the fact
that /< X xY xZ , we have the following expression:

He(2) =Ky (D) = Kz, (2)
Hrxzny (x y,z)

(x y)eXxY

= (/quz(x V.2) A X (X, y,Z))

(x })EXXY

(‘c v)eXxY((/JR(x y)/\ZZ(Z))AZf(x y,Z))

= (12 (e.9) A 2, (x,9.2))

()c })EX xY

w)E{WXXY‘FM}(uR (x.0) A 2, (x,9,2))

= \ (yR(x,y)/\;(/(x,y,f(X,y)))

(x,y)e{(u,v)eXxY‘z:f(u,v)}

= v }(ﬂR(x,y)/\l)

(x,y)e{(u,v)eXxY‘z:f(u,v)

= v U (x,)

(x,y)e{(u,v)eXxY‘z:/ (u,v)}

If we denote Vv x,y)as v X, we have the
(x,y)e{(u,v)eXxY‘z:_/’(u,v)}luR( y) =f(x, ﬂR( y)

following form:



Fuzzy Relations 63

,UC(Z)=_V Up(x,y), z€Z.
z=f(x.y)

Thus (2.10.6) is true. ]
Then we extend the mapping f: X xY — Z to a following mapping:

[T FX)xFXY)> F(Z)
(4,B)> C= f"(A4,B)
In order to use Equation (2.10.5), take R=AxB e # (X xY), and then
we have a set transformation like the following form:
[T FX)xFXY)> F(Z)

2.10.6
(4,B)> C=f"(4,B)=[((AxB)xZ)N f ], ( )

Based on Proposition 2.10.2, for any z € Z, we have the following fact:

He@= v @)= v (@A), (210.7)

Remark 2.10.2 For the fuzzy relation R=AxBe (X xY), for any
(x,y) € X xY , we have known the fact that

:uR(xﬁy) = /quB(x7y) :/UA(x)'/uB(y)-

Hence, (2.10.6) can be also written by membership function as follows

pe@=_v () 1;(0), z€Z. (2.10.8)

O

At the last of this section, we consider another problem. Let X and Y
be two nonempty universes and consider a mapping:

fX->Y,x—>y=[f(x)

We have known that Zadeh’s extension principle means that based on the
mapping f: X — Y, we can get the following mapping:
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[T FX) > FAX)
A B=[7(4),

(er)mm= v uw)
y=/(x)
On the other hand, based on the mapping f: X — Y, we should another
mapping:
(/) F ) > F(X)
B A=(f") (B)

In order to know what is the membership function of the fuzzy set as
being ( ! ) (B), we also consider a special case that how to extend the

mapping f: X =Y to such a following mapping:
(/) :P0)>PX), B A=(f") (B)

In fact, it is well-known that ( f ) (B) = {x eX|f(x)e B} , and then we

have the following expression:
(Vx € X)(Z(WY(B)(X) = Z{XEXV(J()EB} (x)j .

Proposition 2.103 (¥x & X)( 7,y o (9= 25 (/)
Proof. Forany x e X, we have the following equivalence expression:

Zyeriyien (D) =1 x € {te X|f(t)eB]

e f(eBe g, (f())=1

Therefor the proposition is true. ]

By means of Proposition 2.10.3, based on the extension principle
defined by (1.4.1) in Section 1.4, we have the following result:
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(VxeX)(y

oy = #( (x))). (2.10.9)
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Chapter 3

Fuzzy Systems

3.1 Structure of One-input One-output Fuzzy Systems

We now return to consider fuzzy systems and begin with one-input one-
output open loop system shown as Figure 1.3.1. Suppose that we have
got the input output data set IOD by using a kind of experiment to get the
system response, as follows

IOD:{(xl.,y,.)|i:0,1,---,n} c X xY,
a=x,<x, <--<x,=b,

X =[a,b]=[x,,x,], Y =[c.d],
c=min{y,, ., ¥,},
d:max{yo,yl,"',y,,}-

We can build a fuzzy system based on IOD through the following steps.
Step 1. First of all, IOD should be regarded as

1(0)) é{({x,},{y,.})\i =0,1,---,n} c P(X)x P(Y).
In this step, we want to extend every single point set pair({xl.},{ yl.})to

a fuzzy set pair (4,,B,) where 4 € #(X) and B, e #(Y). We can

denote it by “fuzzy input output data set” as the following

FIOD ={(4,B,.)|z'=0,1,-~,n} c F(X)xF(Y).

66
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Case 1. Suppose ¥ ={ Voo Vit yn} be with strict monotonicity, in a

manner of speaking, strictly monotonic increasing as the following:
c=yy<y<-<y,=d,

for the situation of strictly monotonic decreasing, i.e.
d=y,>y >->y =c,

it is very similar to deal with it. For example, we may define every fuzzy
set 4. € #(X) as the following, which are shown as Figure 3.1.1.

4 4 4 A, 4,

X, o X, b x
Fig. 3.1.1. Fuzzysets 4, € . (X)
u%(x)={(0x—xl)/(xo—xl), xelx,x]:

, otherwise,

(x—xl.fl)/(xi—xifl), xe(xH,xi];
Hy ()C) = (x —Xin )/(‘xi —Xin )’ X € (xiaxm ];
0, otherwise;

Hy (x)= {(x — X, )/(x,, —xn_l), X e (xn_l,xn];

, otherwise,

Similarly, we can get every fuzzy set B, € # () as follows
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(y=2)/(3=2), velyonl:
0, otherwise,

g, (¥) = {

=y )/ i=2)s yeonl;
ﬂB,(y)z (y_yi+l)/(yi_yi+l)9 ye(yi’yi+l 5

0, otherwise;
i=12,---,n—1,
=) =yia)s ye(yn]s
ty (¥)= .
0, otherwise,

Case 2. Suppose ¥, = { Vos Vit yn} be not with strict monotonicity.

In this case, it is hard to build those fuzzy sets B, € # (). For this case,
we can make a permutation for the subscript set {0,1,---,n} as follows

O =
kO kl kn

c=y, Sy, S-Sy, =d. (3.1.1)

such that

It is well-known that this permutation is just a bijection as the following

0:{0,1,---,n} > {0,1,---,n}
ik =20(), i=01,-,n

In addition, it is not difficult to understand the fact that
Yo = {yo,yla"'ayn} = {ykn ’ykl f”:yk” } .

Here we also consider two situations as the following.
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Situation 1. The set ¥, = { Vigs Vs s Wi } is with strict monotonicity

as the following form:

c=y, <y, <<y =d. (3.1.2)

So we easily obtain the following fuzzy sets:

Hag,, (Y)z{(y_ykl )/(yku _ykl)’ ye|:yk09yk]:|;

0, otherwise,

(y—ka )/(yk./ ~ Vi )’ Ve (y"jfl Yk, :|;

Hg, (V)= (y—yk,ﬂ )/(yk,—yk,ﬂ), yE(yk/,yk,.J;

0, otherwise;
j=L2,--,n-1,
i, ()= (y_ykn,l )/(J’k" Vi, ): ye (yk",1 > Y, ];
% 0, otherwise,

Situation 2. The set ¥ ={yk0,yk1,---,yk”} is not with strict mono-

tonicity like (3.1.2) but only with (3.1.1). Now for the subscript set as the
following:

K= {kjo,kj1 ok, } ;
we make an equivalence relation “~ " as the following:
(Vs,te{0,L-n})(k, ~k, < 3, =, ).

Thus we get the quotient set of “~ " as follows

K(n%:{[kj]‘j:(),l,...,n},
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where every[kj]is the equivalence class which the representative ele-

ment k‘ ; locates in.

Let different elements each other of K(n) " be the following forms:

[kf'o J’ [kf'l ]’ T [quw ] ’

where 0<¢g(n)<n and we stipulate that k;, = rnin[kjj . And then we
can have the following result:

=Y, <V, << =d. (3.1.3)

Jq(n)

By using the set {yk Vi s Ve }, we build some fuzzy sets as the
Jo Y| Jq(n)

following forms:

U (y):{(y_ykh )/(ykm _ykjl)’ ye|:ykj07ykjl:|;
By,

0, otherwise,

(y_ykjH )/(ykjj V., )a ye(ykjk1 Vi, :|;

Hy, (V)= (y Vi, ) / (yk,}& Vi, ) ye (yk,b\_ Y, };

0, otherwise;

s=1,2,---,q(n)—1,
). (y) = (y B ykfzuni—l )/(yqu<n) B yqu(n)—l )’ Ve (yqu(ni—l ’yquw :|;
e 0, otherwise

Now we stipulate that, for any s € [kj,\. ] , we take fuzzy set

B.(»)=B, (¥).
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Thus, we get all fuzzy sets B, ,B, ,-+,B, . So we got FIOD as follows:
Casel: FIOD= {(Al.,Bl_ )|1 = 0’1’...’,,,}

Case2: FIOD={(4, .5, )

j=0Lwen]
Step 2. Build a fuzzy relation R € # (X xY). Firstly, we take

Casel: (Vie{0,1-,n})(R 24, xB,)

Case2: (Vje {0,1,---,n})(Rkj 24, xB, )

Then let R = UR,. (incase 1) or R= URk‘ (in case 2). Clearly for any
i=0 Jj=0

(x,y)e X xY we can know that

Casel: (0=,  (5,3)=v (1, () Ap, (),
U AI-><B,) i=0
Case2: py(ry) =g, (52)=V, (i, DAy ()
U(Ak/ xB,(/ ) Jj=0 J J

Step 3. We form a fuzzy set transformation by Definition 2.6.1 as the
following:

T: 7 (X)—> F(Y)

A B=T(4)=[(4xV)NR],.
H (D) = ey (D) = By ey, (V)

= v () A (x,9)), Vyey,

o ['UA () A (l.\n/o(ﬂA,» (X) Aty (y))ﬂ , casel,

n

XZX[AIA (x)A (/_\/0(/4% () A g, (y))ﬂ , case?2
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Step 4. Single point set input: for any x e X, let 4={x}, and we
have the following expression:
Hg (y) = Hra (y) = lu[(AxY)ﬂR]y (y)
= v (1, () A p1y (x,3)
= v (£, @) A pra(x,9))
= Hg (x,»)

i\:/o(/uAi (x) A :LIB,. (y))a case 1’

,Xo(/’Ak/ (X) A g, (y)), case 2

Step 5. Defuzzification: by using centroid method coming from phys-
ics, forany y €Y, we have

[ vty 'y [,-Co(”f% () A by, (¥ ))}dy

casel: y=< = ,
_L y(y)dy L Lvo(yAl () A Uy (y))}dy
[ vy (r)y fyﬂﬁb@xmAﬂ%oﬂ}w
case2: y==¢ _ . .

[y f&o(u% () Ay, (y))}dy

This means that we have gotten the mapping of representing the response
for the system as the following:

Id Vg (y)dy

C

s:X =Y, x> y=s(x)==
[" sy ()

Because B=T(4)= T({x}) , we had better denote B=T(A) = T({x}) as
the following:



Fuzzy Systems 73

B 2B=T(A)=T({x}).

So we have
H, (V) = My (D) = (i), (V)
= V(0 A 1 (2,9)) = g1 (x.9)
(@A ). casel,
V(s A, (). case2
And then

d
f_ Yy (y)dy
s: XY, xpy=s(x)="40—""-— (3.1.4)

[ 11y, )y

This mapping should be called a fuzzy system.

Step 6. Simplification of (3.1.4). For avoiding the computing of
the two integrals in (3.1.4), we use definition of definite integral to deal
with it.

Case 1. Suppose ¥, ={ Voo Vit yn} be with strict monotonicity, in a

manner of speaking, strictly monotonic increasing as the following
c=yy<y<-<y,=d,
for the situation of strictly monotonic decreasing, i.e.
d=y,>y>->y =c,
it is very similar to deal with it. If that
Aic=y, <y, <<y, =d

is regarded as a partition of interval[c,d], then we have
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Ldug (y)dy—lmZﬂB m)Ay, ~ Zﬂg (m,) Ay,

JaJ>0 =

[ v, (¥)dy = lim ZWIBX (7.)A,

Jal>0
~ 277[/431 (7,)Ay,,
i=1
méy,»eA 2lvoan], M Evi-vo,
i=12,-, ||A|| = max Ayl}

1<i<n

From this we obtain the following approximation form:

[ oy, )y Do (1))

~11

y=s(x)=
I g (y)dy Z t, (70) Ay,

k=1

> v (), Zy{ (1 YAty (v ))}Ay,

Jj=1

i#& (yk )Ayk i|:,-\_/o('u”" ) A Hp (yk )):| Ay,

k=1

[ [2teernan ()]
| 3] am () |

J

Now we put that
[t ()],
(/’./(x)é R ’
. |:,Vo( 5 (At (3 )):|Ayk (3.1.5)
j=1,2,n

Then we have the following result:
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y=s() =Y 0,0,
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(3.1.6)

If let h(x)éZgoj(x)yj,xeX , then function A(x) =Z¢j(x)yj is an

J=1 J=1

kind of approximation to the mapping y = s(x).

Case 2. Suppose ¥, = { Voo Vit yn} be not with strict monotonicity.

In this case, by a permutation, we get (3.1.1), i.e.,
c:yko Sykl S"'Sykk =d .

We have known the following result:

5, (D) =ty D) = (11, ) Ay ().

From this we also have the following approximation form:

I .dyﬂgx (»)dy Dk, (%—)Ay,

y=s(x)==5 ~
L tp (y)dy z t (3,) Ay,

v, At (y))}Ayk

Z[ U (1, 7 1, (y))}Aykj

yj’

ygv_yk.ila j=1’23”'7n

Now we put that

[v o, ()N g, (y))}
9, (x) =
Z[ v (4, O, (y))}Aykj

k=1

B

(3.1.7)
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Then we have the same expression:
y=s(x)= D 0,(x)y,.
j=1
And then, by noticing the following fact:

.. 1’ l:],
casel: (Vi,j E{Oala"‘a”})[/‘& (y./)zd‘/ :{0 i+ j

.. 1’ l:]’
case 2: (Vl,] € {0,1,---,11})[#&1, (y’f/):é‘if :{O i;éjJ

We can turn (3.1.5) and (3.1.7) into the following:
#y, (XA,
IZ:#AA, (V)Ay,
Ha, (0)AY,, (3.1.8)

- , case?2,
DMy, (DAY,
i=1

, casel,

?; (x)=

j = 13 2, L, h
Remark 3.1.1 The fuzzy input output data set as the following

FIOD ={(4,,B,)i=0,1,--,n|

can be regarded as a group of fuzzy inference rules:

If xis 4, then yis B,
If xis 4, then yis B,
(3.1.9)

If xis 4, then yis B,
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3.2 Structure of Two-Input One-Output Fuzzy Systems

Now we consider an open loop uncertain system with two-input one-
output shown as Figure 3.2.1.

X =la,b]
T z=5(x,)
S —
y ——— Z=[a,p]
Y =[ec,d]

Fig. 3.2.1. An open loop system with two-input one-output

First of all, we make the partitions of the two input universes
X =[a,b] and Y =[c,d] as the following:

a=x,<x <--<x,=b,

c=y, <y <<y, =d
So we obtain an input data set

(X xY), ={(xi,yj) ,':0,1,...’,,,]':0’1’...,,,,}.

Very similar to the case for one-input one-output, we can get the
response set of the system  for the input data set (X xY'), as follows

Zy={z,[i=0,1m,j =01, m}.

If we put a=minZ,,f=maxZ,, then we get the output universe as
being Z =[a, B]. So we have built a two-input one-output data set IOD:

i=om~ymj=0¢~ym}

10D = {((x,-,yj)’sz)

Now we are going to turn IOD into FIOD:

i=aL~me=om~ym}

FIOD:{((A,.,BJ),CU)
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4, e 7(X), B, eF(Y), C,eF(2),
i=0919.'.7n9 j=0717'~'9m
First we can easily to get 4,, B, as the following
4 ()= (x—xl)/(xo—xl), xe[xo,xl];
o 0, otherwise,

(x=x_)/(x,—x_), xe(x_.x]:
w, (x)=

= (x_le)/(xi _xm)’ xe(xiaxm];

0, otherwise;
i=1,2,---,n—1,
1y ()= {(x—xn_1 )/(xn —xn_l), xXe (xn_.l,xn];
0, otherwise,
i ) z{(y—yl )/ (no=n). ¥ <lron)
0, otherwise,
=y, ) /(3,=v1) vely oy ]
ts N =4(y=3:2)/ (3 =3)s ye(ryia];
0, otherwise;
i=1,2,,m—1,
- - s € m—1°>Ym 5
“ (y):{(y Vu (V= Yur)s ¥ (V2]
0, otherwise,

In order to build fuzzy sets C,;, we need to change binary subscripts
(i, j) into unitary subscripts written by & (k =0,1,---,(n+)x(m+1)— 1)

which satisfy the following condition:

a=2y<z<z) < <20 =B (3.2.1)

We can get (3.2.1) by the following steps.
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Step 1. Make a mapping:
:10,1,---, 0,1,---,m{ >10,1,---,(n+1 +1)-1
gil0d POl 5 0L (DD 5
@) r=gl)=i(m+1)+j

and we have the following expression:

{u

Denote u, =z,

7=0,1,2,,(n+ D) x(m+1)—1}

In a general way, the set {uT 7=0,1,2,--,(n+1)x(m +1)—1} does not

meet monotonicity on 7 as follows

Uy SU S-S UG e -

Step 2. Make a permutation:

B 0 1 - (m+Dx(m+1)-1
760 o) - o((rhx(m+1)-1)

such that

Uy SU S S Uiy -

Denote z, =u,,, (k=0,1---,(n+1)x(m+1)—1) and we have

o (k) (

S 2 S S 2 eyt -

This is just (3.2.1). We turn to build fuzzy sets on Z .
Now we turn to build fuzzy sets as follows:

C,eF(Z), k=01,-,(n+Dx(m+1)-1.

Situation 1. The set Z, :{zo,zl,---,z(nﬂ)x(mﬂ)fl} is with strict mono-

tonicity as the following:
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a=2z,<z << Z o mys =P - (3.2.3)

So we can easily obtain the following fuzzy sets:

(Z_Zl)/(ZO_ZI)’ ZE[ZO,Zl];

Z =
He, (2) {O otherwise,

(Z—Zkf1 )/(Zk _Zk—l)ﬂ z G[Zk—lﬂzk);

He, (2)= (Z_Zk+1 )/(Zk _Zk+1)’ ze [Zk’Zk+1];

b

k:1,2,...,(n+1)><(m+1)_2’ (324)
HC("“)(NHI)—I (Z) =

Z 7 Z i y(ma1)-2

> Z€ |:Z(n+l)><(m+1)—2’Z(n+l)><(m+1)—1];
Z(ay(ma) -1~ Z(nsl)x(m+1)-2

0, otherwise,

Situation 2. The set Z, = {zo, - ARTER z(“l)x(mﬂ)fl} is not with strict
monotonicity like (3.2.3) but only with (3.2.1). Now for the subscript set
K={0,1,---,(n+1)x(m+1)—1},
we make an equivalence relation “~ ” as the following

(‘v’s,te{0,1,~~-,(n+1)><(m+1)—1})(s~t<:>ZS =z,).

Thus we get the quotient set of “~  as follows
K .
(n% = {|:k/:”J = Oala' "a(n + 1) X (m +1) —1} ,

where every [k j} is the equivalence class which the representative ele-

ment kj locates in. Let different elements each other of K(n)~ be the

following:
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[kfo ]’[kfl ]" ) "|:k/'w,m) :|
where 0<g(n,m)<(n+1)x(m+1)—1, and we stipulate that
k, = min[k/.s :' .
And then we have the following result:

a=z, <z, <<z =p. (3.2.5)

Jq(nm)

By using the set {Zk. 32y 52

}, we build some fuzzy sets as the
Jq(nm)

following

He (2)= {(Z - Zkfl )/(Z"fo B Zkfl )’ Z€ |:Zkf0 ’Zkfl :|;

0, otherwise,

zZ—Zz z —Z ze\zZ z N
( k/s—l )/( k/s kfs—l )’ ( k/s—l ’ k/s :|’

z)=<lz-z z, —z zelz, ,z :
'uckfs( ) ( i )/( kj i )’ ( k2 kfmj|’

0, otherwise; (3.2.6)

s=12,---,q(n,m)—1,
z—z
k/q(u,m)—l

_— (SN 4 z .
— _ >V ( k./‘q(n.m)—l’ k/q(/i,m)i|’
He, z z, z,

m) Jq(n,

o (n m) Jg(nm)-1

0, otherwise
Now we stipulate that, for any s [k i ] , we take fuzzy set
Cv (Z) = Ck/,s (Z) .

Thus, we get all fuzzy sets Cko ,Ck] L

> M ki y(mat)1

It is easy prove that the mapping:

g:{0,1,--,n}x{0,1,---,m} > {0,1,---,(n + ) x (m +1) -1}
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defined by (3.2.2) is a bijection. So we can rewrite the following single-
subscript fuzzy sets as follows:

C, =01, (n+)x(m+1)-1

as double-subscript fuzzy sets as follows:

C., i=0,L,n,j=01m.

ij’

Based on above two situations, we have got FIOD as follows:

FIOD ={((A,.,B.,),C”)

l':()’l,...’n,j:0’1’...’m}’

4 e F(X), B eF(Y), C,eF(Z),
i:OjL...’n’ j:O’L...’m

Similar to Remark 3.1.1, the fuzzy data set

FIODz{((A,.,Bj),Cﬁ)

= 0,1, = 0,1,

can be regarded as a group of fuzzy inference rules:

If xis 4, andyis B, then zis C,,,
! ’ (3.2.7)
i=0,1,--,n,j=0,1--,m
We can also rewrite (3.2.5) as the following
If (x,y)is(A,B.|then zis C,,
()15 (4.8)) ! (3.2.8)
i=0,1,---,n,j=0,1,---,m

Here we can use 4, xB; to implement (Al.,Bj) , where 4, x B, is the

direct product between fuzzy sets 4, and B,. By using 4, x B, and C,,

i
we can get a group of fuzzy relations between input universe X xY and
output universe Z as follows:

Rijé(AixBj)xCijef((XxY)xZ), (3.2.9)
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where

y, (6,,2) = (1, () Aty (D)) A 1, (2)
i=0,1,,n, j=0,1-,m

Clearly R, = (A,- X Bj)x C, = 4,x B, xC,; and we can have the equation:
f((XxY)xZ)zf(XxYxZ).

So R, are ternary fuzzy relations. By means of these R;, we can easily

obtain an entire ternary fuzzy relation as the following

R=OORU e F(XxYxZ),
=00 (3.2.10)

(5 ,2) = v (40, () Ay () A e (2))

It is a main procedure to build the ternary fuzzy relation expressed by
(3.2.10) for us to obtain our fuzzy systems with two-input and one-
output. Now based on (3.2.10), by using Definition 2.9.2, we can have a
fuzzy set transformation induced by the fuzzy ternary relation R as the
follows

T: F(X)x F(Y)—> F(Z)
(4,B) C=T(4,B)=[((4xB)xZ)NR],

Considering (2.9.8), for any z € Z , we have

U (2) =y g (2) = (W;QN(/IA (X) A 1y (Y) A 1 (x,9,2))

i (3.2.11)
= v (/JA () Ay () A ([_vo jgo(ﬂ,q, () Aty (V) A g, (Z))D

(x,9)eXxY

And then, by use of Remark 2.9.4, we get another mapping:
T:XxY—>F(Z)

3.2.12
(x, ) Cp.,y =T(x,3) = [(({x} x {y})xZ)ﬂR]Z ( :
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This is a point-fuzzy-set mapping. By using (3.2.10), for any an element
(x,y)e X xY and for any an element z € Z, we can have the following

equation:

#C( X,») (Z) = ﬂR‘(\,\-) (Z) = ,LlR (xa ya Z)
vy (3.2.13)

=% (ﬂA,- (X) Aty (D) A phe, (z))
i=0 j=0 ; :

By using centroid method which we have already used in section 3.1,
for any an element z € Z , we have the expression:

B
J, zHe,, ()
zZ= ﬂ—
[ ue, (2)dz

jfz{ﬁo(m, () A g, (V) A e, (z))}dz G219

J‘ﬂ{\n/ C (/JA, (x)/\/jBl (y)/\ﬂc,/ (z)):|dz

a | i=0 j=0

This means that we have gotten the mapping of representing the response
for the system as the following:

s:XxY—>Z
s
[z, ()2 (3.2.15)

(x,y) > z=s(x,y) ==
[, #e,., (2)dz

The mapping expressed by (3.2.13) is just the fuzzy system with two-
input and one-output we want to build.

At last, we consider the simplification of (3.2.13). For avoiding the
computing of the two integrals in (3.2.13), we also use definition of defi-
nite integral to deal with it.

For above Situation 1, because the set Z, ={ZO,ZI,"-,Z("H)x(wl)il} is

with strict monotonicity, i.e.,

A=Zy <Zy < < Ziimen-1 = B,
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if that At =2z, <z <<z, (1 =P 1s regarded as a partition of

interval [«, f], then we have the following expressions:

(n+1)(m+1)-1

[Mzpte, (dz=im > S (£)Az,

YECE

(n+1)(m+1)-1

N Z é,ryc(x,y) (CT)AZN

=1

(n+1)(m+1)-1

B .
[Cue, @dz=lim > . (47,

a0 &

(n+1)(m+1)-1

~ Z ﬂc(-w’) (é,r )AZr’

=1
é/réZrEArz[ZT—l’ZT]’ AZT:ZT_ZT_I’
r=12,,(n+DH(m+1)-1,
"A” = lg,g(i?f}%)fl {AZT}

From this we obtain the following approximation form:

(n+1)(m+1)-1

J.ﬂZ/uC( ) (Z)dz z é/”ucwv) (é/f )AZT

a =1

z=s(x,y)=

= (n+)(m+1)-1

J.j:ucw,) (2)dz Z Hc, | (gr)AZr

=1

(n+1)(m+1)-1

ZT’LlC(VnV) (ZT )AZT ()0 1)-1 /’IC (ZT )Azr
(x.y)

7=1 —
T (n+)(m+1)-1 - (n+1)(m+1)—1 4
=1
’uC(.z.y) (ZT )AZT z 'uCu,y) (ZP )AZP
=1 p=1

Now we put the symbol as follows:

A luC(m,) (ZT )AZT
V. (x,y) T (nH)(m+1)-1 >

'uc(x,y) (ZP)AZp (3216)
p=1

7=12,--,(n+)(m+1)—1
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Then we have the following expression:

(n+1)(m+1)—1

z=s(x,y) = Z v, (x,y)z, . (3.2.17)

=1

Based on (3.2.4), it is easy to know the following fact:

I, p=gq
(Vp,q e{0,1,...,(71+1)(m+1)—1})£,ucp (zq) =0, :{0’ bt j
So we can learn that, for any i €{0,1,---,n} and for any je{0,1,---,m},

we have the following equation:
’uq.w) (Zi/'):/uA, (x)/\;uB/ (y) (3.2.18)

And then by noticing (3.2.2), if we denote Az, 2 Az_, then we have the

following result:

luC oy (Zr )AZT
Vi (x,») 2 w,(x,y)= (n+1)(m+l)(;lu )

M (Zp )AZP
p=1
(uA‘. (X) A g, (y))AZ,-,-

n m

D1, () Ay () Az, ’

i=1 j=I

i:152a“'9n; j:152""9m

By using (3.2.17), we have the following expression:

(n+1)(m+1)-1

r=se)c Y wnz=Y Sy )z,

r=1 i=l j=1

el (@A, )Ag, (3.2.19)

i-1 j=1 (,UAp () A Hp, (y))Aqu

p=1g=1

§
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Remark 3.2.1 For Situation 2, as we have got all fuzzy sets as follows:

C..C..-C

> M Kt (maty-1 2

it is easy to show that (3.2.19) is also true, but we should know that there
are some Az, =0. ]

Remark 3.2.2 Because the membership function of the direct product
A4;x B, can be also defined as being s, 5, (x,y)=p, (x)- s (») based

on Remark 1.4.1, (3.2.14) and (3.2.19) can be written as the following

B
L Zle, (z)dz
Z==
[ ue, (2)dz

jfz[?oﬂ(u@(x)-yg,(y)-yc,,j(z))}dz (220
Lﬁ[i _go(ﬂA, (X) 5 (V) phe, (Z))} dz
z=s(ey) =3[ = gﬂA‘(x)'”Bf(y))AZ" z, (3221
T XX, @) 15, ()2,
m}

Remark 3.2.3 Let Fé{Az,.j‘Azfj ;tO} and 4= mean(I") which means

the mean value of the elements in set I'. If we use 4 to replace Az,

then it is not difficult to know the following results:

i

=5 =Y Y| < (mﬂA' ()1t )22,
2(”@ (X) A g, (y))AZ,,q

i=l j=
1

1
r=lgq
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53 n(:a, () Ay, () §
LYY (a2, ) A g, ()

e (3.2.22)
3 i : ﬂA () A (¥) .
= ZZ(ﬂAp(x)/\/’qu(y))
r=s(e) =YY = “ 40 4, 0 Z (3.2.23)
= ZZ(,UAP(X)‘,UBQ ()7))

Based on the structure of fuzzy sets as being 4, B, , it is not difficult
to prove the following fact:

ii(ﬂ/&, (X)- (y)) =1,

p=1gq=1

and then we have a very simple expression of (3.2.23) as the following:

n m

2=5060)% YD (14, () 115 (1)) 7, (3.2.24)

i=1 j=I

O

3.3 Interpolation Mechanism of Fuzzy Systems

Based on the conclusions of above sections, we consider interpolation
mechanism of fuzzy systems. From (3.1.6), we know that a fuzzy system
can be approximately expressed by the following equation:

y=5()% Y0,y
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If the note set { VisVar o yn} satisfies the following well-known interpo-

lation condition:
(Vi € {1,2,---,n})(s(x,.)=yl.) ,

where {xl,xz,---,xn} cla,b] and x, <x, <---<x,, then above equation,
i.e. (3.1.6), is just an interpolation about function s(x) € C[a,b]. This is

so-called interpolation mechanism of fuzzy systems. We know that these
base functions ¢,(x) are shown as (3.1.8) and they are linearly inde-

pendent in function space C[a,b]; so they can generate a linear subspace
with n dimension of C[a,b] as follows

Span {(/)1 (.XT), ?, (X), 0, (x)} .

It is easy to understand the following expression:

S 0,(x)y, €span{p,(x).0,(x), .0, ()}

J=1

This means that a fuzzy system can be regarded as the fact that we use
an element in span{(z)1 (x),0,(x),+-, 0, (x)} to approximate the given el-

ement s(x) € C[a,b]. If we define a norm:

I Cla,6]1—[0,+)
=7 Zg}%lf(x) :

then (Cla,b],

) is a linear normed space. Then we define a metric:

d:Cla,b]xCla,b] > [0,+x)
(f.g)—d(f.2)=|/—g|

We can know that (C[a,b],d) is a complete metric space, i.e., it is a

Banach space. This means that the research of fuzzy systems is essen-
tially an approximation problem in a kind of Banach space.
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Furthermore, from (3.2.19), we know that a fuzzy system with two
inputs one output can be approximately expressed by the following

equation:
(n+1)(m+1)-1

z=s(u )~ D) v.(xp)z,
=1

m

=SSy )z,

i=1 j=1

5% (424 ) A 115 (1)) 22,

=1 j=1 (,UA,, () A My, (J’))Azpq

p=l g=1

Zj

If the note set {zy‘i =1,2,---,n,j=1,2, --,m} satisfies the following well-

known interpolation condition:

s(xi,yj) =Zjs
(x,.,yj) €la,b]x[c,d],
@G, ) e{l,2,--,nyx{,2,---,m}
X, <X, << X5
Vi <Vy <<V
then above equation, i.e. (3.2.19), is just an interpolation about the func-
tion of two variables s(x,y) € C([a,b] x|[c, d]) .
In the same way, since the base functions y, (x,y) are linearly inde-

pendent, they can generate a linear subspace with nxm dimension of
the infinite dimension function space C ([a,b] x[c,d ]) as follows:

span (i, (x. p)|i=1.2,0+.n,j =1,2,0m)

It is easy to understand the following expression:

n m

ZZI//g(x,y)zl.j espan{l//ij(x,y)‘i=1,2,---,n,j =1,2,---,m}.

i=1 j=1
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This means that a fuzzy system with two inputs one output can be re-
garded as the fact that we use an element in span{l//,.j (x, y)} to approxi-

mate the given an element s(x,y)eC ([a,b] x[c,d ]) . If we define a norm:

: € ([a.b1x[e.d]) = [0, +o0)
fH||f|= max ]|f(x,y)

(x,y)ela.blx[c.d

3

then (C([a,b]x[c,d]),

a metric:

|) is also a linear normed space. Then we define

p:C([a,b]x[e,d])x C ([a,b]x[c,d]) —[0,+w0)
(f.g) - p(f.2)=|f ¢

We can know that (C([a,b]x[c,d]),p) is a complete metric space, i.e.,

it is a Banach space. This means that the research of fuzzy systems with
two input one output is also essentially an approximation problem in a
kind of Banach space.

Remark 3.3.1 Based on above discussion, we should form a viewpoint
coming from mathematics: so-called fuzzy systems are essentially
belonging to function approximation theory which is a very important
aspect of applied mathematics. m]
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Chapter 4

Function Approximation Properties
of Fuzzy Systems and Its Error
Analysis

4.1 Introduction

Since fuzzy sets was proposed by L. A. Zadeh, fuzzy systems theory has
been successfully used in many fields. In practical applications, based on
a given approximation accuracy we can usually establish a fuzzy system
to approximate a predetermined model or control process. Therefore,
the research of function approximation property of fuzzy systems has
become an important direction. The so-called function approximation of
fuzzy systems means that we consider whether the fuzzy system can
approximate any continuous function on a compact set in any degree of
accuracy (by some sort of norm). From the mathematical view, a fuzzy
system is regarded as a mapping from the input universe to the output
universe; especially it is an interpolator. Literature [3] reveals the proba-
bility meaning of center of gravity method, and shows that the center of
gravity method is reasonable. The function approximation properties of
fuzzy systems constructed by the center of gravity defuzzification meth-
od are focused on in this paper, where the approximation error and the
remainder expression are regarded as very important and interesting. At
last, the remainder expressions of error upper bound estimate are proved.

4.2 Structures of Fuzzy Systems

We first consider a static open-loop system with one input one output, i.e.

93
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SISO, shown as Figure 1.3.1. The value of input variable x taking its
values from input universe X and the value of output variable y taking
its values from output universe Y . If the system S is a deterministic
system, we can use conventional methods to establish the mathematical
model of the system (for example, using method of mechanism to estab-
lish differential equation model), and then the solution of the model is
obtained by using analytical methods or numerical methods. So we have
basically mastered the system (more depth problem is the qualitative
problem of the system: controllability, observability, stability, etc.). Then,
the system can be simply expressed as a function, denoted by s, that is

s: XY, x— yEs(x) (4.2.1)

However, facing an uncertain system, we cannot use conventional meth-
ods to establish the “exact” mathematical model of the system (usually
mean that the differential equation model), so it’s difficult to obtain a
function of (4.2.1).

For the uncertain system, we usually do some tests to gain a group of
input-output data of the system, denoted by

10D 2 {(x,,y,) € X x¥|i=0,1,---,n},

which is called as the based data sets of the system. By means of IOD we
can get a function:

where X° = {xo,xl,- . -,xn} and also we can write ¥° = {yo,yl,---,yn} .
Clearly, the data sets IOD of the system is exactly the graph of the func-
tion s, .

In general, we cannot obtain accurate mapping y = s(x) only through

the data sets 10D . But we can use the data set IOD to construct a func-
tion to indicate the input-output relation of the system, as the following:
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5 XY, x—y=5(x) (4.2.2)

We try to make the mapping s, : X — Y being close to our goal func-
tion s: X — Y such that it satisfies the condition ||S —EnH < &, where
& >0 is a function approximation error which is able to meet our
requirements, and |||| is a kind of norm defined in the continuous func-

tion space C(X), usually the norm defined as the following:
(Vse C(X))(”s” £|ls|,, = max {|s(x)|| xe X}) .

Let X =[a,b]c R be the input universe, where R is the real
number field and ¥ =[c,d] < R be the output universe; without loss of

generality, we can assume that the input-output data set IOD meets the
following condition:

a=x,<x <--<x,=Db,

C=Vi SV S Sy =d

where k, = o (i), and o is a substitution, i.e. a bijection as follows

O-:{Oala"')n} - {0’19"'5”}
i o(i)=k, (4.2.3)

o=
k, k- k
If it is without substitution, the output data set ¥’ 0= { Vi | i=0, l,~~-,n}

does not meet strict order relationship:
c=p <y, <<y, =d

This strict order relationship is important in the construction of fuzzy sets:

B eF(Y), i=01-n
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We can get a group of fuzzy sets 4 = {Ai|i= 0, 1,~-~,n} by using

input data set X * and similarly, can get a group of fuzzy sets:

BE(B[i=0,1,n)

by using output data set Y. These fuzzy sets A, B; can be defined as a

kind of triangular wave functions.
Noticing that oo™ ' (i) =i, so ka" o= i,and then B,=B, ,asa

071(!’)
result, B, is easily defined, that is & = {Bi | i= 0,1,-~-,n} )
According to the data set IOD, we can get a group of fuzzy inference

rules of the system:

If x is 4 then y is B, i=0,1,---,n, (4.2.4)

1

where A4, and B, are respectively the fuzzy sets defined on the universes
X and YV, ie., 4 € #(X) and B, e #(Y), i=0,1,---,n. Every of
the inference rules can determine a fuzzy relation R, € # (X xY) as the

following:

e (6, 0) = 0(p1,(x), 14;(3)), (%, )€ X XY,

where 6:[0,1]x[0,1]—[0,1] is a fuzzy implication operator. Usually
0 can be taken as the following forms: @ =A or 6 =-,i.e.,

A:[0,1]x[0,1] —[0,1]
(a,b) > A(a,b)=anb,
-:[0,1]%x[0,1] —[0,1]
(a,b)> (a,b)=a-b

We all know that fuzzy implication operator € =- is called Larsen
implication operator. In this paper we often use Larsen implication
operator. Now the group of inference rules (4.2.4) can be regarded as a
function as follows:
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s:A—> LB, A5 (4)%B,

1
i=0,1,-,n
Based on these fuzzy relations R,,i=0,1,---,n, we can get a whole

fuzzy relation R € # (X xY), where R = URI. and

i=0

ILlR(xay):i\:/OﬂRi(x:y)) (xay):XXY~

By using R, we can make a function as the following:
sTIF(X) > FXY)
A B=5"(A)= AoR,
()= v (11,0 A p1y (x,9))

=V {m () A &0 Hy, (X, y)ﬂ

Then, in order to obtain the mapping 5 : X =V, x— y=3 (x), we
can do it by two steps from the “set-set” mapping 5™ : # (X) — F(Y)
to obtain the “point-point” mapping s, : X — Y.

Step 1. Transform “‘set-set” mapping into a “point-set” mapping:
s X > FX), XHSI(x)éS**({X}), (4.2.5)

where its membership function form is as the following: for any binary
point(x,y) e X xY,

o (V) = e ) ()
= §\€/X[ﬂ{x} () (&) ] (4.2.6)

= 1 (6 9) = v (1, () 115 ()
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Because (Vx eX )(S1 (x)e (Y )) , we should write the symbol as the

following:
(Vx € X)(B(§ =X) =S sl(x)),
where & is regarded as a random variable taking its value in X ; so for

any binary point (x,y) e X xY, B(& = x) is shown as the following:

Moy V) = 1 (V) = gfo(ﬂA, (%) (J/)) (4.2.7)

Step 2. We can turn the fuzzy set B(& =x)=s,(x)e #(Y) into a
point as being y = ( y(é‘)) fa T y(x) in Y which corresponding to
E=x.

Literature [3] has proved that the physical center of gravity of plane
rigid body is reasonable and is an optimal method in the sense of least
squares. Suppose that

L ‘y,umg:x)(Y))dy <o, 0< L ILIB(§:x)(y)dy <o
by using the gravity method, we have

_[Y YHpe—x (y)dy

y=(»(8))._, =r(x)= [t ¥ (4.2.8)
This means that we have got the mapping as the following:
s X—>Y
IY VHpee (Y)Y (4.2.9)

X 5,(0) = y(x) = J. O
y Hae=x

And then substituting (4.2.7) into the equation (4.2.9), we can get the
following equation:
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_[Y YHpe-x (y)dy
J;, Hp(e=x) (y)dy

Jo| a0, ) o

5,(x) =

(4.2.10)

i=

| YBO (42, (0 1 (y))}dy

Remark 4.2.1 Because of the following expression:

(V(x,3) € XXV ) ptyey(¥) = 11 (x: 7))

Equation (4.2.10) can be written as a more general form:

| yae(x )y

5, (x)= , xeX (4.2.11)
L g (%, y)dy

And since R = URZ. , the fuzzy relation R is also regarded as obtaining
i=0

from R, (i=0,l,---,n) by the operation “J”. In addition to the use of
operation “{J”, many ways can be used. Therefore, (4.2.11) has a broad-
er meaning. ]

The function (4.2.11) s, : X =Y is called fuzzy system based on the

operating process from Data to Formula by above method.
From the data set IOD = {(xi,yi) € XxY‘i = O,l,---,n} , we have al-

ready obtained an approximate function s, : X — Y which can approx-

imate the input-output function s: X — Y of the system. However, in
(4.2.11), the numerator and denominator are integral expressions; while
in general, these two integrals have almost not analytical solution. To
facilitate application purposes, we can use the definition of Riemann
integral to simplify our method. In fact, we let
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Ayk,. =ykl.+l _yk,.a i:0515"'7n_17

n—1
B szk’ d—-c

i=0 _
Ayk,, = = )
n n

Since Ay, =Ay, , as a result, Ay, are all defined. Then, according

)
to the meaning of Riemann sum in the definite integration, we have the
following result:

j YHpe- x)(y)dy zﬂB(g —x) y,)ylAyl

5,(x) = j o
ILlB(g‘Z X) y y ;ﬂB(ﬁ:x) y

NMS

[ﬁo(m () 15, (¥ ))}y,Ay,-

(4.2.12)
[1 Hy, (x)- Hp, ( ))}Ayl
X)V.Ay,
;” WA (o, "
== =2 Y, =2 M (1),

GV W N CLV

i=0 j=

where we have been set the following symbol:
A (x)Ay.
u, ()_M, i=0,1,.n. 42.13)
Z;UA (x)ij

It’s not difficult to verify that the function group as being { u, (x)} is
i i=0

linear independent in the function space C(X), and every base function

4 - (x) has Kronecker property:
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L (x ) _ l, i=,
AN 0, i#J,
i,j€{0,1,---,n}.

Now we let the following function:

YACOEDWTENY (42.14)
i=0

Then the function f,(x)= Z 4 - (x)y, happens to be an interpolation
-0
function, which the function group { U (x)} is just regarded its base
i i=0
functions.
In particular, when Ay, =h (i =0,1,---,n), i.e. the set
YO ={y|i=0,1,n}

is an equidistant partition data set, which its common interval is 7 >0,

and it’s not difficult to verify that Z t, (x)=1, then

i=0

M, (X)Ay, 1, (x)
'uA,.* ()C) = n = n = ﬂA,. (X),
Do (DAY, D, (x) 4.2.15)
j=0 j=0
i=0,1---,n

And then the equations (4.2.12) and (4.2.14) will be simplified as: for
any x € X

S0 =5, % £, =Y 1, (), (4.2.16)
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This means that 5, (x) is approximately a piecewise linear interpolation

function as the following:
f;'t (x) = z lLlAi (‘x)yt
i=0

So s(x) can be approximately regarded as a piecewise linear interpola-

tion function f,(x)= Z Hy (), .

i=0
From the data set IOD, we write the following symbol:

FIOD £ {(4,B,) e Z(X)x F(V)|i=0,1,---,n}.
If it satisfies the condition:
(i=0,L+,n)(u, () € CCX), 1, (1) €CY) ),

then FIOD is called continuous fuzzy data set. We call FIOD being with
two-phase property, if it satisfies the condition:

2Muﬁhi%mzh
(Vxe X)(Fie {01 n—1)(p, () +u,, (x)=1)
(VyeX)(F {01, -,n —1})(;131_ () + p1 () = 1)
Clearly, the two-phase fuzzy data set satisfies the Kronecker properties:
S LT
i,je{0,L,,n}.

Remark 4.2.2 It’s not difficult to verify, when the FIOD is with two-
phase property, the conclusions derived above remain valid. ]
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4.3 Function Approximation Properties of Fuzzy Systems
For the data set IOD = {(xi,yl.) € X><Y| i= 0,1,-~-,n}, write

Ax. 2x. —x, i=0,1---,n—1

i i+l i

Obviously, max {Axl} — 0= n —> ©; on the contrary, the following

0<i<n-1

implication:

n — 00 = max {Axl.}—>0

0<i<n-1
is not true. And if that # — o0 = max Ax, = 0 is true, then data set
0<i<n-1

10D is called coordinated. That is, IOD is coordinated if and only if

N —> 00 < max {Axi}—>0.

0<i<n-1

We always assume that the following data sets [OD is coordinated.
In addition, for a continuous function s € C[a,b], if the data set IOD

to meet the interpolation condition about s i.e.,
(VZ < {Oalaan})(yz = S(xi))’

then it’s not difficult to understand that IOD is coordinated implies the
following equivalence expression:

n—>00<:>max{Ayk‘_}—>0.

0<i<n

For a given data set IOD, we can get its FIOD with two-phase prop-
erty as follows

FIOD ={(4,,B,) e Z(X)x F(Y)|i=0,1,---,n}.

Suppose the fuzzy system s, like (2.11) to be constructed by 10D and
IODF, that is, we have got the equation as the following:
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. X
s()=4%t—— xeX 4.3.1)

And we also suppose that it satisfies condition:
0< [t Croy)y <o, | [, RCx p)fdy < o0

We call the fuzzy system s, has function approximation property in the
universe X =[a,b], if for any function s € C[a,b], as long as the data

set IOD satisfies interpolation condition:
(VZ € {Oala 9n})(y1 = S('xi))a

then s, converges s according to the norm of normed linear space, that

is, forany £ >0, AN e N", such that

(VneN*)(n>N:>||s—§n||w <8) 4.3.2)

where N* =N\ {0}, while N is the set of all natural numbers; in other
words, the function sequence {En}j:l uniformly converges to a continu-

ous function s in X =[a,b].

Lemma 4.3.1 Let f(x,y) be a binary continuous function on X XY,
where X =[a,b] and Y =[c,d] are two real number closed intervals,

d
for the integral /(x) = J. f(x,y)dy with parameter x , we must have

this result: for any & > 0, there is always 0 >0 which has nothing to do
with the parameter x , for any partition of Y :

c=y,<y<-<y,=d,

if 12 max {Ayl.} <0, then for all x € X, the Riemann integral sum

0<i<n-1
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n-1

z f (x,éji)Ayi of /(x) must uniformly meet the following strict
i=0

inequality:

I(x)—i f(x&)Ay|<e (4.3.3)

Proof. For any £>0, take &, =1/k,k=1,2,---. It’s can be proved
that there must be one &, such that & = J, satisfies the conclusion of the
lemma. Otherwise, for every k, there must exist a point x, € X and a

partition of ¥:

c:yék) <y1(k) << y® =g

ny 4
and also there must exist a point fi(k) € [yf“,yfff], i=0,1,---,n—1,

although we have that 4, = max {Ayfk)} <J,,but

0<i<n, -1

>E.

n,—1
I(xk)— Zf(xk,cfi(k))Ay;k)
i=0

Attention to that {xk} is bounded point sequence, there must be a con-
vergent subsequence {xkj} of {xk} , such that X, —22 5xeX.
Noticing that 5,(/_ —I2% 50 , we have the following limit expression:

m, -1

0<8S}i§2 [(xkj)_ ; f(xkj’égi(kj))Ayi(kf)

= ‘I(x*)—J.jf(x*,y)dy =0

This is a clear contradiction and proves the lemma. ]
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Lemma 4.3.2 Let f(x,y) be a binary continuous function on X XY,
where X =[a,b] and Y =[c,d] are two real number closed intervals,

d
for the integral /(x) = I f(x,y)dy with parameter x, if the following
condition is satisfied

(‘v’x € X)(I(x) > 0),
then there must be o > 0, such that for any partition of Y :

c=y, <y <<y =d,

n-l1
and any & E[ VsV, +1] , the Riemann integral sum z f (x, §i)Ayl. of

i=0

I(x) must satisfy the implication: if 1 = max {Ayl.} <0, then

0<i<n-1

(VxeX)(nZif(x,fi)Ayi >0j (4.3.4)

i=0

d
Proof. 1t is easy to know that /(x) = '[ f(x,y)dy € C[a,b]; therefore,

there must be the minimal point x, € X of /(x), such that
(Vx € X)(I(x) > I(xo)).

Take ¢ = I(x,), according to Lemma 4.3.1, there exists 0 >0, for any
partition of Y :

C=Yy <y <<y, =d,

n—1
and any &, € [yl.,yl.H] , the Riemann integral sum Zf(x,fl.)Ayl. of the

i=0

integral 7(x) must satisfy such result: if 4 = max {Ayl.} <0, then we

0<i<n-1

can have the following expression:
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n—1
So Zf(x,@)Ayl.>I(x)—82](x0)—820 is true for all xe X ,
i=0

160-3 £ (x.&)ny,

i=0

(VxeX)(

therefore the conclusion of the lemma is true. O

Lemma 4.3.3 Let f(x,y)and g(x,)) are two binary continuous func-
tions on X XY, where X =[a,b] and Y =[c,d] are two real number

closed intervals, satisfying the condition:
d
(‘v’x € X)(j g(x,y)dy > 0).

For any & >0, there is always 0 >0 which has nothing to do with
parameter x , for any partition:

C=Yy <y <<y, =d,

If 12 max {Ayl.} < 0, then for all x € X , we uniformly have

0<i<n-1

‘rf(x»y)dy ;f(xaé)Ay[
Ujg(x,y)dy nz_l‘,g(x,é)Ay[‘

i=0

<& (4.3.5)

where é E[yi’yi+1]ai:0,1,"',n—1.

Proof. According to Lemma 3.2, we know the fact that

l/”zg(x, é)Ayi

i=0

is with sense for the bigger n € N*. According to the limit operation
rules, namely “the limit of quotient is equal to the quotient of limits”, and
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then by Lemma 4.3.1, we can know that the conclusion of Lemma 4.3.3
is true. ]

Theorem 4.3.1 With respect to the data set IOD, the fuzzy data set with
two-phase property is as follows:

FIOD ={(4,,B,) e 7 (X)x 7 (Y)]|i=0,1,---,n}.

Suppose that the fuzzy system s, as (4.2.11) constructed by I0OD and
FIOD as follows

[ v, )y

5,00 = ,
R PRERSTE

X e

If the following conditions are satisfied:
0< L Mg (%, y)dy < oo, LlyﬂR (x, )iy <0,

then the fuzzy system s, has function approximation property.

Proof. For any given function s € C[a,b], suppose that the data set

10D satisfies the interpolation condition:
(‘v’i €{0,1,--- ,n})(yi = s(xi)).

We want to prove that s converge to s according to the norm of

|), that is, for any € >0, INeN",

normed linear space (C[a,b],

such that

(‘v’n eN+)(n >N=|s-5,

<o),

In fact, for any & >0, according to equation (2.14), we easily know the
fact that, AN, € N*, such that
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&
<—.
) 2]

s <ls -

(VneN*)(n>N1 =\f, -5,

Then, when n > N, , we have that

&
+—.
© 2

n

<[js =7,

||s—§

0

So we only consider the estimation of ”S -7

In fact, it’s easy to test that { M, (x)} satisfies the two-phase prop-
i i=0

erty, and for any given x €[a,b], there must be i € {0,1,---,n—1}, such

that x € [xl.,x. ] , then

i+l
S ()= g (), + p e (X) Vi
By using of the following fact:

lllA;(x)—'_ﬂA’:l (x) :Z'UA,.*(X) =1,
i=0

we have the following result:

50— £,0] =[s0) ~ (12, 3, + 2, 3)

s(x)(ﬂA; () +u, (x)) - (yA: (s () + 4, (s (x,, ))‘
SHy (X)‘S(x) —s(x, )‘ tH, (X)‘s(x) —5(x,)
<5t =s(x)] +s(x) =3 ()
s(x)—s(x,) }

Because of s € C[a,b], so s(x) is uniform continuous on [a,b], then
for the above & > 0, there must be & > 0, such that

£2max{

i<m<i+1
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(Vx',x" € [a,b])<|x' - x"| <o= ‘s(x') - S(x")

&
<%)
By using of the coordination of IOD, we have that, 3N, e N ", such that

(‘v’neN+)(n>N2 = 1= max {Ax.}<5).

0<i<n-1 !

Noticing that x € [xl.,xA

m] , we can easily know that

max {|x—xm|} < max {Ax, } < max {Ax} <&

i<m<i+l i<m<i+l 0<i<n-l1

Therefore we have

[s(¥) = £, (0] <2 max {[s(x) =5 (x, )]} < 2% %

Because x is arbitrary in [a,b], we have gl[;a’i(]“s(x)— £, (x)|}£§,
£
| - <—.
namely ||S fn” < 5

Finally, we get the result that, ANV £ max {N N 2} e N™, such that

(VneN+)[n>N:>||s—§n|| <£+£:gj
© 2 2

This means that the fuzzy system s, must have the function approxima-
tion property. ]
4.4 The approximation Remainder Estimation

Theorem 4.4.1 In the condition of Theorem 4.3.1, for any s € C*[a,b],
suppose that

(Vie{0,1,---,11—1})(/14,#4” ECZ [xi’x[+1]);
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for the function s, if the data set IOD satisfies interpolation conditions:
(Vi €{0,1,--- ,n})(yi = s(xl.)),

then we have the following results:

1) The approximate remainder of f, (x) to the continuous function

s(x) is of the following equation:
r,(x) = s(x)— £,(x)

)5
- 24,(x) (ea(2)-¢a(2))

(4.4.1)

where (Vi e {0,1,-~-,n—1})(xe[xi,xl.ﬂ],g‘i e(xi,xm)) and

q,(x) = p, (XA, + 41, (X)AY,,,,

oh (&) =5"(E) 1y (&) Ay, + a2, (&) Apy )
+25'(&)(4, (&) Ay + 4, (£)Av,,)
+5(E) (e (£) Ay, + a2, (&) Ay ),

oh(0) = 13(& )5 (%) Ay, + 4 ()5 (X)) AV

2) The approximate error estimate formula of f, (x) to the continuous

function s(x) is as the following inequality:

=[so - £,(0)|, < MA] (4.4.2)

rn

where A, & max {ij}, A,, £ max {Ay,, Ay

0<j<n-1 0<i<n-1

i+1} > and
C = min{q[(x)‘ xe [xi,xm]} ,

M, = %(Mﬁ +4M,L,+4ML,),

1
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M, £ maxils@)fy, M £ max {M,-N}
M“é,er[ﬂfiﬁ]{ }, M, = max{ " }

L, = max{ max {‘,uA

te[x;, x4 ]

- max (ol

J max {laz, 0}

Proof. 1) For anyx €[a,b], when x=x, (i=0,1,---,n), the conclu-

re[x;, x4 |

L, émax{ max {‘,uA

sion is clearly true; so we only consider the following situation:
(‘v’i € {O,l,---,n})(x #* xl.) )

First, it is easy to know that there must exist 7 € {0,1,---,n —1}, such that
xe (x xm) according to the two-phase property of 4, (i =0,1,---,n),

we have
£ =2, (05(x,)
=p (s (x)+p (s (x)

= 'uAi (X)S (xi )Ay’ + ‘UAM (.X')S (xi+1 ) Ayi+1 (443)
luA,» (X)Ayl + :uA,.+1 (X)Ayi+1
_ pi(x)
q; (x)
in which we have set the following expressions:
pi (x) é ’LlAi (.X)S ('xi )Ayl + luAm (.X)S (xi+1 ) Ayi+1 (444)
q,(x) £ Hy (X)Ay, + u w (X)Ay,,,. (4.4.5)
bP; (x)

As a result, f, (x) is actually a rational fraction, that is f, (x)= )
q;\x
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and thus the approximation of f, (x) to s(x) is a rational fraction

approximate problem.
Because f, (x) makes sense, we know the fact as the following:

(VxeX)(ql.(x) >0).

And then, we proceed to consider the representation of the following
approximate item:

p;(x)
7(3) = () = £, (6) = s(0) - 222
q;(x)
Reform it into the following form:

B (x)qi (x)= S(x)qi (x)— fn (x)qi (%)

(4.4.6)
= S(x)qi (x)— b (%)

According to the well-known interpolation conditions, we can know the
fact that 7, (xl.) =0,j=1i,i+1,o0r

s(x,)a.(x,)-p(x,)=0, j=ii+l.
Assume that 7, (x)g,(x) has the following form
r(0)g,(x) =k(x)(x—x)(x—x,,,) (4.4.7)
That is,

r, (x)qi('x) = k(x)(x_xi )(x_xi+1)
= S(x)qi (x) - pi(x)

in which the function £(x) is a undetermined. Now we start to consider
how to solve out k(x).
In fact, let x be a fixed point, and do an auxiliary function:

¢i(t) = S(t)qi(t) - pi(l) - k(x)(t _xi)(t _xi+l)' (4'4'8)
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Obviously we know the fact that ¢, € C* [xi,xm] . According to (4.4.8),

we learn the fact as following:
o (x,)=0, j=ii+l;

also, it’s not hard to see ¢,(x) = 0. This means that, in the closed inter-
val @,(¢) has three zero points: x, <x <x,,,.

According to Rolle differential intermediate value theorem, the deri-
vate function ¢@/(z) of @,(¢) in the open intervals (xl.,x) and (x,x. +l)

has a zero point respectively, denoted by &, =&, (x) and &, =&,(x),

which all rely on x.
We can continue to use Rolle differential intermediate value theorem,

the derivate function ¢/(f) of ¢/(¢) in the open interval (&<, ) must
have a zero point, denoted by &, = & (x) (certainly, they also rely on x ),

that is (oi"(fi) =0.

In order to be more convenience, we write the following symbols:

gﬂi(t) = gﬂil(l)—gﬂiz (t)—gol.3(t),
@ (1) 2 s()q. (1), ¢,(1) = pi (D),
@ (1) = k(x)(t_xi)(t_xiﬂ)'

Then we have the following equations:
(O =5"() 12, O, + 11, (O,,))
+250)( 2L, (OAY, + 44, Oy,
+5()( 1, (ON + Dy, )
oh(0)=(1£,(Os(x) &y, + 12, (%) Ay, ).
o1y (£) = 2k().
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Now substituting @[} (£(x)). ¢} (£,(x)).¢ (£(x)) into ¢(£(x)) =0,

we have the following equation:
l " "
k(x)= E((pil (égz(x)) — @ (é(x))) .

And then substituting k(x) into (4.4.7), we have the following equation:

1 () = $(6) — £, () = s()~ 22
q,(x)

(x—xl.)(x—xM) , .
2¢.(x) (¢i1(‘§i(x)) (o (fl(x))),

i=0,1,---,n—1.

2) Forany x € [xi, X, ] , it’s easy to learn the following inequality:

i+l

‘(x_xi)(x_xm)

< xi+xi+1_x xi+xi+l_x
- 2 i 2 i+l

Because ¢,(x) >0 and g,(x) is continuous in closed interval [xl.,xl. +1],

gle?.
4 1

there is a minimal value as the following:
C = min{qi(x)‘ X€ [xl.,xm]} .

Let C £ min {Ci} , and then, we have the following inequalities:

1<i<n-1

(0;; (é(x))‘ < AZi (Mz + 4M1L1 + 2M0L2 )9
o (£(x)| <2M,L,A,,.

Finally, according to the remainder expression, we have the following
inequality:
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= é{‘;’i‘él]{ r, (0|}
- xe[x’?}zi]]ﬂ(x xz)((x ) xm)(@"{ (éi(x))_qgi’; (‘fz(x)))‘}
. xﬂégll{‘(x—);;(é) o o)+t (@(x))\)}

< Ax? (M +4M L, +4M L, )
Also, because s(x) is continuous function, so we have Ay, =s'(£)Ax,,

that is, Ay, <> c¢-Ax,, where c is a constant. Therefore, we get

|| || —max <MA3

0<i<n-1

This is the end of the proof. ]
Corollary 4.4.1 In Theorem 4.4.1, if all 4 (i =0,1,---,n) are triangular

wave functions, then
1) The approximate remainder representation of f, (x) to the function

s(x) is shown as follows

() = s(x) — £,(x) = 0], (£(x)) (- x2 ;((’;; %) (440

where i =0,1,---,n—-1, x€[x,x,,]. & €(x,x.,), and
q,(x) = 4,(x)Ay, + 4., () Ay, ,,,

601»'{(é(X))=S"(§i(X))((§(X) X) 2t (&) - xm)Ay]

Ax, Ax

1

+2s'(§i(x))[%—%j.
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2) The approximate error estimate expression of f, (x) to the contin-

uous function s(x) is shown as follows

AxA
||l’;7|| - 8C.

l

— 2L (M, Ax, +4M) . (4.4.10)

Proof. Firstly, it’s easy to understand that, for any i € {0,1,---,n—1},

we have the following equations:

! 1 ! 1 " "
Hy (x)= _Ev Hy, (x) = E > Hy (x)=0= Hy, (x)

i i

Substituting them into the expression of @j (& (x)) and ¢, (&(x)), we
get the following inequality:

2 (&) <A (M +aM, Axi]

And then we have the fact that

7= max {Jr,

}
Jor (=)l

= max

el 2¢,(x) |
Ax.A,.
S 1-21 (M,,Ax, +4M,,).
Finally, we have the inequality: ||rn || = max r, <M, A , where

S o<i<n-1

M, = max {i(leAxi +4M1i)}.
8C,

i

This is the end of the proof. O
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4.5 Error Estimation between Fuzzy Systems s, (x) and f, (x)

Now we consider the error estimation problem between fuzzy system

5,(x) and f,(x).

Theorem 4.5.1 Under the conditions of Theorem 4.3.1, for any continu-
ous function s € C[a,b], write 7. (x) = f,(x) =, (x). Suppose that the

following condition is satisfied

(Vie {01 .n=1})( 1t (). 1, (1) € C' [ 3])-

and 4,B.,,,i=0,1,---,n are fuzzy numbers. If the data set IOD satis-

fies the interpolation condition:
(Vie{0,L,n})(y =s(x)).
then we have the following result:

7l =17,

n

_<TA; (4.5.1)
where

2M,+2M KN +N

r£4 o

, P(0)EY i, (0)yAy,
i=0

0,(n2 Zu (DAY, P2max [P (0]} <2M,A,,

0 £ max {IQ ()} <24,
D

A . . . d

el g )
K, 2 max<{ max { ! }, max { ; ‘} .
U osizn l{ye[yki »kaJ IuBki yE[J’k,' J’kﬁl} IuBkM (y)

Proof. Forany x € X =[a,b], we have the following inequality:
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Id YHR (X, y)dy‘

C

[ a2 (e )y ‘

£,0=5,09] =X a1, (), -

n . ,
;ﬂAki (), Ay, L Vg (x, y)dy _‘ﬂ(x) J.c Vg (x, y)dy‘

3 1, (A, LduR(x,y)dy‘ ‘Qn(x) fuR(x,y)dy‘

0,00( [/ yatx. My = 2.0 )+ 2,00 0,00 sy

0, (0| sty e, y)dy
0, (|| vtz (e 90y = B, )|+ B[ (. 1)y - 0, ()
= d
0, (0| [ (x, )y
O|[! iy =0+ B[ sy 0,(3)
<
D2

Now we separately consider the estimations of the following two abso-
lute values:

Uj Y (x, )y = B, (x)

R -0,

1) First we consider the estimation of

[ vt . )y = B, ()

By using of the two-phase property of 4, (i =0,1,---,n), for xe X,

we can easily to know the fact: 3s,7 € {0,1,---,n}, such that

(22, )+ 2, ) =1) A (Vi 2 {5,8) (12, (x)=0),

where A means “and”. Then we have the following expression:
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‘ Ld Vg (x, y)dy = F,(x)

d n n
) y(v(u () 1, () K= a1, (013, A,
i=0

=\ (o, 0-t, ) (1, -, )

~Hy, (Y Ay, — 1, (), Ay,

Case 1. |S — t| =0, that is s =¢. At this time, there must be x =X, ,
that is, x just in the node x, , then z, (x)=1. We can process the var-

iable y by using Taylor expansion based on three kinds of situations.

Situation 1. 0 < s < n. Refer to Figure 4.5.1, where

(v e¥)(B, ()2 1, ().

Bks )

y

¢= ykD yk;_l yks yks-%—l ykn - d

Fig. 4.5.1. The situationof § =% and 0 < s <

At this situation, there must exist 77,_, € (yk oYk ) and 77, € (yk Vi, ),

such that

Uj Y (%, )y = P, (x)

d
= M Vg, (VWY =y, Ay,
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Yy kgt
= ‘L Yy, (y)dy + Lk v, (Vdy =y, Ay,

[ (ykﬂ o, (v, )+ (vaan, (y))'m_l (v, ))dy
[ (yk t, (v )+ (v, (y))’m (v, )jdy -3, Ay,
- ‘Ly (v, (y))'ml (y=,, v+ I: (s, (y))'m (y= v

<A} max{

(yﬂgk (y)) (y — 3, Jdv+ L (v, (y))’m (y-», dv

(J’,UB,* (y))' ; (yﬂg,w (y))'

51 Ty

}£A§(1+MOK])

Situation 2. s =0. Refer to Figure 4.5.2, where B, () = Hy (¥).

At this situation, there exists 77, € ( Ve o Vi, ) , such that

2
S%(HMOKI)

d yks+l
‘ f Vi (x, y)dy = F, (%)) = Uy Vs, (V)Y =y, Ay,

B, (v)=B,(»)
1
0 y
C=y. =V yks+1 = yk1 ykn =d

Fig. 4.5.2. The situation of § = ¢ ands =0
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Situation 3. s =n. Refer to Figure 4.5.3, where B, (y)= ty (¥),

and so on in the following figures. Similarly, we have

d A2
I yRCx = P (0| S (14 M,K, ).

B, (»)=B,(»)

y

c=Y, Ve, = Ve, Ve, =W, = d

Fig. 4.5.3. The situationof § =¢ and § =7

Case 2. |s—t| =1. We only consider s <, because we can get the
same result with s <¢ or s <¢. We still process the variable y by using

Taylor expansion on three kinds of situations.

a) 0<s<t<n. Refer to Figure 4.5.4. Because Bk, (i=0,1---,n)
are fuzzy number, there must be a cross point y* € ( Vi s yk/) between
the membership functions x, (x)u, () and g, (x)py (¥) of fuzzy
sets, and then there are four points as the following:

N €(ve 00 )om €(vy")ome(Von)om (v

such that

[ERCSOEY A

191, a1, 0], O, ()
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—Hy, (x)yks Ay, — Hy, (x)yk, Ay,

- ‘ [ e, o, )+ L y(, @, () )y

N J'yw y ( 1, (it € y))dy+-|'yy:*‘ y (Ak, (X) (y))dy

~ty, (0 Ay, —u, (X)), Ay

1 om0,
+ Hy, (x)ykx (y* ~ Vi, )+ J.yyk\ My, (x)<y'u3h (y))’m* (y ~ Vi )dy
nZ

oty @y (3, =9 )+ [, (s, ) (95" Ny

'
77

S N (v, ) (v )@y

T Hy, (x)ykd_ (ykHl _y* +y* — Vi, )

<2A5 (1+ M K,)+2M A,
4, (x)B, (¥)

1 :

4, (x)B, (y) |

A4, ()
1 ‘ i y
0 ° b oo o—»

C=Y. Y, Ve, Y Y Vi, Ve, = d

Fig. 4.5.4. The situationof 0 <5 <t <n
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b) 0 =5 <t <n. Similarly, we can have the following inequality (see
Figure 4.5.5):

Ud YHg(x, y)dy =B, ()| = ‘L} y (uAkS (xX)- 41, (y))dy

#3701, ()

“Hy, (x)yks Ay, — Hy, (x)yk[ Ay,

S%Ag (1+M,K,)+2M A,

A, (B, (»)

'
'
&

Y, = Ve, y' Y, Y

4+ n

Fig. 4.5.5. The situationof 0 =5 <t <n

¢) 0 <s<t=n. Similar to the former situation, we have the follow-
ing inequality (see Figure 4.5.6):

[ERCROEY A

= Uy (@, () )y

+ yy » (b, G, v+ [ 3 (11, (), (09 )y

“Hy, (X)y, Ay, = Hy, (X)y, Ay,

s%Aﬁ (1+ M K,)+2M A,
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4

4, (9B, ()

A4, (9B, ()

Ve Ve

s-1

L
Yo ¥ Yo =Yy,
Fig. 4.5.6. The situationof 0 < s <t =n

Case 3. |S —t| >1. Assume that s <¢, and the situation for s >¢ is
the same. We can process the variable y by using Taylor expansion on

four kinds of situation.

B, (») B, (%)

ol | P
y’rcﬂ yks -1 yks yk ykf—l yk

s+l t

Y

4l

Ve,

Fig. 4.5.7. The situation of | s — | > land0 < s <t <n

a) 0 <s <t <n. For this situation, we have the following inequality
(see Figure 4.5.7):

d Vi
U Vg (x, y)dy = B, (x)) = U Vi, ()t ()dy

yknl
v, @ (Y=, (X0, Ay,
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p Vit
+ka Yy, () (¥)dy+ Lk Yy, ()it (y)dy

“Hy, ()Y, Ay, | < 243 (1 +M0K1)
b) O=s<t<n. It is easy to know the following inequality (see
Figure 4.5.8):

Y ks+1

‘ Id g (x, y)dy — B, (x)

Vi, () (y)dy

Vg

ykt ykt+l
+Lk Vi, (O, (v)dy+ fy/ Yty (X (y)dy
2
2

3A
> (1+ M,K,)

<

“Hy, (X)y; Ay = Hy, (x)J’k[ Ay,

ol_i
Vi, = Ve, Ve, Vs

-1

Ve, Y,

Fig. 4.5.8. The situation of |S - t| >land O=5<t<n

¢) 0<s<t=n. Also we can easily know the following inequality (see
Figure 4.5.9):

I vty =2, ()

Vks
= ‘ Lk Vi, (X)pts (¥)dy

Yig Vi
v, @, O+ [y (), (V)Y
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3A
~Ha, (A, =y, (D)3, Ay | ST (1+MK))

o—s

Ve, = Vi,

Ve

s+

Vi

-1

Fig. 4.5.9. The situation of |S - t| >land O<s<t=n

d) 0 =5 <t =n.Atlast, we can know the following inequality:

Uj Y (x, )y = B, (x)

y’fﬁl
=‘ L VHa, i (V)Y

iy
v, O (=1, (O3 Ay, =, (DAY,
<A (1+MK,)
For all three kinds of cases, we get the inequality:

<S2A; (14 MK )+2M A, .

I ey =0, ()

[ 243Gy - 0,()

In fact, we also use the two phase property on 4, (i =0,1,---,n).Fora

2) Now, we turn to the estimation of

given point x € X , we know the following fact:

(35,1 €40, Lo m}) (1, (0)+ g2, (¥)=1).
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Then we have the following equation:

I ey =0, ()

= ‘ch (J-\’:/O(ﬂAkj (x);uB,{j (y)) Yy — i ILlAk, (x)Ayk’

. \ (2, Ot ) (1, 011, )

—Hy, (x)Ay K, ~ Ha, (X)Ay k,

Case 1. |S - t| =0, that is s =¢. Similarly, we process the variable y

by using Taylor expansion on three kinds of situation, and get the follow-
ing results:

d
0 0<s<n=|[ (k- 0, (0] < K2,
d A2
b s=0= [ iy (x. 2Ky -0, (0] < 2K,
d A2
0 s=n=|[ (e M- 0, (0] < 2K,

Case 2. |S—t| =1. Assume that s <¢ and for s > ¢, the situation is
the same. We still process the variable y by using Taylor expansion on

three kinds of situation.

Q) 0<s<t<n=|["u,(n 0y -0, ()

<2AIK, +2A,.

b) O=s<t<n= J.d,uR(x,y)dy—Qn(x) S%A§K1+2A2.

¢) O<s<t=n= LdR(x,y)dy—Qn(x)

Case 3. |S - t| >1. Assume thats <¢ and for s >, the situation is the

3
< EAgKl +2A,.

same. We can process the variable y by using Taylor expansion on four

kinds of situations as the following:
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a) O<s<t<n= J.’d,uR(x,y)dy—Qn(x) <2AK,.

2
Wy
2

b) 0=s<t<n= IfiyﬂR(x,y)dy—&(X) <

3A]
2
<AK,.

<

K,.

¢) O<s<t=n= IfluR(x,y)dy—Q,,(x)

& 0=s<t=n=[" )y -0,

For all three kinds of cases, we get the following inequality:

d
U Ha (%, )y = 0, ()| S2A0K, +24,.

In the end, according to the results of 1) and 2), we have

[5,(x) = £,(x))

— | rd —|rd
[ it v My = P P[ sty 7Ky =0, ()
< -
24, (A3 (14 M K,)+ M,A, )+ 2M A, (ASK, +A, )
<2 =
:42M0 +2M KA, +A, A2
2

D2

2M,+2M KN +N
D2

Because of A, <> cA,, we can write ' = 4

b

therefore we have the result:

5,= /.

7

n

00

= max {
®° xeX

5,(x)— f,(x0)|} <TA]

The theorem is completely proved. m]

Corollary 4.5.1 In Theorem 4.5.1, when all B, (i =0,1,---,n) are trian-

gular fuzzy sets, then I' in (5.1) turn into the following equation:
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2M,+2M N, + N

=4 e

(4.5.2)

A
where N, = [max {A_z} o
<i<n— yi

According to the results of Theorem 4.4.1 and Theorem 4.5.1, we can
get the conclusion that we need and is shown as the following theorem.

Theorem 4.5.2 In the conclusion of Theorem 4.4.1 and Theorem 4.5.1,
if we write 7, (x) = s(x) =5, (x) , then we have the following inequality:

%

rﬂ

e

ﬁ’ _En ||w

L =ls=5l. <ls =1,

(4.5.3)
_<(MA, +T)A?

= 7,

n

v

n

+

0

where the meanings of symbols M ,I',A, have been provided in Theo-
rem 4.4.1 and Theorem 4.5.1. ]

4.7 Conclusions

In this section, function approximation effect analysis of fuzzy systems is
researched in details. First, the structures of fuzzy systems are discussed
where a kind of important structure formed by so-called CRI method and
the gravity method defuzzification and Larsen implication operator. Sec-
ond, it is proved that this kind of fuzzy systems can approximate any real
continuous function to arbitrary accuracy in a general sense. Third, the
error estimate of the function approximation is given.

Function approximation property and approximation effect analysis of
fuzzy systems are essentially belonging to function approximation theory
in real analysis or mathematical analysis. So we should adequately use
classical tools of real analysis or mathematical analysis to study fuzzy
systems.
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Chapter 5

Probability Representations of
Fuzzy Systems

5.1 Background of Birth of Fuzzy Systems

In this Chapter, the probability-theoretical meaning of fuzzy systems is
opened out and it is pointed out that COG method that is a defuzzifica-
tion technique used commonly in fuzzy systems is reasonable and is op-
timal method in the sense of average square. Based on different fuzzy
implication operators, several typical probability distributions such as
Zadeh distribution, Mamdani distribution, Lukasiewicz distribution, etc.
are given. They act as “inner kernels” of fuzzy systems. Furthermore, by
some properties of probability distributions of fuzzy systems, it is also
demonstrated that CRI method, proposed by Zadeh, for construction of
fuzzy systems is logical basically and effective. Besides, the special
action of uniform probability distributions in fuzzy systems is character-
ized. Finally, the relation between CRI method and triple I method is
discussed. In the sense of construction of fuzzy systems, when restricting
three fuzzy implication operators in triple I method to same one operator,
for relation between CRI method and triple I method, the following three
basic situations happen: 1) Two methods are equivalent; 2) The latter is
degeneration of the former; 3) The latter is ordinary whereas the former
is not ordinary. When three fuzzy implication operators in triple I method
are not restricted to same one operator, CRI method is a special example
of triple I method, that is, triple I method is a more comprehensive algo-
rithm. Since triple I method has good logical foundation and comprises
an idea of optimization of reasoning, triple I method shall possess beauti-
ful foreground of application.

132
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It is well-known that just due to consideration of abundant uncertain
systems Zadeh put forward the notion of fuzzy sets and formed the fuzzy
reasoning by means of fuzzy sets, thereby could express a system
approximately!"!. Such systems constructed on the basis of fuzzy reason-
ing are called fuzzy systems in general (241 The research that takes

fuzzy systems as object has engaged broad attention of scholars">™’!. For
instance, universal approximation property of fuzzy systems is an aspect
which the researchers take pleasure in studying[&g]. If a fuzzy system
serves as a controller then it also shapes fuzzy control theory that is a
research discipline having extremely strong applicability!'”'"! . However,
one must pay attention to difference between fuzzy systems and fuzzy
controllers. The fuzzy systems are distinguished to open-loop systems
and closed-loop systems, and the universal approximation property of
fuzzy systems is discussed for open-loop fuzzy systems as a rule. Mean-
while, fuzzy controllers are a kind of closed-loop fuzzy systems. In par-
ticular, for the fuzzy controller with adaptive function (like the variable
universe adaptive fuzzy controller), one should be careful in the study of
its universal approximation properties, since there does not exist a fixed
and invariant function to be approximated and the object it need to
approximate is a stochastic process.

We first of all talk about the background of birth of fuzzy systems.
Figure 1.3.1 has shown a single-input single-output open-loop system.
The input variable x takes values in the input universe X and the output
variable y takes values in the output universe Y. If this system S is a
deterministic system then one may use the conventional method to make
a mathematical model of the system S (for example, one can use the
mechanism modeling approach to establish a differential equation model)
and find a solution y(x) of the model by analytic or numerical methods.
In this way, one think that this system has been mastered basically (the
more in-depth questions are of qualitative problems, i.e., controllability,
observability, stability, etc.). Then the system S may be simply under-
stood by a functional relationship, denoted by s , i.e.,

s: XY, x> y=s5(x). (5.1.1)
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However, for an uncertain system, we cannot use the conventional
method to make an “accurate” mathematical model of the system S (we
usually indicate the differential equation model), and so it is very diffi-
cult to obtain the functional relationship like (5.1.1). This shows that it is
the too high request for an uncertain system .S to directly obtain the cor-
respondence relationship between crisp points x € X and crisp points
yeY.

Without more ado, decreasing the request, we first try to obtain a cor-
respondence relationship, denoted by the following mapping s*, between
the “rough” points as being A €.4 < #(X) and “rough” points as

being Be 5 < F(Y), e,
s:A—>8B, A B=s (A, (5.1.2)

where F(X) and #(Y) are the set of all fuzzy sets on X and the set

of all fuzzy sets on Y, respectively, and .4 and /5 are a subset of
J(X)and a subset of #(Y), respectively. How many elements should

A and 5 contain in £ (X) and F(Y), respectively?

The fundamental principle to answer this question is to consider
whether the numbers of elements in .4 and £ are enough to employ.
For brevity, we customarily choose the finite sets for .4 and /5 .

Obviously, the function s s just a correspondence relationship
between some “sparsely distributed” representative points in .* (X') and

some “sparsely distributed” representative points in J#(Y), and is not

enough for the requirement to be satisfied (from the viewpoint of
systems, this indicates that under the certain inputs there shall happen
the phenomena such that the system has not responses). Hence, after

obtaining of s we again extend s toa correspondence relationship,
denoted by s, from F(X) to F(Y), ie.,

s T F (X)) FX), A= BEsT(A). (5.1.3)

And then, we have to brain storm to transform s~ to a correspondence
relationship, denoted by s, between crisp points x € X and crisp points
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yeY,ie,
S: XY, x> yEs(x). (5.1.4)

If this method is “felicitous” then we regard the function s(x) as an
approximation of function s(x).

In this way, we think that the uncertain system S has been mastered
basically.

For the uncertain system ., although we could not obtain the func-
tional relationship s(x) expressing the system through conventional

method, we went around a big bend: Letting the clear functional relation-
ship s(x) be the pre-assumed target, we first attempted to obtain a
“rough” functional relationship s (x), next expanded it to s~ (x), and
finally arrived at a clear functional relationship s (x). From the view-

point of result of construction of fuzzy systems, it is nothing but to ob-
tain the clear functional relationship. Henceforth, we shall not distinguish

the word of fuzzy system from the functional relationship s . Of course,

this is an understanding in narrow sense about the fuzzy system' >’

If we have a certain method that can realize the above transformation
process from s (x) to 5(x), then it is naturally asked whether our
method is felicitous or not, in other words, whether or not 5 (x) can ap-
proximate s(x) commendably. This is the headstream of study of uni-
versal approximation property of fuzzy systems. A fuzzy system s (x)is

said to have universal approximation property if for a given function
s(x) satisfying some conditions and for any & > 0 there exists a con-

struction of § such that”?—s , Where |||| denotes the norm in a normed

linear space where s(x) and s(x) are defined.
5.2 Sketch of Fuzzy Systems

We first discuss the construction of function s . For convenience, restrict
the input universe X and the output universe Y into a one-dimensional
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. 1. . .
real space R, i.e., X,Y € 5", where &5 is one-dimensional Borel o -

field. Select the following fuzzy set classes:
A={4]I<i<n}c F(X),
B ={BlI<i<n}c A (Y)

The fuzzy sets A and B, are called the linguistic values. .4 and & are
regarded as linguistic variables and take values A4 and B; in their

“abdomens”, respectively. With them, we form »n rules of fuzzy
reasoning:

If xis 4 then y is B, i=L2,---,n. (5.2.1)

Relative to linguistic variables .4 and 5, x€ X and y €Y are called

basic underlying variables. Thus we obtain the following functional rela-
tionship:
s:A—>LB, A5 (4)=2B,

(5.2.2)
i=1,n.

We next consider how to gained function s" . In (5.2.1), the ith rule
of reasoning forms a fuzzy relation R, € # (X xY)(called also a truth

domain) related to this rule. That is determined by a certain implication
operator' ' :10,1* —[0,1], i.c.,

ty (5,9) 2 0( 11, (), 11 (), i=1,2,,m.
Doing coupling between these n rules by “OR” (it corresponds to set

operation “join”) naturally, we can form the total fuzzy relation of the

fuzzy reasoning R = URl. ,1.e.,

i=1

(6,3 = V.t (5 0) = VO 11, (D). 1, (). (523)
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The handling process to form total fuzzy relation of fuzzy reasoning R
through all “partial relations of reasoning” R. is called the “relation

synthesis”.

Remark 5.2.1 Due to (5.2.3), we easily see that the tool of realization
of relation synthesis is binary operation on [0,1], e.g.,

v:[0,17 =1[0,1]

(a,b) — v(a,b)=av b =max(a,b)
which we take pleasure in use. In general, we may use triangular conorm,
denoted by V. For instance,V = @), called the bounded sum operator, is
also usually considered internally:

®:[0,1* —[0,1]

. (5.2.4)
(a,b) > ®(a,b)=a®b=(a+b)Al

For any a given fuzzy set 4 € # (X), we can obtain a result of fuzzy
reasoning B € #(Y) through total fuzzy relation of fuzzy reasoning R .

[73P N 2]
[e]

This corresponds to deriving a fuzzy transformation, denoted as ,
from #(X) to #(Y) in terms of the fuzzy relation R, i.e.,

o: F(X) > F(Y)

. (5.2.5)
A—> B=o(A)2 AR

How to realize Ao R ? This is a quite dainty problem and is worthy of
discussion. As arule, B= Ao R is stated as the following:

Hs (V)= v (1 ()N (%, ), yeY. (5.2.6)

This implies that we have constructed a kind of functional relationship

s =o,l.e.,

sT L F(X) = F(Y)

. (5.2.7)
A B=5"(4)2 4R

O



138 Fuzzy Systems to Quantum Mechanics

Remark 5.2.2 One may see that realization of fuzzy transformation
Ao R needs a pair of binary operations on[0,1], e.g., (A,Vv) used in
(5.2.6). In general, one should adopt a pair (A, V) of triangular norm and

triangular conorm, where A denotes a triangular norm. For example, mul-
tiplication and bounded sum constitute a pair of operators (-, @) that has

wonderful analytical properties. m]

Remark 5.2.3 The handling process from s tos is just CRI (Com-
positional Rule of Inference) algorithm, proposed by Zadeh, that is
widely used and extensively employed[1_4’18’19]. However, it is still dis-

puted whether CRI method is reasonable or not'*’* . The latter result in

the present paper will show that CRI method is reasonable on the whole
case. ]

We finally consider the construction of function s . For any a given
point x" € X, in order to use (5.2.6), it needs to make fuzzification to
x". How to do the fuzzification? The approaches vary and the singleton
fuzzification is used mostly at present. Namely, define a singleton fuzzy
set A" as follows:

I, x=x

Z0(%) ={ (5.2.8)

0, x=#x.

Substituting A" into (5.2.6), we obtain result of reasoning B' € # ()

as follows:

() = 1 (¥.9) = v, 0ty (¥)ott, ). (5:29)

Since B' is a fuzzy set, we have to obtain exact quantity y' €Y by a

defuzzification technique. If we are of the following condition:
[ 17y <+, 0<[ B(y)dy <+

then we often use “COG (center of gravity) method” to obtain ', i.e.,
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| a0y

y'= (5.2.10)
[ ey

Noticing that notations x" and )’ have been made simply for clarity

when deriving (5.2.10), we gained the following functional relationship
by rewriting x" as x and by replacing )" with 5(x):

[ yaw ()

S: XY, xskx)=
[ 1y

(5.2.11)

As shown in Figure 5.2.1, consider how to transform a “rough
quantity” B'€ #(Y)onY to an exact quantity y'inY . Starting from

physical intuitive concept, COG method is a technique that is most easily
accepted by persons. But, physical intuitive thing cannot replace rational
mathematical expression. Then, whether or not COG method is assuredly
reasonable? Whether there is any potential mathematical law in the back-
side of COG method? This is an important problem worthy of discussion.

}!
Fig. 5.2.1. Center of gravity

5.3 Probability Significance of Fuzzy Systems

A new discovery scientific researches is sometimes such a process: first
carefully observe something of which it is worthy to get to the bottom,
and then obtain some feeling through comparison and association, there-
by produce a light of new idea and even set a piece of prairie ablaze.
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Herein, we consider (5.2.10) carefully and look at that this thing been
from physics and which well-known expression in mathematics are alike
eventually. For clarity, we note that £, () in (5.2.10) is related to input

x". With this understanding, we should denote B’ = B (x = x') and de-

note 4, (y) by the following symbol:

Hiey (V) 2 11, (9), (5.3.1)

which implies that we obtain “rough” output B’ € J# (Y under condition
x=x". Noticing arbitrariness of x' € X , we rewrite ,uB,(x:x,)( y) as the

form of a bivariate function p: X xY — R without more ado:
P(X 1) 2 o)) = ()
= Hp (x”y) - 1\:/]6(/1‘4' (x’)"uBi (y))

Because point x =x' € X is arbitrarily chosen in X , we can rewrite
above equation as the following:

POy = iy (1) = (5, 0) = v O, (0,01, (1)) (5:32)
Then, (5.2.11) changes to the following:
L yp(x,y)dy

0= [ pCey)dy

Y

(5.3.3)

For the sake of more clarity, we expand p(x,y) to a function, denoted

by g(x,y), on R?, as the follows:

q(x, )2 p(X, V) Xy 2 P V) X oy (X5 9)

a | P(xy), (x,y)eXxY (5.3.4)
B 0, (x,y)g X xY,
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where ¥, ,(X,y) 1is characteristic function of set X xY and
P(X,¥) ¥ vy 1s a shortening of p(x,y)x ., (X,y), and henceforth we

shall write expressions according to these notations.
Notice that in (5.3.3) if replace p(x,y) with g(x,y) then it corre-

sponds to extending of function 5(x) to a function, denoted by 5 (x) for
example, on R, and so we apparently define 5(x) =5(x)y, . But, for
briefness, we still denote 5(x) by 5(x). This promise shall be valid

for all of below similar situations as well. Thus (5.3.3) can be written as
the following:

LO yq(x, y)dy
X)=—r——

5(x) — . (5.3.9)
[ aGxy)dy
For a little of further handling, we put
H(2,n,0,v)= fw J.jwq(x,y)dxdy . (5.3.6)

and call H(2,n,0,v) an H-function with parameter (2,7,60,Vv), where
parameter 2 denotes that integral kernel g(x,y)in (5.3.5) is bivariate
function, parameter n represents the number of rules of reasoning in
(5.2.1) used in process of construction of g(x, y), parameter & depends

on fuzzy implication operator and parameter v denotes a triangular
conorm used in relation synthesis. It is evident that

H@.n.0.v)=], jy[vla( 1, (X), 11 (y))}dxdy (537

When X andY are all intervals, e.g., X =[a,b] and Y =[c,d], for dis-

1,5,14-17,20,21

tinct fuzzy implication operators & ' I it is an interesting prob-

lem of mathematical analysis how to resolve and find the integral

100 = [ [ 4,0, 00.10, ) |y
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This is similar to the well-known special functions such as I' function
and B function, etc., as the following:

@) =" x"e dx, B(a.f)= jol X (1= x)fdx

Remark 5.3.1 In (5.3.7), replacing operator of relation synthesis with
general triangular co-norm V , we obtain a general expression of
H-functions:

H@.n0.V)=|, jy[fle( 1, (%), 1y (y))}dxdy. (5.3.8)

In particular, when V=@, X =[a,b] and Y =[c,d], and
0% 00,177 =>[0,1], (u,v)—=-(u,v)Zu-v,

we have the following expression:
bped|
H2.n®)=[ [ 1| @0(u, ()., () |drdy.  (53.9)

This has some good analytical properties and it is easy to find its integral
quantity. Notice that “@ ” in (5.3.9) is a binary operation and so the

binary function (—f)l 9( oy (X), 1 ( y)) must be calculated one by one, but

it does not need to add brackets, since the associative law is satisfied.
Knowing “normalization” handling of integral kernel g(x, y) that will

be made below, it is not difficult to understand the farther broadening of
bounded sum “@® ” to ordinary sum “+”, i.e.,

H2,n,+) :jbjd{Z(yA (), i (y))}dxdy. (5.3.10)

This has better analytical properties naturally. O

The purpose of introduction of H functions is no more than normali-
zation. If H(2,n,0,v) > 0, then we can put



Probability Representations of Fuzzy Systems 143

f(x,y)éq(x,y)/H(2,n,9,v) (5.3.11)

It is easy to see that (5.3.5) changes again to the following:

fﬂﬂmw®
L

S(x) == .
[ s ydy

(5.3.12)

Then any careful reader can find that (5.3.12) is awfully similar to
conditional mathematical expectation in probability theory, and the real
circumstance is so indeed.

Theorem 5.3.1 Given a single-input single-output fuzzy system, the
related notations are same as described above. Select and fix a fuzzy
implication operator & . If the following conditions are satisfied

[ 131pCey)dy <4o0, 0<[ p(x,)dy <+oo

then there must exist a probability space (€2,.#, P) and a random vec-
tor (£,7) defined on it such that

E(n|&=x)=5(x), (5.3.13)

i.e., functional value s(x) of function 5 at x equals to conditional
mathematical expectation E(77|& =Xx) of random variable 7 under

condition of random variable & = x.

Proof. With input universe X and output universe Y for basic sets, we
construct two probability spaces (X ,Z?I,Pl)and (Y ,6’2,P2), where &
and &, are two Borel o -fields on X and Y, respectively, and P, and
P, are probability measures on & and £, , respectively. Suppose that

& and 77 are random variables defined on X and Y, respectively. Be-
low, we confirm probability distribution of random vector (&,77) .

Actually, put Q= XxY, £ =8 x5 and P= B xP,, where

indicates Borel o -field generated by Cartesian product of Borel o -
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fields & and &, , and P is well-known product probability measure.
Then we obtain joint probability space (£2,.#, P). With same notations,
redefine & and 77 as random variables on Q) :

EQOR, (x> E(x,y) 2 E(),
n:Q->R, (x,y)n(x,y)20(y)

Thus (&,7) turns into a two-dimensional random vector on joint proba-
bility space (£2,.#, P) . By hypothetic condition, the function

[ ) =q(x,y)/H(2,n,0,v)

defined by (5.3.11) satisfies condition to be a probability density function
of two-dimensional random vector. Hence we choose f(x, y) for proba-

bility density function of random vector (&,77), and so (5.3.12) just be-
comes to conditional mathematical expectation of random variable 7
under condition of random variable £ = x, i.e.,

[y @y
Em|E=x)="2—, (5.3.14)
[ rydy
This shows that E(77| & =x) =5(x). O

Remark 5.3.2 By (5.3.3), we can see that for practical computation
of E(n7|& = x) it suffices to use the following expression:

[ yp(x.y)dy

e == Lp(x,y)dy '

(5.3.15)

O

Remark 5.3.3 For convenience, we make up marginal probability
density functions, i.e., density function f(x) of & and density func-

tion f, (v) of 17 by using probability density function f(x,y):
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£:00=[" f(xp)dy, (5.3.16)

5,00 =] Fxp)dr. (5.3.17)

When f,(x)>0, we can also obtain conditional probability density

function f, . (y|x) of 77 under & =x as the following:

|g=x
S %) = f(x, )] fo(x) . (5.3.18)
Thus (5.3.15) is simply represented as follows:
E@|é=x)= [ yfye (v x)dy. (53.19)
|

Remark 5.3.4 Using f(x,y), we immediately obtain probability dis-
tribution function of random vector (&,7) :

F(x,)2P(l<x,n<y)= J:O J._Vw f(u,v)dudy. (5.3.20)

Hereby we can also obtain marginal probability distribution functions,
i.e., distribution function F(x) of & and distribution function F, (V)

of n:
F(x) = F(x,+00)

- J‘_Xw(f:f(u,\/)dv)du =I;f§(u)du, (5.3.21)

F,(y)=F(y,+»0)

= IL(Jw:f(u,V)du)dv :j;f,,(V)dv, 5.3.22)

This implies that if only have probability density function f(x,y) we

can easily understand the whole probabilistic information of random vec-
tor (&,77) or the fuzzy system. i
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Remark 5.3.5 For the below demands, we need the tool of conditional
variance, denoted by D(77]& = x), as well, that is

Do|E=x)2 [ [y=E@|E=0] fm (v 0)dy.  (5323)

O

Remark 5.3.6 Using E(17|& =x), we make a function, denoted by
2(&), of random variable & that is determined as the following:

g(E)2EWM| &), (5.3.24)

Of course, g(<&) is also a random variable, but it must satisfy the follow-

ing two conditions:
1) If we{weQ|E(w) =x}, then we have

g 2EM|E)=E(m|E=x);
2) (VAe B)(E({Em|&)|&(w) e 4}) = E(n| &(w) € 4)),

where £ is one-dimensional Borel o -field. In fact, E(77]&) is the uni-
fied expression of E(77|& = x) for all x € X and we call it conditional
mathematical expectation of 77 with respect to & . Observe that for any a
given point x € X ,if w € {® € Q| & =x}, then we have

S()=E@m|c=x)=E|5)=g(c)=2g(x). (5.3.25)

This implies that two functions s and g coincide, i.e., § = g . Besides,

for random vector (£,77) , if E(i7° | ) exists, then we may use E(77] &)

to give the unified expression of conditional variance:
2
D1)2 E([n-E )T ¢).

We call it conditional variance of 77 with respect to & . Obviously,
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D |&)=E(n’|¢)-[EmIO] - 0

With explanations in Remarks 5.3.2 to 5.3.6, we can give a more fine
and detailed probability interpretation related to fuzzy systems by means
of E(17|&). For an uncertain system, input quantity x € X and output

quantity ¥ €Y should be considered as two random variables & and 7

that depend on each other. To find functional relationship s(x) between
x and y corresponds to searching a Borel measurable function in which

& and 77 depend on each other, and this function ought to coincide with
y=s5(x), ie., n=5(&). We want to determine a Borel measurable
function 5(&) so that 77 and 5(&) are closed up to the best, and S may

be approximation to s , where the existence of E (772) and £ [(E(f))q

are assumed. The “closeness” herein needs a criterion, and the most
commonly used one is “least squares method”. Then we have to demand

— 27 . 2
E[(n—s(g)) szf{E[(U—gD(f)) }} (5.3.26)
?
where @ varies in a kind of space of Borel measurable functions. To

prove (5.3.26) is equivalent to proving that for any above-described
Borel measurable function ¢ it holds that

E[(n-5)' |<E[(n-0®) |
In fact, we easily understand the following equation:
E|(n-9&))’]
= E{[(n-E@19)+(E1 -] |

=E[(77 —E(y| 5))2}+E[(E(n 1$) —40(5))2}
+2E[(n-E1))(E| &) ~9(£))].
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Obviously, we have the following equation:
E[(n=Em|O)(E@|E~p(&))]=0,

and so we get the following inequality:
E|(n-0(&)' |=E|(n-E@1 ) |+ E[(E@1 &)~ (&)’ |
>E|(n-E@|9) |=E|(n-5©) |

This shows that random variable s(&) is the optimal approximation in
mean square to random variable 7.

Remark 5.3.7 We can also use conditional variance D(77|& =Xx) to
interpret that 5(&) is the optimal approximation in mean square to7].

Actually, there is a property about mathematical expectation and variance
in probability theory: For any random variable 77, it is certain that

(‘v’ceR)(c;tEn = (D77 <E[77—c]2)),

i.e., function f(c)= E[n—c] takes the least value at ¢ = En as the

following:

f(En)=Eln—Enl =Dn.

And then for any above-described Borel measurable function @,

Eln-p@)1=[" [ (=)’ f(x,y)dxdy

400

- J‘j: fé(x)|:J‘_m (y- (0(?6))2 Joe=x (V| x)dy} dx.

When @(x) = E(17| £ = x), we have the following expression:
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[Tlr-0@] £ (1 0)dy

~[“lr-E@ =0T fpeu(v]0)dy = D] €= ).

So Ew(y —(p()c))2 Jre=e (¥ | x)dy reaches the least value D(77]& = x)
here. Again, since f,(x)>0, 5(x)=E(77]|& = x) also brings about that

E [(77 - go(f))z} arrives at the least value J-j: J:(x)D(n|&=x)dx. O

Based on the above discussions, we get hold of a conclusion:
The function 5(x) obtained by COG method is optimal approxima-

tion tos(x) in the sense of least squares, accordingly COG method is

reasonable.

Besides, just with COG method, we have communicated relation be-
tween fuzzy systems and probability theory. From the viewpoint of
methodology, in a certain bound, we may use the method of probability
theory to investigate fuzzy systems. This is good certainly. From the
viewpoint of philosophy, uncertainty originally contains randomness as
well as fuzziness, and randomness and fuzziness are often interwoven, so
it is very difficult to divide up them.

5.4 Several Typical Probability Distributions
We return to and consider (5.3.11) again. It is expanded as

_ pxy) PV Xxr
S = g n o) HanoN)

|:i\’/_119(/1Ai (), t (y)):l A xxy (5.4.1)

_ I, L[ v O, (). (y))} dudy

We can discover two aspects of phenomena or contexts or meanings:
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1) From the viewpoint of probability theory, the probability density
function f(x,y) is the core of fuzzy system and serves as “inner kernel
of system”. This shows that a fuzzy system is a stochastic system in na-
ture, and this is the rational thinking. Certainly, there is also no lack of
worth of handling. For instance, for an uncertain system, if one predomi-
nates probability distribution function F'(x,y) or probability density
function f(x,y) of random vector (£,77) by method of probabilistic
statistics then one can obtain §(x)= E(77| & = x), namely, understand

system.

2) From the viewpoint of constructivity based on fuzzy reasoning, the
above-described process of construction of fuzzy system, more precisely,
from (5.2.1) to (5.2.11), has determined probability distribution of an
uncertain system. In (5.4.1), choosing different fuzzy implication opera-
tors, we obtain distinct probability density functions and consequently
produce diverse probability distributions. Thereby, we can also enrich
capability of uncertain systems.

References [14-17] have carried through detailed textual research to-
ward construction of fuzzy implication operators. Below, with several
typical implication operators for examples, we obtain some typical prob-
ability distributions that are used commonly in fuzzy systems.

Example 5.4.1 In (5.4.1), putting 8 = 813“4’17] ,1.e.,
(V(a,b) €[0,17)(0;(a.b) 2 a nb),

we have the following expression:

) = O (12, (). 11, ()
- (5.4.2)

= (1, () A 1y ()

If H(2,n,l913,\/) > (0, then we can let
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a PV X vy
f(x,y) —H(Z,n,QB,V)

[ﬁl(u/,,. () A (y))} K (543)

_ IX IY[VI(“A (X) Ay, (y))} dxdy

Since 6, is called Mamdani operator, the probability distribution with

(5.4.3) for probability density function is called Mamdani distribu-
tion with parameter (2,7,V) and denoted by Mam(2,n,V), in other

words, we use (&,77) ~Mam(2,n,V), i.e. random vector (&,77) obeys
Mam(2,n,v) . Its marginal probability density functions are as follows:

£ =[" fx.p)dy

J.Y[;/I(ﬂ@. (X) A (y))} Z7dy (5.4.4)

_ [ L[Q(M (X) A 1 (y))} dxdy

£, =[x y)dx
IX|:£1(ﬂAi(x)AﬂBi(y)):|Zde (5.4.5)

_ IX L [Z\n/l (12, () A 11 (y))} dxdy ’

respectively. When f,(x) >0 and f, (y) > 0, the conditional probability

density functions are as the following:
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s SJ() PO Y Xy
Joe (V1 X) = =
e [, pe. ) zpdy

[ v (1, (A (y))} X (5.4.6)

Iy|:i\n/l(/uAl ()C) A\ /13,. (y))jl ZXdy ’

2 S(5)) _ POV X
Jen—y(x1¥) 7.0 J'X (%) 7,dx

[g(u@ (X) Aty (y))}zm
_ , (5.4.7)

.[X |:,VZ1 ('uA,- (x) N Hp (y)):| }(ydx

respectively.

By these probability density functions, we immediately obtain distri-
bution function, marginal distribution function, conditional mathematical
expectation and conditional variance:

Fx,y)= ,[,w ,[:; £ (u,v)dudv
_ J.:o J-,yoc plu, V)ZXxydudv

) f: I: P(X, V) X yydxdy

I f_yw[ v (1, () st (v))} P

(5.4.8)

M

_ IXLLV:(”A,(X)Aﬂg,.(y))}dxdy
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F(0)=[ fou)du

w0, 00)

9

J.X J‘Y[i\’_l/l(ﬂAi (x) A IUB,. (y)):| dxdy

E,0) =" f,mdv
.[j: I;;{y:(ﬂA; (u) Aty (V))} X yydudy

J.X J‘Y[i\’_z/l(ﬂAi (xX) A Hp (y)):| dxdy

Emn|&=x)=5(x)
B E: e (v [ x)dy

Ly [Vl(ﬂA (X) Aty (y))} Zxdy
LEQ(M, (X) A (y))} Zdy ’

D(|é=x)=]"[y=E@|E =0T fe.(y|x)dy.

Above equations are very useful.
Example 5.4.2 In (5.4.1), putting & = 6, | i.e.,
(V(a.b) €[0.1T )(6s(a.b) 2 (1-a) v (a A D)),

we have the following results:

153

(5.4.9)

(5.4.10)

(5.4.11)

(5.4.12)

O
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)=V 0, (1, (), 1, (7))

-3 [(-moln0)

_ PO X vy
A )_H(2,n,t98,\/)

{”\"7/1 [(1 A4 (x)) v (‘uAf (X) A Hyg, (y)):|}ZX><Y (5.4.14)

_ .[X IY {;/1[(1_#/4,- (x))v (luAl. (x) AN Hg (y)):”dxdy ,

(5.4.13)

where H(2, n, 98,v) > (0 is assumed.

Since 6, is called Zadeh operator, the probability distribution with

(5.4.14) for probability density function is called Zadeh distribution with
parameter (2,7,Vv)and denoted by Zad(2,n,V), in other words, we can

use the following symbol:
(&,m)~ Zad(2,n,Vv),

i.e., random vector (£,77) obeys Zad(2,n,v) . Similarly to Example

5.4.1, we can give its distribution function, marginal distribution func-
tion, conditional mathematical expectation and conditional variance. O

Example 5.4.3 In (5.4.1), putting & = 0, i,

1, a<b
(V(a,b)e[0,1]2)(93(a,b)é{ j

l-a+b, a>b

we have the following results:

)=V 0, (1, (), 15 ()

L G (< pp (). (5419)

‘\2[1_'”4- (X) + (J’)], otherwise,
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PO Y X xr
A )_H(Z,n,93,v)

1
(39) 4 ()< (y)
[, ], P, y)crdy TG0 b s

) (x,») (5.4.16)

n

v [ 1=, () + 11, () |
+5 ’
»[X IY p(x, y)dxdy ZXXY\{(E'i) (,uAl. (X)S,uBi(y))}

where H(2,n,6,,v) >0 is assumed.
Since 6, is called Lukasiewicz operator, the probability distribution

with (5.4.16) for probability density function is called Lukasiewicz dis-
tribution with parameter (2,7,V) and denoted by Luk(2,7,V), in other

words, we have the following form:
(¢,1m) ~ Luk(2,n,v),

i.e., random vector (&,77) obeys Luk(2,n,Vv). Moreover, we can see

from (5.4.16) that Lukasiewicz distribution has property of uniform dis-
tribution on the local region as the following:

©=(x,y) € Q|(31) (1, () < 1, ()} 0
{ |

Example 5.4.4 In (5.4.1), putting 8 = 85“4’17] ,1.e.,

i A1, a<h
(‘v’(a,b)e[o,l] )[es(a’b):{b a>bj

we have the following expressions:
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)= 0,12, (), 11, ()

L @), <), G417

vty (v), otherwise,

_ PV Xy
ACE H(2,n,(95,v)

1
- Ko (1 ore
[T pCep)xdy “160 (recozun )

(x,y) (5.4.18)

Y Hg, »)
+J‘ J.l_ (x )dxd ZXXY\{(E“-) (”Ai(")gﬂz;,(y))}’
X Yp > 3

where H (2, n, 95,v) >0 is assumed. Since 6 is called Godel operator,

the probability distribution with (5.4.18) for probability density function
is called Godel distribution with parameter (2,7,Vv) and denoted by

God(2,n,V), in other words, (&,77) ~ God(2,n,V), i.e., random vec-
tor (£,77) obeys God(2,n,Vv). Moreover, we can see from (5.4.18) that

Godel distribution has property of uniform distribution on the local
region:

(o= e0|3) (1, ()< 1, 0)] o
Example 5.4.5 In (5.4.1), putting 8 = 86“4’17] ,1.e.,

(V(a,b) € [0’1]2){96(a,b) a {(1 —a)vb, I-a)ab= Oj

1, otherwise

we have the following expressions:
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) = 0, (12, (0. 11, ()

1, (EIi)((l—,uAl_(x))/\ﬂBi(y);éO), (5.4.19)

\n/ [(1 —H, (x)) Vv iy (y)] , otherwise.

i=1
PO Y) X vy
X, == ‘oA
S (x,p) H(2n 0]
_ 1 4
J-X J-Y p(x) y)dXdy {(3 i) ((l_#ﬂi (x))A:“Bi (»)#0

)} (x, ), (5.4.20)

i\z/l [(1 THy (x)) v (J’)] ;
J-X Lp(x, y)dxdy XxY\{(EIi) ((17/% (x))/\/lgi(y)¢0)}

where H(Z, n, 6’6,v) > ( is assumed.

Since 6, is called Dubois-Prade operator, the probability distribution

with (5.4.20) for probability density function is called Dubois-Prade dis-
tribution with parameter (2,7,Vv) and denoted by DP(2,7,V), in other

words, (&,77) ~ DP(2,n,V), that is, the random vector (&,77) must obey
DP(2,n,Vv). Moreover, we can see from (5.4.20) that Dubois-Prade dis-

tribution has property of uniform distribution on the local region:
{a):(x,y)eQ‘(Eli)((l—yAi(x))/\yBi(y);tO)}. O

Example 5.4.6 In (5.4.1), putting 8 =0,/ ie.,

v(ab) e[0.17)] 6. (a.by 21" a=0
( (a.b)el ’]) s(a,0) = (b/a)/\l,a>0

we have the following results:
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)=V 0, (1, (). 11, ()

L (3i) (12, (x) =0), .
- \n/ Hp ») Al otherwise.
i=1 /LlAi (x)
_ P My
fx,y)= H(2,n,6,,v)
1
) > 5.4.22
J.X J.Y p(xa y)dxdy Z{G") (#A,(x):o)} (x, ) ( )
"| Hs )
v NI
=\, (x)

’ >
J.X J.y p(x’ y)dXdy ZXXY\{(Hi) (/‘A,- (X)=0)}

where H(Z, n, 6’4,v) >0 is assumed.

Since @, is called Goguen operator, the probability distribution with

(5.4.22) for probability density function is called Goguen distribution
with parameter (2,7,Vv) and denoted by Gog(2,n,V), in other words,

random vector (&,77) obeys Gog(2,n,Vv), ie., (&,n7)~Gog(2,n,Vv).

Moreover, we can easily see from (5.4.22) that Goguen distribution has
property of uniform distribution on the local region as the following:

{a)z(x,y)eQ‘(Ei)(yAi(x)zo)}. |

Example 5.4.7 In (5.4.1), putting & = §,"*"7**! i,

rameor)faan(i o=
(1-a)vb, a>b

we have the following expressions:
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)= 0, (1, (0, 1, (7))
L (30) (42, () < 11, (). (5:4.23)

i\i/l[(l — (x)) Vv Hy (y)} , otherwise,

_ P V) Xy
S )= H(Z,n,ﬁo,v)

1
- K (e
[ T pCeydrdy e taommo)]

0w, 0)v 1, 0)]
IX J.Y p(x,y)dxdy lXXY\{(H i) (g 2015, (1)}

(x,») (5.4.24)

where H(2, n, Qo,v) > (0 is assumed.

Since 6, was proposed by G. J. Wang in [20,21], we call 8, the Wang

operator. And probability distribution with (5.4.24) for probability densi-
ty function is called Wang distribution with parameter (2,7,V) and de-

noted by Wang(2,n,V), in other words, (&,77) ~ Wang(2,n,Vv), i.e.,
random vector (£,77) obeys the probability distribution Wang(2,n,V) .

Moreover, we can easily see from (5.4.24) that Wang distribution has
property of uniform distribution on the local region as the following:

©=(x,9) €Q(3) (1, () < 1, (D))} 0
{ |

Example 5.4.8 In (5.4.1), putting @ =0,, and 0 =0,,"*"" ie.,

) N ab
(V(a,b) €[0,1] )[me)_ 1+(1—a)(1—b)],

, A a+b
(Va0 £10.17)| 0,00y 20
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we have the following results:

) = Oy (11, (0, 15, ()

n 1, ()15 (3) (5.4.25)

1, 0) (1=, 0))

P =V Oy (12, (), 115 ()

B \’; Hy, (x)+ Hp »)
S+, () (9)

(5.4.26)

_ P Y) My
VACHY) H(2m )

iy () (¥) P (5.4.27)
(e ) (1 @) T
[ p(x.y)dxdy

< =

3

PV Xy
f(x,y) —H(Z,n,é’zg,v)

\”/ Hy (x)+ Hp ) (5.4.28)
[ (0 ) |7
[ ], pCey)dxdy

where H(2,n,0,,,v) >0 and H(2,n,0,,,v) >0 are assumed.
Since &,, and O, are called Einstein meet operator and Einstein union

operator, respectively, the probability distributions with (5.4.27) and
(5.4.28) for probability density functions are called Einstein meet dis-
tribution and Einstein union distribution with parameter (2,7,Vv)and de-

noted by Einm(2,n,Vv) and Einu(2,n,V), respectively; in other words,
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we have that (£,77) ~ Einm(2,n,Vv)or(&,77) ~ Einu(2,n,Vv), i.e., ran-
dom vector (&,77) obeys Einm(2,n,Vv) or Einu(2,n,Vv). O

Example 5.4.9 In (5.4.1), putting 8 = 1914“4'”] ,i.e.,
(V(a.b)€[0,17)(6,,(a,b) £ a-b),
we have the following expression:
)=V 0, (12, 00, 11, () = v (1, (1) 1, (). (5.429)
If H(2,n,6,,,v) >0, then we let

a P V) X iy
f(x,y) —H(z,n,éq4,v)

{ v (1, () 1 (y))} Ly (5430)

) IXL&(#A, (X) - py, (y))}dxdy’

Since 6, is called Larsen operator, the probability distribution with

(5.4.30) for probability density function is called Larsen distribution with
parameter (2,7,Vv) and denoted by Lar(2,n,v), in other words, we

have the following expression:
(&,1m) ~ Lar(2,n,v),

i.e., random vector (&,77) obeys Lar(2,n,Vv). O

5.5 Probability Representations of Double-input and
Single-output Fuzzy Systems

Suppose that X,Y € &5 " are the universes of input variables and Z € 5 !

is universe of output variable, where & ' is one-dimensional Borel o -
field. And we let
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A={4|1<i<a}, B={B|l<i<a}, C={C|i<i<n}

be the classes of fuzzy sets on X,Y,Z , respectively. Considering A , 5
and C as linguistic variables, we form 7 rules of fuzzy reasoning:

If x is 4 and y is B, then z is C,, i=1,--,n. (5.5.1)
Putting the following expression:

D2{(4,B)I<i<n{c AxE,

. £
we can make a mapping s as follows:

s":D—C, (4,B)—s"(4,B)=C,
(5.52)
i=1,2,---,n.

Remark 5.5.1 At the first time, it is apparent that group (5.5.1) of rules of
fuzzy reasoning is not “completed” and so-called “completed” expression
must be shown as follows:

If x is 4 and y is B, then z is C,

i=1,2,--,n, j=12,---m
However, two expression methods of this expression and (5.5.1) are
equivalent, i.e., they are translatable into each other. For detailed proof,
see [6]. Since the expression method of (5.5.1) is simple and convenient
to handle, we always use it to write group of rules of multi-input multi-
output fuzzy reasoning. m|

In (5.5.1), fuzzy relation of reasoning R, € # ((X xY)xZ) formed

by and related to the i —th rule is also determined by a certain implica-
tion operator 6:[0,1]" —[0,1] as follows:

t (5,3, 2) 2 01, () A 1, (), 11, (2)), (5.5.3)
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where 1, (x) A p, (v) is a logical expression of “x is A, and y is
B;” in (5.5.1). Thus total relation of reasoning for group (5.5.1) of rules

n
of reasoning is R = URI. . We use “ Vv ” for a while to realize “U”, i.e.,

i=1

He (%, 9,2) =V g (X, 9, 2)
- (5.5.4)

:;\:1/19(#14’ (X)/\,UBI_()/),,UCI_(Z))

For any given (A4, B) € #(X)x#(Y), we can obtain result of reason-
ing C € #(Z) through R. This can be yet realized by use of a fuzzy

(13 2
o

transformation
o F(X)xFX)> F(2)

. (5.5.5)
(4,B)> C=o(4,B)2 (AxB)oR,

where the fuzzy set Ax B denotes the Cartesian product of the fuzzy
sets A and B, i.e., AxB e F (X xY) and is defined by the follows:

(V(x,p) € XXY) (145 (6. 3) & 1, () A 15 (1)), (55.6)

It is not difficult to understand that £, ,(x,)) is just the set representa-
tion of logical sentence “x is 4, and y is B;”. Here we also use basic

operations (A, V) to state the form of membership function of (5.5.5):

pe@= v (@A) A fp(x3,2)] (557)

x,y)eXxY

Thus we obtain a function s™ as follows:

s F (X)X F(Y) > F(Z)

A (5.5.8)
(4,B)> C=5"(4,B)2(AxB)oR.
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For any given (x',y') € X xY, in order to use (5.5.7), we first do the

fuzzification on (X', )"), i.e., make singleton fuzzy sets 4" and B of X’
and )’ respectively (refer to (5.2.8)). And substituting them into (5.5.8),

we obtain result of reasoning C' € #(Z) as follows:
1 (2) = 1 (6,7',2)

] (5.5.9)
:l_\:/lé?(,uAi (x')/\luBi (y'),luci(z))-

If the following conditions are satisfied
jz\ z| pe (2)dz <400, 0< jz U (2)dz < oo,

then to do the defuzzification on C’' by COG method, we can obtain
exact output z' as follows:

_ [ e ()
[ @)z

z

In this way, we have a functions : X xY — Z , where

[ 7t ()2

Froe (5.5.10)
27

s(x,y)=

As preceding analysis, £ (z) and (x’, y') depend on each other.
Actually we should give the following symbol:

C'(x=x,y=))2C".
Because (X',)') is arbitrarily chosen in X'xY , we can use (x,))

instead of (x', y') . Therefore, we can also write it as form of a ternary

function as being p: X xY xZ — R, without further ado:
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P(x,9,2) = pe(2) = p (%, 3, 2)

n (5.5.11)
=V O, () A pty () 1, (2))
And then (5.5.10) can change to the following equation:
B [ 2p(x.y.2)dz
s(x,y)="% . (5.5.12)
[ pe,y,2)dz

Similarly to (5.3.4), expand domain of definition of p onto R* and
denote g(x,y,2) = p(X,¥,2) ¥ yuy., - Then (5.5.12) also changes to

T egyaz
s(x,y)= . (5.5.13)

[T atey.2)dz

Note that, according to preceding explanation, the function s (x, y) and

the function S(x,») 7.y (X, ») are the same. For normalization, let

H@3,n,0,v)2 jX jy jz p(x, v, z)dxdydz . (5.5.14)

If H(3,n,0,v) >0, then put again

f(x,y,Z é p(X,%Z)ZXxYXZ(x,y, Z)

(5.5.15)
H(3,n,0,v)
By (5.5.13), it is evident that
[T oy
S(x,y) =" : (5.5.16)
[~ r6ey.2)d

Theorem 5.5.1 Given a double-input single-output fuzzy system, the
related notations are same as described above. Select and fix a fuzzy
implication operator @ . If the following conditions are satisfied
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L| z|p(x,y,z)dz <+, 0< IZ p(x,y,z)dz < +o0,

then there must exist a probability space (€2,.#,P) and a random
vector (£,77,¢) defined on it such that

E(|E=x,n=y)=5(x,)), (5.5.17)

i.e., functional value 5(x,y) of the function 5 at (X, y) equals to con-
ditional mathematical expectation E(¢ | < =x,77=y) of random varia-
ble ¢ under condition of random vector (&,77) = (x, »).

Proof. Let (X,é;,Pl),(Y,ﬁé,Pz) and (2,6’3,133) be three probabil-
ity spaces, where &, , 5, and 5, are Borel o -fields on X,Y and Z,
respectively, and B, P, and P, are probability measures on &, &, and
B, , respectively. Suppose that &£,77 and § are random variables defined
on X,Y and Z, respectively.

Taking QéXxYxZ,.//‘"éb’l><b’2><b’3 and PéPlesz3, we
obtain joint probability space (Q2,F,P). With same notations, we can

redefine£,77 and ¢ as random variables on Q:

EQ->R, (u,v,w)— ff(u,v,w)éf(u),
n:Q->R, (u,v,w)—n(u,v,w) £ n),
Q> R, (u,v,w)H((u,v,w)éé'(w).

Then we obtain a three-dimensional random vector (£,77,4) defined on
(Q,F,P). We can consider f(x,y,z) as the probability density func-
tion of (&,7,¢) . By definition of conditional mathematical expectation,

we see that (5.5.16) just becomes to conditional mathematical expecta-
tion of random variable ¢ under the condition (&£,77) =(x, ), i.e.,

[T oy
E|E=xn=y)="= . (5.5.18)
[~ f @y 2)dz




Probability Representations of Fuzzy Systems 167

This shows that E({ |E=x,n1=y)=5(x,y). m

Remark 5.5.2 By probability density function f(x, y,z), we can make

up conditional probability density function as follows:

PACH S
Jeem-en(Z1%.3) =
[ reey.2)dz
" (5.5.19)
_ PX Y 2) X xtyz
[ Py, 2) 2z
Then (5.5.18) and conditional variance can be shortened as
E(C|S=xn=y)=5(xy)
= LO e (215, 3)dz (5.5.20)

J. Zp(xayaz)szYdeZ

—00

[ Py, 2) 1y dz
D [E=x1=))
2 [T[2-EC1E=xn =] foemeen 1000z (5.521)

Tl ECIE=xn = )] o) 2dz
[ Py, 2) 2 dz

Clearly the probability distribution function of random vector (&,77,¢)

is as the following expression:
F(x,y,2) 2 P(E <x,n <y, <2)

- ,f _xw J‘_yw Lo £ (u,v,w)dudvdw. (5.5.22)

Besides, it is not difficult to write out every marginal density function
and marginal distribution function. O
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Example 5.5.1 In (5.5.12), taking & being Mamdani operator, Zadeh
operator, Lukasiewicz operator, Gddel operator, Dubois-Prade operator,
Goguen operator, Wang operator, Einstein meet operator, Einstein union
operator and Larsen operator, respectively, we immediately obtain vari-
ous typical probability distributions of concerned double-input single-
output fuzzy systems, i.e., Mamdani distribution, Zadeh distribution,
Lukasiewicz distribution, Godel distribution, Dubois-Prade distribution,
Goguen distribution, Wang distribution, Einstein meet distribution,
Einstein union distribution and Larsen distribution. In order to give a

[14-17]

demonstration, put again € =6, , that is Reichenbach operator as

follows:
(V(a,b) €[0,17°)(0,(a.b) £ 1-a+ab).
Then we have the following expressions:
P2 = v 6, (11, (6) A 1y (9), 11, (2)

) (5.5.23)
= v [ 1= (1, 00 A 1y () + (12, 00 A 1y () 1, (2) |,

PV, 2) Y vz
X, V,z)= , 5.5.24
J(x,y,2) H (3.m,0,7) (5.5.24)
where H(3,n,6,,v) >0 is assumed. The probability distribution with

(5.5.24) for probability density function is called Reichenbach distribu-
tion with parameter (3,7,v) and denoted by Rei(3,7,Vv), in other

words, (&,1,¢) ~ Rei(3,n,V), ie., the random vector (£,7,4) obeys
the probability distribution Rei(3,7,V). mi

5.6 The Probability Representations of Multi-input Multi-output
Fuzzy Systems

Consider a fuzzy system with p inputs and g outputs. Suppose that the

. . . 1 .
sets X, € 5 are universes of input variables and Y, e 5 are universes
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of output variables where i =1,2,---, p, j =1,2,--,q . And let

A={41<k<n}, i=12,-p,
B ={B,|I<k<n|, j=12,q

J

be classes of fuzzy sets on X, (i=1,2,---, p) and Y, (j=12,9),
respectively. Considering .4 and 5‘} as linguistic variables, we form »n

rules of fuzzy reasoning as follows:

If x, is 4, and x, is 4, and --- and x, is 4

kp
then y, is By, and y, is By, and -+~ and y, is B, (5.6.1)
where £k =1,2,---,n. If we put
14
Dé{(Akl,Akz,m,Akp) lskSn} <[]A.
i1
then we can make the mappings S; (j=L2,---,q) as follows:
§;:D > 05,
| ) R (5.6.2)
(AklaAkza"'aAkp) =, (AklaAkza""Akp) = Bkj

Remark 5.6.1 Here the group (5.6.1) of rules of fuzzy reasoning is also
simple expression as described in Remark 5.5.1. See Remark 5.5.1 and
[6] for the reason. |

In (5.6.1), the k —th rule can form g fuzzy relations of fuzzy reason-

ing are expressed by the following:

R,g.ef—[@jx]ﬂjj,

j:l’z’...’q

by means of a certain fuzzy implication operator & :
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Ha, (xl,xz,...,xp,yj) = 49[51/1% (x,), Hs, (yj )j (5.6.3)

Then we can obtain the total fuzzy relation of the fuzzy reasoning as the
equation R, = URk/ about (5.6.1) for every index j (j=1,2,---,q),

k=1
ie.,

H (xl,xz,..-,xp,yj):k\’i/lﬁ(ilu%(xi), Hs, (yj)j (5.6.4)

i=1
If we denote the following set and mapping:
ct {(Bkl,Bkz,---,qu)‘l <k< n}
¢ é(sf,s;...,s;)’
then s* is a mapping from 2 to ( ,i.e.,
s D->C

(Akv""Akp) = S*(Akla""Akp) :(Bkla"'aqu)a (5.6.5)
k=12,---,n.

)4
For arbitrarily given (Al, A4, Ap) € Hf (X.), we can obtain result
i=1

of reasoning B, € 7 (Y]) through R, . This is also realized by fuzzy

[73 1}
o

transformation as follows:

A, A,) (5.6.6)
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P
where H A, denotes Cartesian product of 4,, 4,,-, 4

i=1

1€,

(5.6.7)

which has such logical meaning as described before. The form of mem-
bership function of (5.6.6) becomes to the following equations:

my (7)) =

P 5.6.8
v Ki/_\l,uAi (xl.)j/\,uR, (xlj...,xp,yj)} (5.6.8)
(xl ,-»-,xp)eli]:A,

Thus we obtain functions s;* (j=1,2,---,q) as follows:

s;*:ﬁf(Xi)%f(Yj)

i=1

()82 (et ) =14 ok,

(5.6.9)

. A . .
Putting 5™ = (sl* 8y sy ) , we obtain a vector-valued function as the

following:

(A, 4,) > (B B,)=5"(4,4,) (5610
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P
For any given (xl',x;,---, x;) IS HXi , considering x' (i =1,2,---, p)
i=1

as singleton fuzzy sets A (i =1,2,--, p), respectively (refer to (5.2.8)),

and substituting them into (5.6.8), we can obtain the results of the fuzzy
reasoning B € f(Yj) (j=12,---,q) as follows:

iy (7,) = g, (030,37,

) , , (5.6.11)
- k\:le(ti\lﬂ/lki (X )"uB"Y' (yj )]

If the following conditions are satisfied
fyj |7ty (3 )dv, <400, 0< fyj Hy (v, )y, < oo

then we can obtain exact outputs ), by doing defuzzification to B’ by

COG method as the following:

] it (),
K ] y M5 (v )y,

, j=12,q (5.6.12)

P
In this way, for every index j we have a function ¥, :HX =Y,
i=1
where
[} it (v,)v,
Lj My, (v))dy,

5, (%%, 0.x, ) (5.6.13)

Again let 5 = (E,@,,Eg) Then § is a vector-valued function from

p q
HX ; to HY/ as the follows:

i=1 j=1
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5 (x00x, ) = (5 (0%, )5, (35000, ) (56.14)

As known very well, since £, ( Y, ) and(xl' R x; ) depend on each other,

we should denote
B'( = X[, X, x) B,
(st (97) = 2 (7).

and can write it as a (p +1)-ary function alike as described before:

D; :(ﬁXiijj —->R
i=1
Py (5, ) & b (3)) = g (300%,03,) - (5:615)
= k'v;e(gmk, g () )j
Then (5.6.13) can be written as the following:

Jnyfp-/ (xp"',xp,yj)dy_/

5, (5, , ) = fyjpj(xl,---,x,,,y,)dyj (5.6.16)
Again expand domain of definition of p; onto R”" and denote
qj(xl,---,xp,yj)épj(xl, Xp> Y )Z[HX}Y
Then (5.6.16) becomes to the following equation:
5, (xr, ) = I-ﬁwy’q’ (5o, 0,) & (5.6.17)

. qj(xl,---,xp,yj)dyj
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Also notice that Ej(xl,~-~,xp) and Ej(xl,---,xp))(, are the same.

i
i=1
Similarly to preceding analysis, although all of p, (x1 X, Y J.) satisfy
non-negativity, they do not necessarily possess normality and so need to
handle. Now let

H(p+1,n,0,v)

éle...Lp Lj P, (30, )y, - dv dy, (5.6.18)
If H(p+1,n,60,v)>0, then we can put
Py (%, )z[ﬁxi]ﬂj
f;‘(xl""axp:yj)é = (5.6.19)

H(p+1,n,0,v)

In (5.6.17), to replace q; (xl,---,xp,yj) with fj(xl,---,xp,yj) does
not change (5.6.17}), i.e.,

Sj(xl’”"xp)_

. J.j:fj(xl,---,xp,yj)dyj

J‘Myff/ (xl""’xp’yf)dyf‘

—00

(5.6.20)

Theorem 5.6.1 Given a multi-input multi-output fuzzy system, the re-
lated notations are same as described above. Select and fix a fuzzy impli-
cation operator @ . If the following conditions are satisfied as follows:

J.y,.‘yj‘pj (xlaxza"'axp,yj)dyj < 400,
0<J‘Yj p; (xl,xz’...,xp,yj)dyj < +o0,

where j=1,2,-,q, then there must exist a probability space
(Q, #, P) and a vector-valued random vector (&,77) defined on it such
that



Probability Representations of Fuzzy Systems 175
Q>R n:Q->RY

and vector-valued conditional mathematical expectation E(77|¢) and
5(&)are the same, ie., E(n7|&)=15(&), in other words, we have the

following expression:

P
V(xl,'-',xp)eHX.,

i=1
E(n‘é =Xx,"6, =xp)=§(x1,---,xp),

where éé(élafzﬂ"'afp)ané(npnza"'»ﬂq) and

EG19)2(E(m|é,.8, ) E(n,]60.8,))  621)
And 5(&) is unified expression of (6.14), i.e.,
5(&08)=(5(80.8, )5, (60008,). (5622)

In more detail, for every j € {l,---,q}, it holds that
E(n]é =%, =x,)=5,(x,x,), (5623

i.e., functional value s; (xl,---,xp) of function s; at (xl,---, xp) equals

to conditional mathematical expectation E (77, ‘661 =X, = xp) of

random variable 77, under the condition of random vector as follows:

(élagza”'agp):(xlaxzv"'>xp)'

Proof. Based on the input universes X, (i =1,---, p) and the output

universes ¥, (j =1,---,q), construct p + ¢ probability spaces as follows:
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(X, 8°8). =125,
(Y-8 ). =12,

where £ is Borel o-field on X, and 5" is Borel o -field onY;, and
P* is probability measure on 45, and Pjy is probability measure on

63?” . Suppose that & and n, are random variables defined on X, and
Y, , respectively. Taking

S

p p
Q, é(HXiijj,jfj é[Hbjx]xb?jy’pj é[
i=1

i=l1

we can obtain ¢ joint probability spaces as the following:
(Qjaf;a})j)y ,j:1929'“9q'

With same notations, we redefine &, (i=1,2,---, p) as random variables

on every space Q. (j=1,2,---,q) as follows:
&:Q, >R
A
(”19"'a“p°v./)Hé(”l’“"up’v/)_é(u")’
and we also redefine 77, on only €, that has the same subscript J as
follows:
n:Q, >R
(”1:"',7/1,,,"]-)'—)77‘/ (”n"';“pav_;)é’]/ (vj)
Thus we obtain p+1 dimensional random vector (51,---, fp,nj) de-

fined on (Qj,j‘;,Pj)(j =1,---,q) . Now we consider fj(xl,---,xp,yj)

in the equation (5.6.19) as a probability density function of the random
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vector (51,---, &, ) By definition of conditional mathematical expec-

tation, we can see that (5.6.20) is just conditional mathematical expecta-
tion of random vector (51 081 ) :

xp)__[ y,f (‘xl’ "xpay_/)dyj

E(nlé=x.¢& =
(77‘,‘51 Xp>t G, J._ooff xl,---,xp,yj)dyj

B

which means the following equation:
E(77, ‘51 = Xl,-.-,ép = xp) :Ej(xli""xp)~

Again using unified expression of conditional mathematical expectation,
we have the following expression:

E(nf‘51’”"@)zgf(gl""afp)- (5.6.24)

Finally, we define 0, 7, P respectively as the following:

)
ey )

I1>

Q

—_

>

F

—_

P q
Pé(Hf;x]x HP]y .
i=1 j=1
Then we obtain the total probability space (Q2,.#, P). By this, we can
define a vector-valued random vector (&,77) : Q — R”™ as follows:
E:Q->R”

0)=(u1,-~-,up,v1,--~,vq) Hég(a))é<§1(ul)a"'a§p (up)) (5.6.25)



178 Fuzey Systems to Quantum Mechanics
n:Q— R
0= (st i, ) > (@) 2 (1, (0) 1, (3,)) (56:26)
If we set the following symbol:
E| &2 (E(m]és&, ) E(n, |56, )
and notice Equation (5.6.22), it follows from (5.6.24) that
E(m|&)=E(n]é. <))
~(B(n )&, o,
= (5(&0 8 )5, (E028))
=(5,(&),+5,(8)) =5(&)

This completes the proof. O

Remark 5.6.2 For every j€{l,2,---,q}, we take the conditional prob-

ability density function as follows:

f,-(xp""xpayj)
J.j:]j(xl,---,xp,yj)dyj

fj()’j‘xl,"',xp)é

Py (% x,0,) 7 (020
[fo]xn
.[Y, P (xl’m’xp’yj)dyj
Then (5.6.20) and conditional variance can be shortened as
E(n/ ‘gl = xl’.”’gp = xp)
(5.6.28)

+00

zgj(xl,...’xp)zj'_w »,f (yj ‘xl,"',xp)dyj
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D(U,‘é :xlﬁ"'aé:p :xp):

. 5 (5.6.29)
([l =y )] 5o s ),
respectively. We should also put
D6 =4, =x,) (5.6.30)

é(D(’?l‘é =x,¢ =xp),...,D(77q‘§l =x, ¢ zxp))

This is a vector-valued conditional variance. Noticing the following
equation

D(n|&(@)=D(n]é =x,-&, =x,),
its unified expression is as follows:
DG &) =(D(n1&),+D(n,1€)). (5.6.31)

Moreover, the probability distribution function of the random vector as
the form (51 T cfp,nj) can be expressed as the following:

Fj(xl’m’xp’yj)éPj(§1 <x1,~--,§p < X577, <yj)

[ (5.6.32)
:J:OO"'J‘;J.:fJ(u“""u"’v-i)dul du,dv,.

Besides, it is not difficult to write out every marginal probability density
function and marginal probability distribution function. O

Remark 5.6.3 For the more tight expression, let

F(x,y)éF(xl,---,xp,yl,-~-,yq)

(5.6.33)
£ (5 sty o5,
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for any x:(xl,---,xp)e]R” and y:(yl,--~,yq)eRq. Then we see

from (5.6.32) that F(x, y) is just the probability distribution function of
the random vector (&,77) . Similarly, putting

f(x,y)éf(xl,'--,xp,yl,m,yq)

(5.6.34)
é(fl (xp...’xp,yl),...’];(xl,...,xp,yq))

we may also formally consider that f(x,y) is the probability density
function of the random vector (&£,77) . i

Example 5.6.1 In (5.6.19), taking & being Mamdani operator, Zadeh
operator, Lukasiewicz operator, Godel operator, Dubois-Prade operator,
Goguen operator, Wang operator, Einstein meet operator, Einstein union
operator and Larsen operator, respectively, we immediately obtain vari-
ous typical probability distributions of concerned p input and g output

fuzzy systems, that is, Mamdani distribution, Zadeh distribution,
Lukasiewicz distribution, Godel distribution, Dubois-Prade distribution,
Goguen distribution, Wang distribution, Einstein meet distribution,
Einstein union distribution and Larsen distribution. In order to give a
demonstration, put & =6, """ that is Gaines-Rescher operator as the

following:

(V(a,b) < [0,1]2)£9H(a,b) 2 {1’ a= bj .
0,a>b

Then we have the following expression:
n p
P (%, )= v O | A sy (%) 1 ()

1, (Hk)(gﬂflﬁ(xi)gﬂ%(yj)j’

0, otherwise,

(5.6.35)
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and suppose that following condition is satisfied:

u H(ﬂk)(ig py (%)<t (3, )j}} >0,

we also have the expression as follows:

x »
{(3k )[‘2] Ay (i) Sty (s )}

o ({(3")(5 ta, (x) < g, (¥ ")j}j

where 17" is Lebesgue measure on Borel o -field &7 in R”". The

fi(xx,.p,) = (5.6.36)

probability distribution with (5.6.36) for probability density function is
called Gaines-Rescher distribution with parameter (p+1,7,v) and

denoted by GR(p +1,n,V), in other words,
(517'"7‘/:1;7771) ~GR(p+1,n,v),
i.e., the random vector (51 5 Ss 77_1.) obeys GR(p+1,n,Vv). O

Remark 5.6.4 By (5.6.36), we can see that Gaines-Rescher distribution
is a uniform distribution. It is not good that a fuzzy system possesses uni-
form distribution, since output of such a system is no more than a step
function. In the next section, we will discuss this problem. O

5.7 A Conclusion on Uniform Distributions in Fuzzy Systems

For brevity, the discussion in this section shall be restricted to single-
input single-output fuzzy system and (€2, .#, P) will denote probability
space related to such a system. Considering probability distributions
given in Examples 5.4.3 to 5.4.7, i.e., Lukasiewicz distribution, Godel
distribution, Dubois-Prade distribution, Goguen distribution and Wang
distribution, we can find out that they have a common attribute that is
local uniformity. In probability theory, uniform distribution is one of



182 Fuzzy Systems to Quantum Mechanics

familiar probability distributions of continuous type and actually reflects
rather simple or rather ordinary uncertainty problems. However, local
uniformity that acts as inner kernel of fuzzy system and even its extreme
case, i.e., global uniformity (uniformity, for short) reflects an important
property of fuzzy system: From the viewpoint of active meaning,
local uniformity may be understood as a kind of robustness.
5(x)=E(n|<& =x) takes a constant value in a certain locally measura-

ble set D € F ,i.e., forany o= (x,y) € D, we have

E(n|é)(w)=E(n|é=x)=s5(x)=const. (5.7.1)

From the viewpoint of passive meaning, local uniformity embodies a
kind of slowness. Output of the system is a step function on this region
as being D .

When considering a certain characteristic of something, it is an
efficient method to let this characteristic be in the extreme on purpose.
We now let the local uniformity be in the extreme, say turn to study
global uniformity, and look at what output response the fuzzy system
makes here.

Theorem 5.7.1 Given a single-input single-output fuzzy system, the re-
lated notations are same as described before, and (€2,.#, P) is probabil-

ity space related to it, where Q= X xY . If probability distribution of
this fuzzy system is uniform distribution (global uniformity) and its
probability density function is

f(an/): ZXXY(x’y)’ (572)

1
(X xY)

where /12 is two-dimensional Lebesgue measure and ,u2 (XxY)>0 is

assumed, then output of the system is a step function, i.e., §(x) =const .

Proof. By the condition £°(XxY)>0, we can see that '(Y)>0,

where ,ul is one-dimensional Lebesgue measure. According to the re-
sults discussed before, we have that for any x € X , it holds that
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_ [y e p)dy
S =E@|é=x)=22—"""—

+o0 . q
[ f@ndy 573
Iyydy ¢
= = ——— = const
J. dp w(¥)
Y
where ¢ = IY ydy . Thus §(x)=const. i

In general, for any one system, whether it is deterministic system or
uncertain system (including fuzzy system), if output of this system is a
step function, then this system is undoubtedly an ordinary system and
has no applicable worth but only certain theoretical signification. This
enlightens us on proposing one important problem: For a non-ordinary
uncertain system S, when constructing a function 5(x) that represents
this system, either if select an unapt fuzzy implication operator € or if
adopt an unapt algorithm for construction of system (for example, CRI
method is an algorithm for construction of system and triple I method
can also serves as an algorithm for construction of system), then shall it
happen that representation §(x) of system, obtained in conclusion, is
only a step function, i.e.,5(x)=const ? Obviously, the answer is posi-

tive. However, the further problem is much more significant: If an algo-
rithm for construction of system results in 5(x) =const for many fuzzy

implication operators @, then is it yet feasible to use such an algorithm to
construct system?

5.8 Probability Representations of Fuzzy Systems Constructed
by Triple I Method

We turn to survey CRI method again. This algorithm first needs group of
rules of fuzzy reasoning (refer to (5.2.1)) that is equivalent to functional

relationship s, next forms fuzzy relation R of reasoning related to
every rule by some fuzzy implication operator €, where i =1,2,---,n,

and finally these fuzzy relations are synthesized to be a total relation by
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means of R :UR[ which is with the reasoning meaning by logical
i=1

“union”. Then the action of logic has been over. How to realize s 9

Zadeh’s CRI method relies to fuzzy transformation (called relation com-

position as well) “o”, i.e., for every 4 € #(X), it obtains the follow-

9,

ing reasoning result by means of the operation “o
B= AoRe F(Y).

We may say that this is entire content of CRI method.
In [20, 21], Wang has thought that CRI method is outcome of mixed
use of implication operator and relation composition (so as to come

down to a simple interpolation problem[6’7’13’20’21]), and it is not proper

from the viewpoint of logic. For this reason, he has proposed triple I

method where all of steps have logical action 221247271

The triple I method is as follows™™”*"; Suppose that 4 € #(X)and
Be F(Y) are known. Given one A €.F(X), find the “least”
B" € #(Y) so that the following implication expression:

(1,0 = p13(1) = (12, () > p1,. () (5.8.1)

takes the greatest possible value forall xe X andall yeY .

Note that finding the “least” B” € /#(Y) mentioned above can gained
rather good treatment just in semi-ordered Banach space in general and
certainly needs to use variational method in addition. In order to clarify
idea, we herein do not touch upon tool of nonlinear functional analysis
briefly. In fact, for some special situations, the use of elementary method
can accomplish to resolve the problem.

For requirement below, we make a little of formal change of (5.8.1).

Noticing that implication expression ( M, (x)—> ,uB(y)) is actually a

binary relation, we can naturally denote it by the following form:

(6, ) =2 (p,(%) > 11, (»))
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according to conventional notation of binary relation. Then (5.8.1)
changes to the following form:

1 (5, 3) > (. () > 11, (). (5.8.2)

How to use triple I method in construction of fuzzy system §(x)?

Obviously, all of steps in process of formation from S to total relation R
of reasoning have logical action. The process of production from R to
s~ alone has used relation composition (also called fuzzy transfor-

[T 1}
o

mation) ,l.e.,

o F(X)—> F(Y), A B=0o(4)= AoR.

Now we use triple I method to replace this step, i.e., for any
Ae F(X), the result of reasoning B € . #(Y) obtained by triple 1

method should be the least fuzzy set so that the following implication
expression:

/‘R(x:y)_)(/uA(x)%/uB(y)) (5.8.3)

takes the greatest truth value for all (x,y)e X xY . It is trivial that
(5.8.3) and (5.8.2) coincide essentially.

Remark 5.8.1 We have known that there are three implication operators
“—”1in (5.8.1) from left to right. Usually, they are taken as a kind of
implication operator. We can easily understand (5.8.3) analogously.
HUp(x,) in (5.8.3) apparently has no symbol “—> " of implication oper-

2

ator, but as a matter of fact “— > is involved in g, (x,y) in hidden

form. As a matter of fact, writing out £4,(x, ), we have

H (5, 9) = N g (%, 1) = v O, (), (1))

Replacing symbol “ & of implication operator with “— ", we have the
following equation:
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U 9) =Vt (6, 9) = v (11, (1) = 41, ()

Note that for any given (x,y) € X XY there must exist i, € {1,2,---,n}
such that

#a (5, 9) = g, (6, ) = (12, () > 1, ().
Substituting this into (8.3), we obtain the following expression:
(224, ) > 115, ) > (12,0 > 1, ().

If we ignore subscript “i,”, then this expression and (5.8.1) coincide
completely. O
Theorem 5.8.1 Given a single-input single-output fuzzy system, the re-

lated notations are same as described before. If take fuzzy implication
operator 6 =6, (i.e., Mamdani operator) then fuzzy system constructed

by triple I method and fuzzy system constructed by CRI method have
same probability distributions. In other words, fuzzy systems constructed
by two methods described above are equivalent under condition of
Mamdani implication operator.

Proof. We obtain total relation of reasoning by Mamdani implication
operator 6, and according to (5.2.1) to (5.2.3), i.e.,
1 (6 0) =V O (4, (00, 1y () = v (1, 0 Aty ()

For any given 4 € #(X), result of reasoning B € #(Y) that will be

found by triple I method should be the least fuzzy set so that the follow-
ing implication expression

L (5, YA (1, () A py (0)) = (2 (6, ) A g, () A 225 (9)
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takes the greatest truth value for all (x, )€ X xY . It is not difficult to
verify that such a B should be

ﬂB(J’)=sup{/lR(x,y)/\ﬂA(x)|xEX}
:x\e/x[”A(x)/\ﬂR(an’)], yeY

Notice that this expression is just (5.2.6). Then, by (5.2.8) to (5.2.11) and
(5.3.1) to (5.3.2), we have

PG Y) = v (1, () A s, ()
which is (5.4.2). Taking probability density function as follows

a P V) X vy
S x) H(2,n,913,v)’

we can see from Example 5.4.1 that random vector of representing
the system (&,77) ~ Mam(2,n,V). Therefore, fuzzy system constructed

by triple I method and fuzzy system constructed by CRI method are
equivalent. m|

For requirement of below discussion, we introduce the concept of a
degenerated fuzzy system and recommend the thinking of a restriction of
fuzzy system onto a certain measurable set.

Definition 5.8.1 Let two fuzzy systems S, and S, be related to same
one probability space (€,.#,P) and let f,(x,y) and f,(x,y) be
probability density functions of S, and §,, respectively. If there exist a

set as the following:
De B N(XxY)2{BN(XxY)|Be 5]

and a constant ¢ €[0,+00) such that
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(V(x,») € D)(fi(x,y) =cf,(x, 7))

, (5.8.4)
(V(x.») e D*)(f(x.0)=0)

then S, is called a degenerated fuzzy system of S, , or a degeneration of

S, , for short. O

Definition 5.8.2 Let a fuzzy system S be related to probability space
(Q, #,P) and let f(x,y) be probability density function of S. For

every B e £, if the following conditions are satisfied

0< IB f(x, y)dy < +oo, IBIyIf (x, y)dy < +o0
then we put the following expression:

[ o (ey)dy
[ feandy”

5l ()= (5.8.5)

and we call 5 |, (x) a restriction of system 5(x) onto the measurable

set B. O

Theorem 5.8.2 Suppose that two fuzzy systems S, and S, are related
to same one probability space (€2,.7,P), f,(x,y) and f,(x,y) are
probability density functions of S, and S, , respectively, and S, is a
degeneration of S,. Let x€ X and B € 5, be any given, where 5, is
Borel o-field in Y. If .L; f,(x,y)dy >0, then there exists a set as the

following:
B e 5,NB2{4ANB|Ae 5}
such that 5 | . (x) =75, |,. (x). Especially, 5,(x) =35, (x) when B =Y.

Proof. Take x € X and B € 5, arbitrarily. Since S, is degeneration of
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S, , there exist a measurable set De &’ (1(XxY) and a constant
c €[0,4+©) such that f,(x,y) and f,(x,y) satisfy (5.8.4). If c=0,
then f,(x,y)=0 for all (x,y)e X xY and jBﬁ(x, y)dy > 0 does not

hold, i.e., the assumption does not hold. Hence, c # 0.
Then it is not difficult to see that({x} x B ) (1D # J Take a set as the

following:
B 2{yeB|(x,y)eD}.

Below, we verify that B’ is measurable. In fact, since B is measurable,
so is {x}x B . Again since D is measurable, so is ({x}xB)ND. And

B is a projected image of ({x} x B ) (1D onto B. It is well known that

projection is measurable transformation. So B’ is measurable too. This
shows that B" € £, B. And noticing the following fact:

[ AiGedy =] £ p)dy >0,
we have the following result:

[ i Cendy [ vef, (e p)dy
[ Sxdy . [ e pdy
I ACS

A

51y (0=

(x)

This proves the first conclusion 5, | . (x) =75, [,. (x). The second con-

clusion is trivial. |

Theorem 5.8.3 Given a single-input single-output fuzzy system, the re-
lated notations are same as described before. If take fuzzy implication
operator & =6, (i.e., Wang operator), then fuzzy system constructed by

triple I method and fuzzy system constructed by CRI method have same
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probability distributions. In other words, fuzzy systems constructed by
two algorithms described above are equivalent under condition of Wang
implication operator.

Proof. We obtain total relation of reasoning by Wang implication opera-
tor 8, and according to steps (5.2.1) to (5.2.3), i.e.,

) = 0, (11, (), 15, ()
1, (31) (12, () < 11, ()

i/l [(1 —H, (x)) Vv Hy (y)} , otherwise.

For any given A € #(X), result of reasoning B € #(Y) that will be

found by triple I method should satisfy the following expression[zo’m :

15(y) = sup{ s (x, ) A p (¥ x € E, }
= v @A), yel, (5.8.6)

E, ={xeX[l-u,(0) <, (x, )}

Now for any given a point as an input x’ € X , we make a fuzzification
on x', i.e., we can define a singleton fuzzy set: 4 = {x'} which is as

I, x=x'

the form: £, (x) :{ Substitute 4" into (5.8.6) and distin-

0, x=#x".

guish the following two cases.

Casel. Ifx' e Ey , then Ey = {x'} is a set with one element, so that
ty (V)= N [, () A (5 9)] = i (%', 9)
17 (al)(/uAl (x’)S/uB, (Y)),

v [(1 -, (x’)) V iy (y)}, otherwise

i=1
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Case2. If x'¢ Ey , then Ey =, and so we have the equation:
e (y) = X\E/g [:UA'(X) A g (X, y)] =0.

In all, we have the following inference result:

) ¥ e E,.(30) (1, () < 1, 1)
)=y [(1=1, (v i, 0] ¥ € B (30 (m, (¥)> 1, ),
0, otherwise.

Thereby, if we learn that the point x € X is arbitrarily chosen, we

immediately obtain the following binary function:

L xeE,,(3i) (1, )< 1, (),

Py =3[ (1=, )V 1, ) ], x € E,L(30) (1, (6)> 1, ()

0, otherwise.

Let
H(2,n,6,,v,31)2 J‘XLp(x,y)dxdy.

If H (2, n,06,,Vv, 31) > 0, then we obtain the probability density function

as follows:

PX, V) X xy
(2,n,6,,v,31)

fl(x,y)=H

And then we denote the following two sets:
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D2 {(x, ) e Xx¥|xe £,.(30) (1, () < 1, )],

D, é{(x,y)eXxY‘ery,(Ei)(,uA[(x) >,uB[(y))}.

We easily see that D, and D, are set expressions of the first two condi-
tions of piecewise function p(x, ), respectively, and D, (1D, = .
If we put D = D,UD,, then the probability density function is also

expressed as the following:

hHx,y)= ) Xp, (X, )

H(2,n,¢90,v,31
(5.8.7)

n

v (1=, () v 11, ()]

i=1
i H(2,n,t90,v,3l)

Ap,

In order to compare result of triple I method with result of CRI meth-
od, we rewrite the probability density function in Example 5.4.7 as being
So(x,¥) . When x"¢ E, by definition of E, we have the following

inequality:
0=1-p,(x) 2 1 (x', ).

and so L4, (x',y) =0, ie., 1y (¥)=0. Thus it is not difficult to see that
f,(x,¥)=0 forall (x,y)e DIt is also obvious that

H(2,n,6,,v,31)=H(2,n,6,,v),

(V(x,») e D)(fi(x, ) = fo(x, 7))
Therefore, fuzzy systems constructed by two algorithms above are
equivalent under condition of Wang implication operator. O

The following shows that result of the above theorem can be extended
to quite general situations.
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Theorem 5.8.4 Given a single-input single-output fuzzy system, the

related notations are same as described before. If fuzzy implication
[14-17] .

operator @ satisfies the following conditions
P6) 0(0,b)=1,
P,) 6(1,b)=b,
P,) O(a,b)=1<a<bh,

then fuzzy system constructed by triple I method and fuzzy system con-
structed by CRI method have same probability distributions. In other
words, fuzzy systems constructed by two algorithms described above are
equivalent under condition of this implication operator .

Proof. We obtain total relation of reasoning by this fuzzy implication
operator & and according to steps (5.2.1) to (5.2.3), i.e.,

6 7) = v 0 1, (0, 1, ()

For any given input x' € X, first fuzzifying x" and then substituting the

obtained singleton fuzzy set A" into implication expression of triple I
method, we have

(X, )%, ») = (12, (X) = 115, ()). (5.8.8)

When x =x", by condition P, , it is easy to learn the following impli-

cation expression:
(114 (x) > 11, (M) = (11 (x) = 115, (0)) = O (1 115 (¥)) = 215 (),

and so (5.8.8) turns to £, (x',y) —> 4, (¥). Then, by condition P,,, the
necessary condition for implication expression /i, (x', y) — Uy (y) to

reach the greatest value 1 is (x', y) Sy ().

According to the basic demand of minimum for the membership func-
tion f4,(y), we should take s, (y)= (X', y). When x#x', by

condition P, we see the fact that
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(1, (x) = 11,(1)) = 0(0, 125, () =1,

which implies that implication expression i, (x, ) —> 1, () reaches

the greatest value 1 independently of £, () . In all, we have

(V) = 1 (X', 7).

This coincides with result obtained by CRI method. Thus it can be easily
seen that fuzzy system constructed by triple I method and fuzzy system
constructed by CRI method have same probability distributions under
condition of implication operator €. |

Corollary 5.8.1 Given a single-input single-output fuzzy system, the
related notations are same as described before. If fuzzy implication oper-
ator @ is one of the following operators:

6,(a,b)=(1—a+b)Al (Lukasiewicz operator),

1 a=0
0,(a,b)="" Goguen operator),
+(a,6) {(b/a)/\l, a>0 (Gog P )
1, a<b
O.(a,b)=1" Godel operator),
S(Cla ) {b, a>b ( p )

1
0,,(a,b) = {(1—611’ +bﬂ)p}A1, p>0

(generalized Lukasiewicz operator),

1 a<b
o b)y=3"
29(2,0) {1—a+ab, a>b

then fuzzy system constructed by triple I method and fuzzy system con-
structed by CRI method have same probability distributions, that is,
fuzzy systems constructed by two algorithms described above are
equivalent under condition of this implication operator .

Proof. 1t is easy to verify all of these fuzzy implication operators &
satisfy conditions P,, P, and P,,. Hence the conclusion is true. o
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Remark 5.8.2 The conditions P,, P, and P, described in Theorem

5.8.4 are only sufficient conditions but not necessary conditions. For
instance, Mamdani operator considered in Theorem 5.8.1 does not satisfy
conditions P, and P,;, but it also leads to the same conclusion as that

described in Theorem 5.8.4. m]

Theorem 5.8.5 Given a single-input single-output fuzzy system, the re-
lated notations are same as described before. If take fuzzy implication
operator 6 = 6, (i.e., Zadeh operator), then fuzzy system constructed by

triple I method is degeneration of fuzzy system constructed by CRI
method.

Proof. We obtain total relation of reasoning by Zadeh implication opera-
tor & and according to steps (5.2.1) to (5.2.3), i.e.,

1 9) = v 0, (11, (). 15, (7))
= \/1 [(1 = 11, ())V (12, () A (y))}

For any given 4 € #(X), the result of reasoning B € #(Y)that will

be found by triple I method should satisfy the following expression 20,211,

1
/uB(y) =Sup{,uA(x)/\,uR(x,y) XEEy’ /uR(x’y) >E}’ (589)

where
E, =sup{x e X[l-u,(x) <ty (x,9)}, ye¥

For any given input X' € X', we make the fuzzification on x', i.e., we
define a singleton fuzzy set:

I, x=x

4 (x) :{

0, x=x
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Substitute A" into (5.8.9) and distinguish the following three cases:

1
Casel: If x'e E, and p, (x’,y) > 5 then it is obvious that

1y (¥) = 11 (', 7)
=S[00 o ()2, )]

i=1

Case 2: If x'¢ E and (x',y)>% , then we have 1, (y)=0

similarly to handling in proof of Theorem 5.8.3.

1
Case 3: When 1, (x', y) < 5 , the conditional set in (5.8.9) is empty,
and so B'(y)=0.

Summarizing the above three cases, we have

p(x,y) =

Y[, ) (11, A1, 09) ] ¥ By () > (5810)

i=

0, otherwise.

Put the following symbol:

Dé{(x,y)eXxY

1
x€E,, 1 (x,y) >5},
And we let

H(Z,n,ﬁg,v,:”l) = H p(x, y)dxdy .

D

If H(2,n, 6’8,\/,31) > (, then we can take
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(X, V) X0
(2,n,6,,v,31)

Sty =—
{i[(l—m’ (x))v(ﬂA, (X) A (y))]}ZD (5.8.11)

H(2,n,0,,v,3])

Regard f,(x,y) as the probability density function that the random vec-
tor (&£,77) of this system obeys. Noticing (5.4.14) in Example 5.4.2, we

here rewrite itas f,(x,»),i.e.,

{\/1 (12, )V (12, () A (y))}} X

f(xy)= H(2,n,6,,v)

Putting the following constant:

s+ H(2,n,6,Vv)

¢ H(2,n,6’8,v,3l) ’

we have that the following equation:

cf,(x,y), (x,y)eD,

Si(x,y) =

: 0, (x,y)e D*
This implies that fuzzy system constructed by triple I method is degener-
ation of fuzzy system constructed by CRI method. O

Remark 5.8.3 Here it is necessary to say a few words about Sup opera-

tion and inf operation. For example, we consider sup f(x), where E is
xeE

a conditional set. With regard to conditional set, when x € £ always

does not hold, sup f(x) is regarded as sup f(x). As well known,
xeE xed
sup f(x)=0, and so sup f(x)=0. Besides, by in£ f(x)=1, we can

xed xeE
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similarly understand the case of inf f'(x). According to this, in the case
xekE

1
3 in proof of Theorem 5.8.5, since i, (x', y) SE , conditional set on

“sup” of (5.8.9) must be regarded as empty set, and then

/JB'(y):Sup{ﬂA'(x)/\ﬂR(xay)|XE@}:0- o

Theorem 5.8.6 Given a single-input single-output fuzzy system, the re-
lated notations are same as described before. If take fuzzy implication
operator 6 =6, (i.e., Larsen operator), then fuzzy system constructed by

triple I method obeys uniform distribution, in other words, output of such
a fuzzy system is a step function, scilicet, this system is ordinary fuzzy
system.

Proof. We obtain total relation of reasoning by Larsen implication
operator @,, and according to steps (5.2.1) to (5.2.3), i.e.,

1) = v 0, (12, (0, 11, () = v (1, (1) 1, ().

For any given 4 € (X)), result of reasoning B € #(Y) that will be

found by triple I method should be the least fuzzy set so that the follow-
ing implication expression

(IUR (x,) > (;UA (xX) = py (y)))

=[i'v'l(m,. () 41y (y))](m(xm(y))

takes the greatest truth value for all (x, y) € X xY . Let

xeX

E= {y €Y |sup {[vl(m (x) - p, (y))} A (X)} > 0} - (5812

It is not difficult to verify that such a B is only as follows:
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I, yeE

/UB(y):{O, yeY\E

Again put D = X x E . Then we have

x.7) {1, (x,y)eD
X =
PR =0, () e D

Let ,u2 be two-dimensional Lebesgue measure and put

H(2,m,0,,v.31)2 [ [ p(x.y)dedy = (D)

If H(2,n,6,,,v,31) >0, then we can take

flxy)2 25 (x,).
H( )

1
2,n,0,,v,31
Regard f(x, V) as probability density function of random vector (&,77)
of this system. Then fuzzy system constructed by triple I method obeys

uniform distribution. m|

Theorem 5.8.7 Given a single-input single-output fuzzy system, the re-
lated notations are same as described before. If, in CRI method, “o” in
operation B = AoR of relation composition is realized by (A,V) and
if, in triple I method, three implication operators “— " in (5.8.1) are not
restricted to be same one fuzzy implication operator, then CRI method
can be considered as a kind of triple I method under appropriate choice
of implication operators.

Proof. Suppose that, in £, (x, ) —)(,uA(x) —),uB(y)) of (5.8.3), the

2

first implication operator, i.e., implication operator “—»,” involved in
Uy (x, ) takes arbitrary fuzzy implication operator “6”, and the second
implication operator “—>,” and the third implication operator “—>,” take
Mamdani operator, i.e., =, =—>3é A . Then (5.8.3) becomes to the

following expression:
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H (6, ) A (1, (X) A 15 (3)) -

By triple I method, we induce the following equation:

1) =V (14,0 A (3, ))

This is just the result of CRI method. m|

Remark 5.8.4 The step of “relation composition” in CRI method appar-
ently seems to be in defect of logical action. Actually, implication action
of logic is hidden in “relation composition”. Just as explicit function and
implicit function in mathematical analysis, triple I method is a kind of
explicit implication action and CRI method is a kind of implicit implica-
tion action that can appear explicitly under certain condition as in Theo-
rem 5.8.7. However, note that explicitness for CRI method in Theorem
5.8.7 is quite simple one, and there are also various forms of explicitness.
Besides, if three implication operators “—> " in triple I method are not
restricted to same one fuzzy implication operator, then CRI method can
be regarded as a special example of triple I method. In this sense, triple I
method is more general than CRI method. Since triple I method has good
logical foundation and contains an idea of optimization of reasoning, it
shall possess beautiful foreground of application. O

Remark 5.8.5 By comparing two algorithms for construction of fuzzy
systems, i.e., CRI method and triple I method, through consideration of
examples, we have discovered that if three implication operators “— " in
triple I method are prescribed as same one fuzzy implication operator,
then for fuzzy systems constructed by CRI method and triple I method in
terms of same one fuzzy implication operator the following three basic
situations happen:

1) Fuzzy system constructed by CRI method and fuzzy system con-
structed by triple I method are equivalent;

2) Fuzzy system constructed by triple I method is degeneration of
fuzzy system constructed by CRI method;

3) Fuzzy system constructed by triple I method is uniformly distri-
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buted, but for same one fuzzy implication operator, fuzzy system con-
structed by CRI method is not uniformly distributed. m|

5.9 Conclusions

This chapter has discussed probability representation problem of fuzzy
systems in detail and opened out that there exists close relation between
fuzzy systems and probability theory. The main results are as follows:

1) It has been pointed out that COG method that is a defuzzification
technique commonly used in fuzzy systems is reasonable and is optimal
method in the sense of average square.

2) Based on different fuzzy implication operators, several typical
probability distributions such as Zadeh distribution, Mamdani distribu-
tion, Lukasiewicz distribution, etc. have been given. They act as “inner
kernels” of fuzzy systems.

3) Based on some properties of probability distributions of fuzzy
systems, it has been explained that CRI method, proposed by Zadeh, for
construction of fuzzy systems is logical basically and effective.

4) The special action of uniform probability distributions in fuzzy
systems has been characterized. In general, for any one system, whether
it is deterministic system or uncertain system (including fuzzy system), if
this system has only step output, then it is undoubtedly an ordinary sys-
tem and has no applicable worth but only certain theoretical significance.

5) The step of “relation composition” in CRI method apparently seems
to be in defect of logical action. Actually, implication action of logic is
hidden in “relation composition”. Just as explicit function and implicit
function in mathematical analysis, triple I method is a kind of explicit
implication action while CRI method is a kind of implicit implication
action that can appear explicitly under certain condition as in Theorem
8.7. However, note that explicitness for CRI method in Theorem 8.7 is
quite simple one, and there are also various forms of explicitness.

6) By comparing two algorithms for construction of fuzzy systems,
i.e., CRI method and triple I method, through consideration of examples,
it has been discovered that if three implication operators “—>" in triple I
method are prescribed as same one fuzzy implication operator, then for
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fuzzy systems constructed by CRI method and triple I method in terms
of same one fuzzy implication operator the following three basic
situations happen: a) Fuzzy system constructed by CRI method and
fuzzy system constructed by triple I method are equivalent; b) Fuzzy sys-
tem constructed by triple I method is degeneration of fuzzy system con-
structed by CRI method; ¢) Fuzzy system constructed by triple I method
is uniformly distributed, but for same one fuzzy implication operator,
fuzzy system constructed by CRI method is not uniformly distributed.

7) If three implication operators “— " in triple I method are not
restricted to same one fuzzy implication operator, then CRI method can
be regarded as a special example of triple I method. In this sense, triple I
method is more general than CRI method. Besides, triple I method intro-
duced an idea of optimization into reasoning, that is a much important
innovation. Thereby, the theory of support degree was also proposed, that
has deep theoretical significance as well as beautiful foreground of ap-
plication and is worthy to lucubrate and to apply experimentally.

8) Just with COG method, the relation between fuzzy systems and
probability theory has been communicated. From the viewpoint of meth-
odology, in a certain bound, one may use method of probability theory to
investigate fuzzy systems. From the viewpoint of philosophy, uncertainty
originally contains randomness as well as fuzziness. Randomness and
fuzziness are often interwoven, so that it is very difficult to divide up
them.
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Chapter 6

Fuzzy System Representations of
Stochastic Systems

6.1 Introduction

Uncertainty systems have played more and more important role in many
areas such as control theory, system engineering, artificial intelligence,
behavior science, social science, etc. As we all know, uncertainty of sys-
tems are usually with respect to randomness or fuzziness. So if people
focus on randomness of an uncertainty system, they must use probability
theory or stochastic process to describe the system, which uncertainty
system is called a stochastic system; if people pay attention to fuzziness
of an uncertainty system, they often treat the system by using fuzzy set
theory, which uncertainty system is called a fuzzy system. Clearly, it is
interesting to communicate the relationship between probability theory
and fuzzy set theory with respect to uncertainty systems. This paper will
research the relationship between probability theory and fuzzy set theory
when they are used to deal with un-certainty systems.

6.2 Sketch of Fuzzy Systems

We consider Figure 6.2.1 that shows a single-input single-output open-
loop system S . We have known that if this system § is a deterministic
system then one may use the conventional method to make a mathemati-
cal model of the system and find a solution y(x) of the model by ana-
lytic or numerical methods. In this way, this system shall be regarded
as having been mastered basically. Then the system § may be simply

205
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understood by a function, denoted by a mapping as follows, where the
set X is the input universe and the set Y is the output universe:

s: X oY, x> y=s(x).

The system is formally denoted by s =S(X,Y).

x y =s(x)

AN S

Fig. 6.2.1. Single-input single-output open-loop system

However, for an uncertain system, we cannot use the conventional
method to get a “crisp” or “accurate” the function §. Having to reduce
the request, we try to obtain an approximate function s as follows:

s: X oY, xHyég(x), (6.2.1)

such that s(x) approximates s(x) as close as possible. With stochastic

viewpoint to understand above problem there is such meaning: randomly
take a point X in X and put into the input channel of system S, and
after enter S there exists an output point y(x) in the output channel of

system S to correspond the input point x. However, what point in ¥
should be taken as y(x) is unknown beforehand. This means that for

system S there are two random variables & and 77 that are defined re-
spectively in probability spaces ( X.,5 ,PI) and (Y ,EZ,PZ), where &
and &, are O -fields on X and Y respectively, and P, and P, are
probability measures on &, and £, respectively.

For convenience, we always assume that X and Y are measurable
sets on real number space R . Evidently 77 and & depend on each other,
that is, there is a Borel measurable function g such that 77 = g(&)
which ought to coincide with y=s(x), ie., 7=s(&). We want to
determine a Borel measurable function §(&) so that 77 and 5(&) are

closed up to the best, and then 5 may be regarded as an approximation
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of s, where the existence of E(?]z) and E[(S(f))z} are assumed. The

“closeness” herein needs a criterion, and the most commonly used one is
“least squares method”. Then we have to demand that

E[(n-s©)" |=inf {E[ (n- (&))" ]}.

where @ varies in a kind of space of Borel measurable functions. We
have known that conditional mathematical expectation should meet the
demand; so we can put s(&) £E (77|§) . This shows that random varia-
ble 5(&) is the optimal approximation in mean square to random varia-
ble 77. But, it is only of formal meaning as we have not got any probabil-
ity information about random vector (£,77) . Now we start to do the
work.

Taking Q=X XY, F =B XL, , and P=PXP, , where F is
Borel O -field generated by Cartesian product of Borel 0 -fields & and

B, , and P is product probability measure. Then we obtain joint proba-
bility space (Q,.#,P). With same notations, redefine & and 7 as ran-

dom variables on Q:

SR, (x,)) - &(xy) =5,

n: Q=R (x,y) =0 y) 20().
Thus (£,77) turns into a two-dimensional random vector on joint proba-
bility space (2,7, P). For any x€ X , when we {a)e Q|§: x}, we

have

s(x)=E(n|é=x). (6.2.2)

This means that s(x) becomes the conditional mathematical expectation
of random variable 77 under condition of random variable & = x.

If we master whole probability information on (&£,77) , especially
know continuous probability density f(x,y) of (£,77), then (6.2.2)

turns into the following equation which is easy handled:
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_ I: f(xy)ydy

s(=E(nlé=x)="= , (6.2.3)
[~ fCeydy
where the demands need that, for any xe X ,
+oo oo
[ 11 FGoydy <eo, 0< [ F(x, y)dy <o,
Clearly in actual computing, (6.2.3) should be the following:
I J(x. y)ydy
s(x) == (6.2.4)

[ reendy

For an uncertainty system S , if we can know the continuous probabil-
ity density f(x,y) on the system, s defined by (6.2.4) is called a

continuous stochastic approximation system of S, or a continuous
stochastic system of S . But in our mind, we should know that the
continuous stochastic system s is with regard to an uncertainty system

S . So after time when we say a continuous stochastic system s, it

always has above meaning. Besides for convenience, a continuous
stochastic system s is also denoted as the following:

s=8(X.Y,f(x,9). (6.2.5)

Be careful that (6.2.4) and (6.2.5) use the same symbol s, which means
that s has two meanings: it not only abstractly expresses a continuous

stochastic approximation system, but also indicates correspondence rela-
tionship between X and Y .

6.3 Fuzzy Reasoning Meaning of Stochastic Systems

For convenience, we need to introduce some concepts. Given a universe
X, A= {Ai|1 <i< n} is a family of normal fuzzy sets on X , i.e.,
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(Vie (1,2,--.n}) (A € X)(u, (x)=1).
where x, is called peak point of A ; of course, the peak point is not

unique. .4 is called a fuzzy partition of X , if it meets the condition:

(Vxe X)(Zn“% (x)zl) (6.3.1)

It is not difficult to verify that such fuzzy sets have Kronecker property:

L=
My, (x.i):é:ii:{o’ llij

Besides for proving the following main theorem, we have to give two
lemmas. These two lemmas are with respect to integral with parameter.

Lemma 6.3.1 Let f(x,y) be a binary continuous function on X XY,

where X = [al,bl] and Y = [az,bz] are finite real number intervals. For

bZ
the integral with parameter /(x) = j f(x,y)dy, we have such a result:

for arbitrarily given € >0, there is always a common & >0 without
dependent of parameter x such that, for any partition:

a,=y,<y <<y, =b,,
as long as A= maX{Ayl.|i =1, 2,---,n} < 0, then the Riemann sum of

I(x),ie. Z f (x, & )Ayi , uniformly holds the condition that
i=1

where Ay, =y, —y, , (i=1,2,---,n) and & takes its value in [yH,yl.]

(Vxe x)[

I0=2 f (x.6)8,

arbitrarily.
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1
Proof. For arbitrarily given £>0, let 6, =—,k=1,2,---. We can
Yk

prove that there must exist a k such that that § = &, meets the conclu-
sion of the lemma. If it is not, then for every k, exist X, € X and a
partition:

() 03 * _
a,=y, <y <<y~ =b,

1y

of Y and a kind of taking value way of fi(k) € [ yl.(fl) , yl.(k )] , although

A =max{Ay®|i=1,2,-.n} <6,

I(xk)_if (xk’é(k))Ay;k)

i=1

we have >e. As {x,} is a bounded se-

quence, it has a convergent subsequence {xk} such that x, ———x,.
J J

Noticing §, —==—0, so we have the following inequality:

0<e<lim I(xk/_ )_if(xkj,é(kf))Ayfkf)
i=1

:‘I(x*)—_[: f(x*,y)dy‘ =0.

This is a clear contradiction. O

Lemma 6.3.2 Let f(x,y) be a binary continuous function on X XY,
where X =[a,,b] and Y =[a,,b,] are finite real number intervals. For

the integral with parameters follows:
by
100=" f(x,»dy,

if the condition (‘v’xe X )(I (x)> O) holds, then there exists a 0 >0,

such that for any partition:
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4, = Yy <y <<y, =b,
of Y and any kind of taking value way of & in [ Vit yl.], the Riemann
sum i f (x,fi )Ayi of I(x) must satisfy the following implication:
i=1

A= max{Ay,

i=1,2,,n}<d
= (xe X)(Zf(x,é)Ayi >0j
i=1
Proof. Firstly, it is easy to know the following fact:
by
I(x)= L f(x,y)dye C[al,bl].

Thus there exists the least point of x, € X for I(x) in X such that the
condition (Vxe X)(I(x) 21 (xo)) holds. Taking £=1(x,) , from

lemma 6.3.1 we know the fact that there exists a 0 >0 such that for any
partition of Y, we have
a4 =Yy <) <<y, =b

and for any kind of taking value ways of é:, in the subinterval [yH, yl.] ,

the Riemann sum Z f (x, & )Ayi of I(x) must meet the implication:

i=l

S (0 &)Wy, > ) —e21(x,)-£=0.

/1<5:>(xeX)(

100-3 f (x &),

Then we have the following inequality:

This is uniformly true for all xe X . o
Based on Lemma 6.3.2 and by using the way in the proof of Lemma
6.3.1, we can easily prove the following lemma.
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Lemma 6.3.3 Let f(x,y) be a binary continuous function on the uni-
verse X XY , where X = [al,bl] and Y = [az,bz] are finite real number

intervals, and it is with the condition:
by
(Vxe X)(J. £ (x, y)dy >0).

For arbitrarily given £ >0, there is always a common ¢ >0 without
dependent of parameter x such that, for any partition:

a,=y,<y <<y, =b,,

as long as lzmaX{Ayi|i=1,2,--~,n} <0, then

‘Lbzf(x’ ¥)ydy Zlf(x,é)éAyi
“::f(X,y)dy .

<€&

is uniformly true for all xe X , where Ay, =y, -y, (i=1,---,n) and

fi takes its value in [ Vi yl.] arbitrarily. ]
Theorem 6.3.1 Given a continuous stochastic system as the following:

s=8(X.Y, f(x,y)),

where X =[a,,b,| and Y =[a,,b,] are finite real number intervals. If

the following condition is satisfied
by
(Vxe X)(J. £ (x, y)dy >0),

then there exists a group of fuzzy inference rules:
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If xis A then y is B,,i=1,2,---,n, (6.3.2)

l

where A € #(X) and B, € #(Y) such that the fuzzy system s con-

structed by the group of fuzzy inference rules can approximate the
continuous stochastic system s to arbitrarily given precision.

Proof. Noticing (6.2.4), we make a partition of interval Y as the
follows:

a,=y,<y <<y =b,,
and write 7é(y1,y2,---,yn),Ayi =y,—Yy ,,i=L2,---,n, and
A=max{Ay|i=12,,n}.

Then we make two Riemann sums of f(x,y)y and f(x,y) on Y re-
spectively, with respect to the partition and the node group ¥, as the

follows:
Zf(xa yi)yiAyi’ Zf(x, Vi )Ayi‘
i=1 i=1
From the condition of the theorem and Lemma 6.3.2, we have the fact

i=1

that, 36, >0, if A<, then (xe X)(Zn:f(x,yi)Ayi >Oj. So we

have the following expression:

Ib f(x,y)ydy

s =E@E=x="5
J, £ pdy

=

f(x, y4)y.Ay4
: RS X, y; ) Ay, Y
i=1 = ' nf( y) > Vi :Z'UA:‘(x)yi’
f(x’yi)Ayi - Zf(x’yj)ij .
=
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where we have made a definition:

Ay,
p ()2 nf(x,y,) Vi 12

2 [y A,

and clearly Al.* € /(X). Now for any given an approximation precision
£>0, because f(x,y) is continuous, by using Lemma 6.3.3, 352 >0
and 0, <0,, when 1< 0, , forall xe X the following holds uniformly:

(=Y 4, 0,

£
<—. 6.3.3
> (6.3.3)

Based on the nodes yj(j =0,1,---,n), we can make n+1 fuzzy sets
B;(j=0,1,---,n) on Y, with demand of B; being a fuzzy partition on

Y and continuous on Y, which is regarded as a kind of fuzziness of
y; (j=0,1,---,n); for example, Bj can be taken as “triangle waves”

membership functions:

W, (y)= (y—yl)/(y()_yl)’ Vo <Y<y,
’ 0, otherwise;

(y—y‘,_l)/(y‘,—y‘,_l), Yia SYS Y
Hy () = (y—y‘m)/(y‘,—yjﬂ), Y <Y<V

0, otherwise,
,] = L 2" 9n_1’
_ (y_ynfl)/(yn_yn—l)’ yn—lgygyn’
My (y)= )
" 0, otherwise.

And make fuzzy sets A (i =1,---,n) as the following:
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,uA’_(x)énf(x—’yi), i=1,2,,n. (6.3.4)

;f(x’yj)

Let Aé{AJlSiSn} and Eé{BJlSiSn}. Regarding .4 and &

as linguistic variables that take their values in themselves, we form a
group of fuzzy inference rules as the same as (6.3.2):

If xis A then y is B, i=1,2,---,n.

Now we construct a fuzzy system by means of CRI method as follows.
Firstly, coming from i-th fuzzy inference rule of (6.3.2), every fuzzy
relation R, = A XB, on X XY is formed, where its membership func-

tion is
(VO y)e X XY) (1 (6, 9) = 1, () A 1 (3)).
Since the n fuzzy inference rules should be combined by logical “or”, a

whole fuzzy inference relation R = URi is obtained, i.e., for any binary
i=1
point (x, y)€ X XY, we have

1 (3 3) =V (7 =V (11, (0 1, (7))

For any a fuzzy set Ae (X)), a fuzzy inference result Be #(Y)

should be got by R, which is equivalent to a fuzzy transformation from
F(X) to F(Y) being introduced by R, denoted by “o”, i.e.,

o: F(X)—> F(Y), A->B=o(A)2 AR,
where its membership function is as follows

Uy (y)= xevX(ﬂA(x)AﬂR(x, y)), yeY. (6.3.5)
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For arbitrarily given an input x’€ X , for we may use (6.3.5), x” should
be turned into a fuzzy set A"e F(X) as i, (x) = ;[{x,}(x) , where %,

is the characteristic function of a set D . Substituting A’ into (6.3.5), we
obtain a result of reasoning B € #(Y) as follows

Hy ()= (¥,3) =V (11, (V) Aty (1), ¥EY . (636)

Since B’ is a fuzzy set, we have to obtain exact quantity y'€ Y by a
kind of defuzzification technique. From (6.3.6) we know that f, (y) is

piecewise continuous on Y . So we have that

b, by
J 5l (dy < oo, [ 7t (3)dy <.

by
Now we can prove the fact that J. My (y)dy > 0. In fact, if it not true,

bZ
ie., Lz Uy (y)dy =0, then since [, (y) is piecewise continuous on Y

and non-negative, we have the fact that £, (y) =0 ae. Y.

n
Because Zf(x', yl.) >0, there must exist a i, € {1,2,---,n}, such
i=1

that /1, (x')>0. Noticing (6.3.6), we know that £, (y)=0, ae. Y,

which is contrary with the definition of all B; being continuous normal

fuzzy sets. Thus we can put the following symbol:

bZ
;| ey
B a—
[ a3ty
Then we get the correspondence point y” in ¥ of x”. By the arbitrari-

ness of x", x"can be replaced by a general point x in X , and y’ is re-

placed by s(x).And we obtain a function s : X — Y as follows:
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If[fl(m,. (x)ngy))} ydy
5(0) & — : (6.3.7)

j:[fyl(m, (x)%].(y))}dy

§ is a fuzzy approximation system with respect to the uncertainty
system § , denoted by § =5Y (X Y, A, 5 ) Besides it is not difficult

to understand the following expression:

(Vxe X)(J-ZZ[\/I(,UA (DAL (y))}dy>0j.

By Lemma 6.3.2, we have that, 38, >0, such that when A < &, for any
appoint x€ X , we have the following inequality:

n

Z[i(m AL, (3, ))}Ayﬂ,- >0.

j=1
Noticing the Riemann sun of (6.3.7) and B, being with Kronecker prop-
erty, we have the following result:

n

Z[ yl (42, ) Aty (v, ))} y,Ay,

j=1

Z[vl(m () Aty (3, ))}ij

J=1

5(x)=

Zn:,uAj(x)yjij Zn:f(x,yj)yjij
_ =

_ J=l

Zi:ﬂAj(X)Ay,- if(x,yj)Ay,-

n , Vs A n
:Z nf(x %) AY, yi:Z,uA?(x)yl.,
EDNACS NI
j=1

(6.3.8)
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where we have put that
f(x.3) Ay,

f x,yj) Y

He (1) =
j=1

From (6.3.8) and Lemma 6.3.3, we know that 35, >0 and J, <9,
when A< 9, , forall xe X , the following holds uniformly:

S(0-Y 4, (0,

£
<—.
2

At last, take d =min{J,, 54} . When A<, for all xe X , the follow-

ing holds uniformly:

50— 50| =[50~ Y, 0y, + D 1, (), =50
<[F00- Y a0y, [+ S, (s <+ =

This means that fuzzy system s can approximate continuous stochastic
system s to arbitrarily given precision €. O

Example 6.3.1 Given a continuous stochastic system, where we take
X =Y =(—o0,00) and f(x,y) is a binary normal probability density as

being N(al,az,of,of,r) ,1.e.

1 ((x—al P 2r(x-a )(y—a:)g(y—az)2
2(142)[ o 010, 0’

1
fx,y)=———F——"¢
270,0,N1—r’
If we take r* = 0.5,a,=0,a,=0,0,=0.5, and 0, =1.5, then above

equation is as the following:

22 —[4x2_4fx),+g),2]

—€
RV

flx,y)=
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3 2 1 0 1 2 3

Fig. 6.3.1. Input cure of continuous stochastic system § (x)

Based on 30 principle, X and Y can be approximately taken as finite
intervals. For example, X is taken as [—3,3] by 60‘1, and Y is taken as

[-6,6] by 40,. By Theorem 6.3.1, we have the following equation and

its image can refer to Figure 6.3.1.

Now we consider the fuzzy approximation system's . First make a par-
tition of ¥ :

Yo==6,y=-5y,=—4,,,=5y,=6;

then make fuzzy sets B, (j=0,1,---,12) as Figure 6.3.2. 1, (x) are

defined as the following equation (see (6.3.4)), their images refer to
Figure 6.3.2.

My, (x) = 12f(x’yi) =— 2 42 4,
S i) 3T

J=1
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(AL
B, B 1 B,
-6 -5 -4 =3 -2 -1 0 1 2 3 5 6

Fig. 6.3.2. Membership functions of Bj

_______

-3 -2 -1 a 1 2

Fig. 6.3.4. Output cure of fuzzy system §
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We now calculate the following integral:

12

_[6 [1\_/1 (:UA,. () A ()’))} ydy

-6

b

s(x)=

r [.lzl(ﬂA, (X) A Ly, (y))}dy

which image refers to Figure 6.3.4. And the images of s(x) and s(x)
refer to Figure 6.3.5.

5 . . . . .
-3 -2 -1 ] 1 2 3

Fig. 6.3.5. The comparison cures of § (x) and s(x) when 4 =1, where

3

‘+++” indicates the cure of S (X) and “— represents the cure of §(X).

5]

g . . . . .
-3 -2 -1 0 1 2 3

Fig. 6.3.6. The comparison cures of 'S (x) and §(x) when A =0.5, where

«

.-+ indicates the cure of §(X) and “— represents the cure of §(X).
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If the partition nodes{ y j} are increased of double number, i.e.,

Y, =—6,y,=-55,y,=-5,--+,y,, =6,

then the approximation precision increases better, where the comparison
cures of 5(x) and s(x) refer to Figure 6.3.6. And if the partition nodes
{y j} are increased, then the cures of s(x) and s(x) are basically coin-

cident from Figure 6.3.7.

5

at

F . . . . .
-3 -2 -1 ] 1 2 3

Fig. 6.3.7. The comparison cures of § (x) and s(x) when A=0.1, where

«

.-+ indicates the cure of §(X) and “— represents the cure of §(X).

6.4 Fuzzy Reasoning Representations of Double-inputs
Single-output Continuous Stochastic Systems

Figure 6.4.1 shows a double-input single-output open-loop system S .
The input variables x and y take values in the input universes X and
Y respectively, and the output variable z takes values in the output uni-
verse Z . If this system § is a deterministic system then one may use the
conventional method to make a mathematical model of the system S

(for example, one can use the mechanism modeling approach to establish
a partial differential equation model) and find a solution z(x, y) of the
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model by analytic or numerical methods. In this way, this system shall be
regarded as having been mastered basically.

X

¥ S

Fig. 6.4.1. A double-input single-output open-loop system

Then the system S may be simply understood by a binary function,
also denoted by s, i.e.,

s: XXY —>Z, (x,y)l—)zés(x,y). (6.4.1)

When S is an uncertainty system, although it is hard to get a precise
function as (6.4.1), we may often obtain an approximate function as
follows

s:XXY—>Z, (x,y)l—)zég(x,y), (6.4.2)

such that s(x,y) and s(x,y) are very close. Just as stating in section

6.2, we still consider to realize above approximation thought by using
conditional mathematical expectation.
Let X,Y and Z be three measurable sets on real number space R,

and £, 17 and ¢ be three random variables defined on the probability
spaces (X,5,,P),(Y,5,,P,) and (Z,5,, P,) respectively, where 2,
L, and 5, are three Borel o -fields on X,Y and Z respectively,
and P, P, and P, are the probability measure on & , 5, and 25,
respectively.

Taking Q= XXYXZ , F £ BXLBXL, and P2 PXP,xP,, we
obtain joint probability space (€2, F,P), where . is the Borel O -field
generated by Cartesian product of Borel o -fields 4,5, and &,, and

P is the product probability measure. With same notations, redefine
&,n and ¢ as random variables on Q:
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EQSR, (u,v,w) = Eu,v,w) = E®),

n:Q—>R, (u,v,w) - 7w, v, w) 2 n(),

QR (u,v,w) = Cu,v,w) = L(w).
Then a three-dimensional random vector (£,77,¢) defined on (Q, F, P)
is got. For any (x,y)e X XY , when we {a)e Q|§: x, 7= y} , let

s 2E(S|E=x=7y). (6.4.3)

As stated in section 6.2, (6.4.3) is the optimal approximation in mean
square to s(x,y).

Suppose that we have known the continuous probability density func-
tion f(x,y,z) of the random vector (£,77,{) . Then the conditional

mathematical expectation (6.4.3) can be written as follows:

~ IZ f(x,y,2)zdz
B sz (x,y,2)dz

s(x,y) (6.4.4)

where there is a demand: for any (x, y)e X XY,
LI 2l f(x,y,2)dz < +o0, 0< jz £(x, y,7)dz < +oo.

When the continuous probability density function f(x,y,z) of the un-
certainty system is known, s defined by (6.4.4) is called a double-input

single-output continuous approximation stochastic system or simply a
double-input single-output continuous approximation stochastic system,
denoted by

ng(XXY,Z,f(x,y,z)). (6.4.5)

For proving the following main theorem, we still need two lemmas.

Lemma 6.4.1 Let f(x,y,z) be a ternary continuous function defined

on the universe X XY X Z , where
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X =[a,b], Y=[a,,b,], Z=[a,b,],

are three finite real number intervals. For the integral with parameter as
follows:

10ey)= [ f o y.2)dz.

we have such a result: for arbitrarily given £ >0, there is always a
common & >0 without dependent of parameter (x,y) such that, for

any partition of Z as the following:

a,=72,<z <--<z,=by,
as long as lzmaX{Azi|i=1,2,-~-,n} <0, then the Riemann sum of

the integral /(x,y), Z f (x, v.& ) Az, , must meet the condition that

i=1
100 =2 f (50,6)Ag| <&
is uniformly true for all (x, y) :X XY , where
Az, =z,—z,,, 1=12,---,n,
and fl takes its value in [ZH, zi] arbitrarily.
Proof. For arbitrarily given £>0, let J, :%, k=12,---. We can

prove that there must exist one k such that & = &, meets the conclusion
of the lemma. If it is not, then for every k , exist (xk, Ve )e X XY and a
partition of Z as follows

(k) (k)

— (k) _
a; =z, <z <<z, =b,

and a kind of taking value way of fi(k) in [ Zi(:) , sz )} , although
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A, =max{Asz)‘i = 1,2,---,nk} <9,

we have the following inequality:

I(Xk,yk)—zk:f(xk,yk,gi(k))Asz) >e. (6.4.6)

i=1

As a matter of fact, notice that {x, } in binary sequence {(xk, Vi )} are
all bounded sequences and so it has a convergent subsequence {xk}
J
such that x,_ —2 sy e X.
J

In the same way, for the subsequence {)’k.} , there is also a conver-
J

gent subsequence {ykb } such that y, —2==—y, €Y. And noticing

the limit expression §, —2==—0, we can have the following result:
Ip

ny .

0<e<lim I(xk_ Y, )—

P i=1

1,03, 80t

by
:‘I(x*,y*)—_‘-as f(x*,y*,z)dz‘:()_

This is a clear contradiction. O
Lemma 6.4.2 Let f(x,y,z) be a ternary continuous function defined in
the set X XY XZ , where X =[a1,b1], Yz[az,bz] and Z=[a3,b3]

are finite real number intervals. For the integral with parameter as
follows

10ey) = [ f oy, 2dz,

if the following condition (‘v’(x, ye X XY)(I (x,y)> 0) is satisfied,

then there must exist a ¢ > 0, such that for any partition of Z as follows
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a3 =Z0 <Z1 <...<Zn =b3
and any kind of taking value ways of (fl in [zi_l,zi], the Riemann sum

of the integral /(x,y), Z f (x, y,fi)Azi , must meet the following

i=1
implication:

/IzmaX{Azi|i=1,2,--~,n}<5:>
(V(x,y)e XXY)(Zn:f(x, y,éfi)Az[ >0j

Because the way of the proof is the same as the proof of Lemma 6.4.1, it
is omitted. O

Besides, we have the following lemma just like Lemma 6.3.3.

Lemma 6.4.3 Let f(x,y,z) be a ternary continuous function defined in
the set X XYXZ , where X = [al,bl],Y = [az,bz],Z = [a3,b3] are

finite real number intervals, and meet the condition:
by
(V(x,y)e X xy)(j Flxy.2)dz > 0) .

For arbitrarily given £ >0, there is always a common ¢ >0 without
dependent of parameter (x,y) such that, for any partition of the set Z

as being : a, = 7, <z, <---<z, = b, the following implication:
l:max{AzJi :1,2,--~,n} =

‘Ijzf(x,y,z)zdz Z:,f(x, y’é:i)é:iAZi
oo 3 g |

is uniformly true for all (x, y)e X XY , where

<&

A .
Az;=z,—2,, i=12,,n,
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and fl takes its value in [Zi—l’ z[] arbitrarily. O

Theorem 6.4.1 Given a double-input single-output continuous stochas-
tic system: s =S (X xY,Z, f(x, y,z)), where

X:[avbl]’ Y:[az’bz]’ Z=[a3,b3]

are finite real number intervals. If the following condition is satisfied:
by
(V(x,y)e X xy)(L f(x,y,2)dz > 0) :

then there must exist a group of fuzzy inference rules as follows:

If (x,y)is D, then z is C,, i=1,2,---,n, 6.4.7)

1

where D, e # (X XY) and C, € F(Z), such that the fuzzy system s

constructed by the group of fuzzy inference rules can approximate the
continuous stochastic system s to arbitrarily given precision.

Proof. We make a partition of interval Z = [613, b3] as the following:
a,=z,<z <<z, =b,.
Write Az, =z, —z,, (i=1,2,---,n) and put the following symbol:
A= maX{Az[|i =1,2,-~-,n} .
Then we can get two Riemann sums as following:

Z f (x, Y, % )Z,-AZ,-, Z f (x’ Y% )AZ,- :
i=1 i=

From the condition of the theorem and Lemma 6.4.2, the following result
18 true: there exists a 51 >0, when the real number A< 51, then we

have the following inequality:
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(V(x,y)e XxY)(if(x,y,zi)AZi >OJ.

i=1

So we have the following result:

f f(xy,2)zdz
2

L J(x,y,2)dz

s(uy)=E({I{=xn=y)=

n

Zf(x’ y’Zi)ZiAZi n f(x, y,Zi)AZ[

i=1
Zn:f(x,y,zi)Azi ! i‘,f(x,y,z‘,-)Az
=

i=1

i (x, Y)Az, i
= n'uD' g =2 M, (4, ))z,,
i=1 z:uDj ()C, y)AZj i=1
j=1

where we have given the definitions as follows:

Uy (6, 9) = f(x,9.2,)/M,

A :uD (x, y)AZ
ILlD,_* (x’ )’):
ZﬂD (x, y)Az (6.4.8)
j=1
i=0,1,.n,

M £max{f(x,y,2)|(x,y,2)e X xYxZ}

Clearly D,,D; € # (X XY).

For any given approximation precision € >0, since f(x,y,z) is
continuous, from Lemma 6.4.3, 39, >0 and J, < J,, when A< 4, for
all (x,y)e X XY, that the following inequality:
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= E
HESIEDWMERIE <
i=1

holds uniformly.
By using the partition nodes z j( j=0,1,---,n), construct n+1 fuzzy

sets Cj(j =0,1,---,n) on Z, which form a fuzzy partition of Z, i.e.

make a kind of fuzziness of the nodes zj(j =0,1,---,n) . And we put
2={D|1<i<n}, Cc={C|i<i<n].

Regarding 22 and £ as linguistic variables, a group of fuzzy inference
rules can be formed as follows:

If (x,y)is D, then z is C,, i=1,2,---,n. (6.4.9)

We still use CRI method to make a fuzzy system s . First, from i-th
fuzzy inference rule of (6.4.9), a fuzzy relation R, éD[XCi on the

universe X XY XZ is formed, where its membership function is the
following:

My (X,y,2) = pp, (X, y) Al (2) -

Then a whole fuzzy inference relation R = U R, is obtained as follows
i=1

He (X, y,2) =V fhy (X, ,2) = i\z/l(ﬂp, (X, ) At (2))

For any De /(X XY), a fuzzy inference result C € # (Z) should be
gotby R, where C=DoR,i.e.

,uc(z):( Vo () A (X, y,2)), z€Z. (64.10)

x,y)eXXY

For arbitrarily given an input (x', y')e X XY , the point (x', y')
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should be turned into a fuzzy set:
A
lLlD’(-x9 )’) = Z{(x',y')} (-x’ )’) .

Substituting D’ into (6.4.10), we obtain result of reasoning C’ e # (Z)

as follows:

n

/’lC'(Z) :/’lR (x” y’, Z) = l.\:/l(’l'lD, (x” y’) /\/’lC,- (Z))7 ze VA
It is easy to know that f..(z)>0. Let
b?
) L‘ M (2)dz
[ pe(2)dz

And (x', y') is replaced by general point (x,y) in X XY and 7’ by
5(x,y).So we get a function 5 : X XY — Z as follows:

A

J‘fs [,»\Z(ﬂa (X, y)A He (Z))} zdz
S(x,y)2—

T , (6.4.11)
AT

which is still called a fuzzy approximation system of S , or called a dou-

ble-input single fuzzy system, denoted by s =S8 (X xY,Z,D,C ) .

Because for any (x, y)e X XY, we have

J-: [;Z(:uni (x,y) ANHc, (Z))}dz >0,

and by using Lemma 6.4.2, 36, >0, when A < J,, we have that, for any
binary point (x, y)e X XY, the following inequality is true:
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n n
3|9 G (3,)) e, >0,

J=1

Noticing the Riemann sum of (6.4.11) and C, being with Kronecker

property, we have the following result:

Z":L\Z (/“D,» () A e, (2, ))}ZJAZJ

Sy =
Z[,Yl(f“a» SRy (Zj))}AZj
j=1

:;ﬂD,(X,y)ZjAZj w1, (%, 9)A

Doty Az, Ty, (% Az
j=1 j=1

=D M, (6 Y)z,
i=1
where

s My (YA,
My (X, 3) =
Dy (% 9)Az,

J=1

, i=L2,---,n.

From Lemma 6.4.3, 35, >0 and J, < J,, when A<, , for all binary
points (x, y)e X XY , it uniformly holds that

_ C £
S 06 )= 2ty (6 )7, <7
i=1

At last, if we take O = min{§2,54}, then when A <J, we have the

following result:

(V(x,y)e X XY)(|§(x, y)-s(x, y)|<é)
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This means that fuzzy system s can approximate continuous stochastic
system s to arbitrarily given € . |

Remark 6.4.1 In the proof of the theorem, fuzzy sets D, are formed by

(6.4.8). In fact, we can also make them as follows:

Hy, (x,y) = M (6.4.12)

Z::f(x,y,zj)

j=1
Based on (6.4.12), we can also prove the theorem. Here omits it. How-

ever, Theorem 6.4.1 is proved in such way. |

Example 6.4.1 Given a continuous stochastic system as the following:

ng(XXY,Z,f(x,y,z)),
X =Y=Z7Z=[0,2x],

1—sin xsin ysin z
fxy,2)= Y

8’

Based on Theorem 6.4.1, we have the following equation and its image
refers to Figure 6.4.2.

s,=E({1E=xn=Yy)
~ Iomf (x,y,2)zdz
I:ﬂ f(x,y,2)dz

= +sin xsin y.

Now we consider constructing a fuzzy approximation system s . First
make a partition of Z :

2,=0,z,=027,2,=04r,---,z, =187, z,, =27 ;

then fuzzy sets Cj(j:0,1,---,10) are formed as Figure 6.4.3. The
fuzzy sets 1, (x,y) are defined as the following equation (see (6.4.8))
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1
where M = 2 which images refer to Figure 6.4.4.

7’

o o

Fig. 6.4.2. Output surface of the continuous stochastic system §

1.2

1 .

n.s 1

0.6 1

0.4 1

0.2 1

] -

-0.2

] 2 4 5]

Fig. 6.4.3. Membership function curves of fuzzy sets Cj

f(x’y’zi)

zuD,. (.X, )’): M

1( L iﬂ'j
=—|1-sin xsin ysin—
2 5
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We calculate the following binary function:

0 i=1

J'M[i? (IUD.- (6, ¥) A e, (Z))} zdz

s(x,y)=

0

IM[;\Z (,UD,» (6, ) A e, (Z))}dz

which its function image refers to Figure 6.4.5, and the surface of the
error 5 (x,y)— s(x,y) refers to Figure 6.4.6.

Dy

Fig. 6.4.4. Membership function surfaces of fuzzy sets D,

Fig. 6.4.5. Output surface of fuzzy system §
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06—

D4

o o
Fig. 6.4.6. The error surface when 4 = 0.27

If the partition nodes {z j} are increased of double number, i.e.,
72,=0,z, =0.1r,z,=027,---, 2,, =271,

then the approximation precision increases better, where the error surface
of error function s(x, y)—s(x,y) refers to Figure 6.4.7. And if the par-

)

tition nodes {z jf are increased more, then we can see that the error be-

tween s (x,y) and s(x,y) is very small from Figure 6.4.8.

Fig. 6.4.7. The error surface when A = 0.17
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Fig. 6.4.8. The error surface when 4 = 0.01x

6.5 Fuzzy Reasoning Representations of Discrete Stochastic Systems

First we consider the single-input and single-output uncertainty system as
s =S8(X,Y). Suppose that we have known some probability information

about the system S . And we should be seeing about the system from sto-
chastic viewpoint.

Let X and Y be measurable sets in real number space R, and input
random variable & and output random variable 77 be defined in probability

spaces (X B, P) and (Y B, P, ) respectively, where & and 5, are

1041 2017
Borel 0 -fields on X and Y , respectively, and F, and P, be probability
measures on &, and &, , respectively. As doing in section 6.1, we can con-
struct a joint probability space (2,7, P). Then (£,77) is a random vector
on (Q, 7 ,P).

Suppose that we have mastered the discrete probability distribution of the
system as the following:

{P(xi,yj)‘lﬁiﬁn,lgjﬁm},

where X =[a1,b1],Y:[a2,b2],and a, <x; <--<x,<b/, and
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A
Yo=a, <y <<y, =b,.

Assume that (Vie {1, 2,---,n})[zm:P(xi, yj) > OJ . Write

J=1

m

2 P(%,),
s(x)2E(mE=x)="" : (6.5.1)
P(x.y,)

j=

This is regarded as the response of S after x; is input. So, if we write

the system as the following:
gzs(x v{P(x.y, )‘ISiSn,ISjSm}),

Then s defined as (6.5.1) is called a discrete stochastic approximation

system of the uncertainty S or simply called a discrete stochastic
system.

Theorem 6.5.1 Given arbitrarily a discrete stochastic system as follows:

g:S(X,Y,{P(xi,yj)

1<i<nl<j< 1)

- ="y
where X =[a,,b,| and Y =[a,,b,| are finite real number intervals,
then there exists a group of fuzzy inference rules:

If x is Aj then y is Bj, j=12,---,m, (6.5.2)

where A; € A (X) and B ;€ F(Y), such that the fuzzy system § con-

structed by the group of fuzzy inference rules can approximate the
discrete stochastic system s to some precision £ >0, i.e.,

(Vie {L.2.n))([F (x)-s(x)|se),
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and the smaller is 4 = max {ij} , the higher is precision, where

1<j<m
ij:yj_yj—l’ j:1’2’...’m_

Proof. First of all, we consider how to make a group of fuzzy inference
rules (6.5.2). One side, B ;€ F(Y) are easy to get. In fact, as the same

as Figure 6.3.2 we can form “triangle waves” membership functions of
the fuzzy sets, where subscript 7 should be replaced by m . So the lin-

guistic variable b’={B j‘l <j< m} is obtained. Other side, we have to

make fuzzy sets Aj € F(X). For every je {1,2,---,m}, we construct

a group of fuzzy sets &, € #(X) (i=1,2,---,n) as base functions as
follows:
(x=x,)/(x,—x,), x<x<x,

, otherwise;
(x=x_)/(x,=x_), x,<x<x,

,ua/_(x)z ('x_xi+1)/('xi_xi+l)’ X <XS X,

H, ()= {

0, otherwise,
1= 2,3,...,,1_1;
My, (X) = {(x_xnl )/(x,=%a). xaSx<x,
" 0, otherwise.

Secondly, (6.5.1) is turned into the following:

Zm:P(xi’yj)yj w | Plx.v. .
i('xi): jZIm :Z m (x”y]) y,izzaijyj’

P(x,.,yj) . Z}P(x,.,yj) .
=

J=1

where
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o Plry)

i
S ()

J

And then by means of above the weighted mean of those fuzzy sets as
being ¢, (i=1,2,---,n), we form fuzzy sets Aj as follows:

Hy, ()2 agu, (0, j=1-m, (6.5.3)
i=1

where the group of weight vector as follows:

{(alj,azj,---,anj) ISjSm}

will be determined. Thus another linguistic variable set as follows:
_ : 1
A—{Aj‘l <jsm;

is regarded as being obtained, and we have got a group of fuzzy
inference rules as (6.5.2) as follows

If x is Aj then y is Bj, j=12,---,m.

As in the proof of Theorem 6.4.1, by CRI method, we can make a fuzzy
system § :

Ij: [;;-1 ('uAk () A Uy, (yj ))} ydy

I Bl omm () o

This means that we get a fuzzy approximation system of the uncertainty
system S as the follows:

S(x)2

(6.5.4)

5=S(X,Y,A,5)
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Noticing the Riemann sum of (6.5.4) and B; with Kronecker property,

we have the following expression:

i[;_/l (;UAk (x)A Hp, (yj ))i|yjij

— =1
5(x) =+

z[g(% Ay (, ))}Ay,

J=1

> H, (0yAy,

j=1

>, (A,

J=1

Since (‘v’(i,j)e {1,-~~,n}><{1,---,m})<,uAf (xi) = aij), we have the fol-

lowing equation:

m

2 Ay, ()3 Ay, 2 (a,89,)y,
5(x)=L5 == : (6.5.5)

Zﬂ (DAY, ZI%'AYI'
Jj= Jj=

After comparing (6.5.1) and (6.5.5), we take a; = P(xi,yj)M/ij ,

where M ér{i%?{ij/P(xi,yj)} . Let

2 max{[s (x)=s(x)i=12n}.
Then we at last get the following result:
(Vie (1.2,-,n) (|5 (x)-s(x) <e).

Besides, for any given € >0, from the equation (6.5.5), 36 >0, when
A<, for all x. (i=1,2,-+-,n), we have ‘E(xi)—g(xi)‘ < €. Clearly,

the more is A, the higher is precision. ]



242 Fuzzy Systems to Quantum Mechanics

We now turn to consider double-input single-output uncertainty sys-
tem s =S(X XY,Z). Let X,Y and Z be measurable sets in real num-

ber space R and input random variables £ and 77 and output random
variable ¢ be defined respectively in the probability spaces as the

following:

(X.8.R), (Y.8,.B), (Z.5,P),

where 5, 5, and &, are Borel 0 —fields on X ,Y and Z, and B, P,
and P, are probability measures on 4], &, and 5, respectively. We
can also get the joint probability space (€2, 7, P) in the same.

So (£,1,{) becomes a random vector on (Q,.#, P) . Suppose that

we have known a discrete probability distribution:

Plx,y.z )Jl<i<nl<j<mlI<k<p;,
{P(x.3,2) |

where X Z[Cll,bl],Y:[az’bz]’Z :[az,bz], and
a, <x, <--<x <b,

aZSyl <.“<ym SbZ’

Z, éa3 <z <<z, =b,
p
Assume (V(i,j)e {1,---,n}x{l,---,m})(ZP(xi,yj,zk) >O].Write
k=1
P

P(xi,yj,zk)zk
ﬁ(xl.,yj)éE({‘é"=x,-,77= y-/’): o

(6.5.6)
P(x,.,yj,zk)

k=1

It is regarded as a response quantity after a input(xl., y; ) is input into the

system S . Put
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5= S(X XY.Z{P(x.y,5)|ISi<n1< j<mi<ks p})

Then s defined by above expression is called a double-input single-

output discrete stochastic approximation system of S or simply a
double-input single-output discrete stochastic system.

Theorem 6.5.2 Given a discrete stochastic system (6.5.7), where
X = [al’bl]’ Y= [az’bz]’ Z= [az’bz]

are finite real number intervals, then there exists a group of fuzzy infer-
ence rules:

If (x,y)is D, then z is C,, k=1,2,---, p, (6.5.7)

where D, € (X XY) and C, € #(Z), such that the fuzzy system §

constructed by the group of fuzzy inference rules can approximate the
discrete stochastic system s to some precision £ >0, i.e.,

(V. j)e {1,---,n}X{l,---,m})(‘E(x[,yj)—g(xi,yj) Se).

And the smalleris A = IlnkaX {Azk} , the higher is precision, where
<k<p

AZk =Zk—Zk_1 (k:1’2”p)

The proof is the same as one of Theorem 6.5.1, and we omit it. ]

6.6 Reducibility in the Transformations between Fuzzy Systems
and Stochastic Systems

Take single-input single-output open-loop system s=S(X,Y) as an
example to discuss the problem on reducibility in the transformations

between fuzzy systems and stochastic systems. We only consider contin-
uous systems as discrete systems are special cases of continuous systems
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and can be treated with no difficulty. Here X = [al,bl] and Y = [az,bz]

are finite real number intervals.
First, suppose that we have known a fuzzy system as the following:

5=S(X,Y,A,5),

where A= {Al|1 <i< n} and b’z{Bi|1 <i< n} are fuzzy partitions of

X and Y respectively. .4 and £ are regarded as linguistic variables,
and we can get a group of fuzzy inference rules:

If xis A then y is B;, i=1,2,---,n.

For convenience, the group of fuzzy inference rules is simply denoted by
the following:

A—- 5. (6.6.1)

By (6.6.1) we have the input output function of fuzzy system s :

a

J-h; |:l\2 e(luA,- (x), Hy (J’))} ydy

s(x)= T , (6.6.2)
N [ MAVNENA (y))}dy
where @ is a fuzzy implication operator with the condition:
(V(a,b) e [0, l]) (H(a, )=a, 8(a,0)= O) (6.6.3)

From above discuss, there exists a joint probability space (€2, 7, P),
where Q=X XY, =FX* and P=FXP,, and random variables
& and 77 are defined in probability spaces (X ey ,Pl) and (Y v ,Pz)
After redefining £ and 77 in(Q,.#, P), a random vector (£,77) is ob-

tained, which obeys the probability distribution based on the following
probability density:
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n
v 64, (0. 14, (7))

(-x’ ):l: ’
fxy H(2.n.0.v) (6.6.4)

HEnom=[ " {"le(m, (0,4 (y))}dxdy

i=

By (6.2.5), we can get a stochastic system s =.§ (X,Y,f(x, y)) which
input output function is as follows:

[ e y)ydy

a

Ji feemay

s(x)=

It is easy to know that above equation is the same as equation (6.6.2),
i.e.,, s(x)=s(x). Now we show that f(x,y) defined by (6.6.4) can be

returned into the original fuzzy inference rule group .4— /£ . In fact, by
using original partition nodes x; <x, <---<x, and y, <y, <---<y,

of X and Y, we get a fuzzy inference rule group, denoted by

1<i<nl

A={A1<i<n}— 5'={B ).

First we put ,uAi,(x) = f(x, y; )/M , where
M £ max{f(x,y)l(x,y)e X xY}.

It is easy to learn the following equation:

_ (x,r)rr%ea))((xy{:le(ﬂ/*i (x)”uBi (y))}

1
H(2,n,0,v) CH(2,n,0,v)

So we have fact that M - H(2,n,6,v)=1. It is easy to verify that, for
any a natural number i € {1,2,---,n}, we have the following expression:
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f(xy) }i’l‘g(ﬂA/ (X), s, (y))

A = T  MH ey

This means that .4’=.4 . Constructing 5 '={Bl.'

1<i< n} is simple
and of some freedom since we only demand that they are a kind of fuzzi-
fication of the peak points y, (i =1,2,---,n) and a partition of Y . Thus,
we can directly take that Bl.' =B,,i=1,2,---,n. Then we have 5 =5.
Thus we have reverted f(x,y) into the original fuzzy inference rule

group .4— £ . This is one side reducibility.
Now we consider another side reducibility. Given a stochastic system
as the following:

s=8(X.Y,f(xy).

We know that its input output function is as the following:
by by
s = Fenyydy /[ £on .

By Theorem 6.3.1, there exists a group of fuzzy inference rules A4— 5
such that the fuzzy system 5 =S (X,Y,.4, ) constructed by A— &
can approximate the stochastic system s =§ (X Y, f(x, y)) to a given
precision, i.e., s(x)= s(x) (Notice that is not §(x) = s(x)), in other
words,

(Vxe X)(lliir(}i(x) - g(x)), (6.6.5)

where ﬂzmaX{ij‘j =1, 2,---,11} . These A; can be made by using

(6.3.4) or (6.3.9) and B, can be taken as triangle waves membership

functions referring to Figure 6.3.1. Then the input output function of the
fuzzy system s =S(X,Y,.A4,/), which is more general than one in

(6.3.7), is as follows:
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Ih Be (£24, (o).t (y))} ydy

5(x) = :

Ib [ £19(ﬂA, (), fy (y))}dy

where the fuzzy implication operator & still needs to meet the condition
(6.6.3). So we get a stochastic system s = § (X, Y, f(x, y)) , Where

n

, v 01, (). 11, (¥))
[l y)== :

HQ2,n,0,v)

The meaning of H(2,n,6,V) is the same as before. We should consider

two cases for the reducibility.

Case 1: By (6.3.9), stipulate A (x) = f(x, y; )/M , then at the divi-

sion points yj(jzl,'--,n) of Y, we have

~ i\zl@(/lAi (x)uuB,- (yj))

4 x’ . —
)= e
o™ fey) 666
H(2,n,6,v) H(2,n,6,v)M -
=an)f(xy,),
where a(n) = ! . For given a partition on Y, n is fixed,
H(2,n,0,v)M

so a(n) is constant. Equation (6.6.6) means that at every nodal point
y; (j=L2,---,n), f'(x, yj) is reverted to f(x, yj) under ignoring a
constant factor ¢(n). Because & can be decreased arbitrarily, f’(x,y)

should be regarded as having been reverted to f(x, y) under ignoring a
constant factor.
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Case 2: Suppose that y; (j=1,2,---,n) of Y are equidistant as the

following:
(Vje{l,2,+.n})(Ay,=1) .

By (6.6.4), we stipulate the following symbol:

u, (x)é nf(x’yi) ,

;f(x’yj)

then at the nodal points y; (j=L12,---,n) of Y, we have the following

equation:

v 0, (0,11 (3,))

f ()= H(2,n,6,v)
_ luAj(_x) _ f('x’y‘i)
H(2,n,l9,\/) H(z,n,g,\/)if(x’ yz)
1 f(%y,)

= — (6.6.7)
H(Z,n,@,v) Zf(x,yl)ﬂ,
i=1

f(x’y.i) :Ig(ﬁ)f(x’yl)

[ Py Je@)
=B(h) [, (yj‘x)

=B

where B(A)= A/H(2,n,0,v), which is constant under given a parti-
tion on the universe Y, f:(x) éJ.Y f(x,y)dy is marginal probability
density, and fqu(ylx)é f (x,y)/ f:(x) is conditional probability
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density. Based on above equation, f’(x,y) should be regarded as
having been reverted to the conditional probability density f,._ (y1x)

under ignoring a constant factor.

Remark 6.6.1 In S(1)= A/H(2,n,0,V), it is easy to learn that two
parameters A and n are correlative each other. So B(A) can also be
written as (), but not written as (A4,n). O

Remark 6.6.2 Noticing that f’(x,y) is a continuous function, from

numerical analysis and based on (6.6.6), we can easily learned that
f’(x,y) can be regarded as a interpolation function with the node group

{(yj,a(n)f(x,yj))‘j:1,2,...,,1}‘

At every node y,, j=L2,--,n, f'(x,y) is strictly equal to the nodal
function value a(n)f (x, y j) . There is similar understanding about the

Equation (6.6.7). O

6.7 Uncertainty Systems with One Dimension Random Variables
and their Representations

From above sections in this article, we can find a situation that the prob-
ability density function with respective to uncertainty systems are at least
two-dimensional, i.e. the random vectors we dealt with are at least two-
dimensional, say (£,77), where & is in essence defined on input uni-
verse X and 77 on output universe Y . This is not strange because an
uncertainty system is at least of one input variable xe€ X and one output
variable ye Y . However when we learn probability theory and its
applications, random variables with respective to a lot of random exper-
iments are one-dimensional, say &, and if it has probability density func-
tion, it is a one-dimensional function, say f(x) .

Naturally we should ask such a question: What kind of uncertainty
systems are only with respective to one-dimensional random variables, or
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one-dimensional probability density functions? We can guess that such
uncertainty systems may have some special characteristics or trivialities.
And such uncertainty systems may have many cases. We can only dis-
cuss several typical cases.

Typical case 1: Pure certainty systems.

As a Cantor’s set can be regarded as a fuzzy set, certainty systems can
also be regarded as special uncertainty systems. Now we consider a
special open loop system s=S(X,Y), where X =[a,b] and that

Y :{ yo} is a singleton. We have known that the symbol s has double
meanings, i.e. it not only abstractly represents the system, but also means
the relation between input and output of the system:

s: X oY, xHyzs(x)éyO.

Since (Vxe X )(s(x) = yo), this is a special certainty system, and also

a trivial system, and its output is a step function.
We will use CRI method to construct its fuzzy approximation system.
First make a partition of X :

a=x<x,<---<x,=b.

Then these nodes x, (i =1,2,---,n) are fuzzified as Figure 6.3.1 to ob-

tain fuzzy sets A € F(X)(i=L2,---,n) (note that these n+1 sub-
scripts 0,1,---,n should be changed to n subscripts 1,2,---,n). So a

fuzzy partition of X is got as .4 ={Ai|i =1, 2,-~-,n}. The fuzzy sets

on Y are easily formed as the following:

B 2Yy={yl}, i=12,.n.

Thus a fuzzy partition of Y is also got as & ={Bl.|i =1, 2,--~,n}. This

means that we have a fuzzy inference rule group: .4 — £ . Therefore a
fuzzy approximation system is constructed as the following:
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5=8(X =[a,b).Y ={y,},A.5).

For simplification, fuzzy implication operator & is taken as A . We have
the following expression:

p(x,y)=p (x’ yo) = ,-\_/,1|:'UA,- (x) /\;UB, (yo )] = i\:/ll[lA‘. (x).
Then the input output relation should be the following:

S(x) = fY yp(x, yo)dy/fY p(xy,)dy.

Let H(1,n,A,V) £ J.X p(x, yo)dx, and it is easy to know the fact that

the integral P (x, yo) dx > 0. So we can put

p(xy,) B i\:’lﬂA,.(x)
H(Ln,Av) HnAv)

F)E f(xy,)= 6.7.1)

So there should exist a random variable £: X — R, x — &(x) defined
on the probability space (X,.*,P), to obey a probability distribution
with probability density function f(x), where J# is a Borel 0 — field
on X .Itwelet Q=X x{y,} . then # can be regarded as a Borel 0 —

field on €. And & can be regarded as a random variable defined on Q,

i.e. without changing symbol re define as follows:
QR w=(xy,)H f@=£(xy,) =),

and P is also regarded as a probability on (€2, , P). Thus we get a
stochastic system s =S (X Y, f (x, Yo )) and and its input output rela-

tion is as follows:

s@=[ (e ye)dy/[ p(xy)dy.
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Clearly, (Vxe X )(E(x) =g (x)) , which is consistent with the result in
Section 6.
But 5(x) = J.Y yp (x, yo) dy / fy p (x, yo) dy is only a formal represen-

tation, because Y is a singleton and its measure is zero, and so for any a
pointxe X , we have the following equations:

L yp(x, y,)dy =0, fY p(x,y,)dy =0,

which means that

~ L yp(x, y)dy

5(x)
[, pGryody 0

Thus IY yp (x, yo)dy/J.Y )4 (x, yo)dy is meaningless.

It is not difficult to deal with. In fact, for any £ >0, is it easy to know
that (Vxe X)(p(x, yo) > O), and so, forany xe X ,

[ p(xyy)dy=p ()|

Yo Yo

Yot€

dy:p(x,y0)€>0.

Thus, for any xe X , we also have the following expression:

F(x) = J;, yp (x, yo)dy _ {yo}yp(x, yo)dy
J.Y p (-x, yo)dy J.{yo} P (X, yo)dy

Yoté

[ p(ey)dy  play,) [ vy
2 lim = =lim ~

£—0 J"y()+€ p (.X, yo)dy £—0 p (-xa y0)€

Yo

. E
= lim Yot | = Yor
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Besides, clearly, (‘v’xe X ) (E(x) = s(x)) which means that, in this case,

the fuzzy system s constructed by CRI method can accurately approxi-
mate the system §.

Example 6.7.1 Consider an illumination system. For simplification,
suppose that there is only one lamp in the system. Usually, we open the
lamp in evening, and suppose that the time of opening the lamp is be-
tween a and b. Let X =[a,b] that is regarded as the input universe of

the system. If we take xe X , then it means that the lamp is opened at
time x, and the lamp emits light, which is denoted by a symbol, say 1.

Naturally we can take ¥ = { yo} = {1} as the output universe. Clearly, the

input output relation of the system is
s:X -7, x!—)yzs(x)éy0 =1.

This is a pure certain system, of course. We have a reason to ask: Now
that this is a certain system, why does there exist a random variable &

and a probability density function f(x) that & obeys? In fact, if we

focus our attention on “what time we should open the lamp in evening”,
this becomes a stochastic problem. And this is not contrary with the
certain input output relation

s: X >Y, x!—>y=s(x)éy0=1.

You know, “what time we should open the lamp in evening” depends on
many factors, such as different area leads different opening lamp time
due to time difference. By using random experiment, we should know
that opening lamp is round about at several time, such as about 5 o’clock,
about 6 o’clock, about 7 o’clock, etc. Generally suppose that the lamp is
usually opened at about x,, about Xx,,---, about x , and denote a = x;

and b=x_ . If x, (i=1,2,---,n) are fuzzified to get fuzzy sets as the

following:

Ae F(X), i=12-n.

Then we make fuzzy sets on Y as the following
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B2y ={y}. u,(0=x0) =7,

i=1’2’...,n,

and & ={Bi|i =1, 2,---,n} is formed. Thus we have a fuzzy inference

rule group: .4 — &, which means that we get a fuzzy system as
follows:

F=S(X.Y.A.5).

This come back to the way obtaining (6.7.1), and the rest is clear. ]

Typical case 2: Pure stochastic systems.
We consider another special open loop system s =S(X,Y), where the

set X = {xo} is a singleton and Y =[a,b], and its input output relation

should be as follows
s:X oY, x>y, =5(x).

Due to the uncertainty of the system, for the input x,, we do not in ad-
vance know which y, in ¥ should correspond to x,. So s =S(X,Y)
is a pure stochastic system. After x, is input, by using statistic method
there are several output to correspond to it: about y,, about y,,... ,
about y . After y,,y,,---,y, are fuzzified, we get fuzzy sets as the

following:
Be #(Y), i=0,1---,n,
which are demanded to form a fuzzy partition of Y . Let

AEX={x}, u,(M=x =g,

i=1,2,---,n,

and denote ,4={A,.|i=1,2,---,n} and 5’={Bi|i=1,2,---,n} (not use

B,)). Then a fuzzy inference rule group is got as .4 — £ . So we obtain
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a fuzzy system s =S (X Y, AL ) By CRI method, we have the fact

as the following:

PO Y) = (%0 3) = V[ Ky (%) A by ) | =V 1 (9).
Because of the following facts:
(Vy S Y)(p(xo,y) > 0), H,n,Av)= Lp(xo, y)dy >0,

we can let

) . v, ()
s =g(x,y)= PLy) _

= = (6.7.2)
Hln,ANv) Hn,A,Vv)

Noticing that L g (xo, y)dy =1, the input output relation should be as the

following:
[73] v, () [a
8 (%5, y)dy ayL\_/ﬂB, y} y
E(x)='|-Y(—O)=J- yg(xo,y)dy= 1
IY g (xo, y)dy Y H,n,A,v)

Therefore there should be a probability space (Y,.#, P) and a random
variable 77 defined on (Y, , P), which obeys the probability density
function g(y), where # is a Borel o0 —fieldon Y .

If we put € = {xo} XY, then # can regarded as a Borel 0 — field on,

77 as a random variable defined on £, and P as a probability on
(Q, #, P) . Thus we get a stochastic system as follows:

ng(X,Y,g(xo,y)),

which its input output relation is also as the following:
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[, v (x5, y)dy
s(x)="———.
[ p(x0,y)dy

Now let ijéyj—yj_l (j=1,2,---,n) . We have the following

result:

Iyp(xo’y) ydy 3 ij[iﬂgi(y):ldy

[, p(xy)dy jb[vlﬂg (y)}dy

Z[i\_’lﬂ& () )}yjij Z;yjij "
=

ﬁ(xo):

—— - ,E-l ay;, (6.7.3)
Zl i\:/lﬂBi(yj) yj
j=

a;2Ay;[(b—a), j=12,-.n

So § (XO) corresponding to X, is approximately equal to the weighted
average of Y, V5% Y,.

Especially, when the partition a=Y, <), <--<Y, =b is equidistant,
ie. ij =h(j=1,--n), we as well as have the following result:

jyp(xo’y)ydy
s(x)=
Iyp(xo’ y)dy
Z|:iv—1’u31 (yj ):|yjij Z; yj (6.7.4)
=

Jj=1
n

[}2”& (%’)}ij
=1

n
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ie. §()(0) corresponding to X, is approximately equal to the arithmetic
average of Y5 V5" % Y,.

Example 6.7.2 Consider a shooting practice system. For simplification,
suppose that there is only one gun in the system. Every experiment, i.e.
every shooting, only one bullet is shot to a target and the bullet is denot-

ed by X;. Because the same kind of guns shoot the same kind of bullets
and the bullets in the same kind of bullets are all regarded as X, we get

the input universe of the system as X é{xo}. Every shooting, that the

bullet X, is shot to the target is regarded as putting an input to the sys-
tem, and the point of impact in the target is thought as the response of the
system to the input X,. How to measure the system response? There are

many methods. Here we take the distance between the point of impact
Yy and the center of the target as the output of the system. If we ignore

missing the target of shooting, the distance between the point of impact
and the center of the target is surely bounded. A felicitous upper bound
is denoted by b, for example, b may be the distance between the center
of the target and the edge of the target. The lower bound of the distance
between the point of impact and the center of the target is clearly zero,
denoted by a=0. And we get a output universe ¥ = [a,b]. Since we

do not in advance know which Y, in ¥ should correspond to X, when

Xy is put into the system as an input, this is a pure stochastic system.

Suppose we test the shooting level of a shooting team with n shooters.
By some shooting practices, we can find the distances between the point
of impact and the center of the target, of the n shooters, are respectively

as about Y, about Y,,---, about Y, . We can assume that

a=y,<y <<y, =b.

After Yy, V"% Y, are fuzzified to get fuzzy sets as the following:
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Be AY), i=0L-n,

which are demanded to be a fuzzy partition of Y , thus a class of fuzzy
set as being 55 = {Bl.|i =1, 2,--~,n} is formed. Then let

A 2X = {xo} > My (x)=xx(x)= Z{xo}(x)7
i=1,2,---,n,
and 4 = {Ai|i =1, 2,---,n}. So a fuzzy inference rule group A — 5
is got. And we obtain a fuzzy system § =S(X,Y, A, 5) This come
back to the way obtaining (6.7.2), and the rest is clear. |

We turn to discuss problems of fuzzy reasoning representations with
one dimensional random variables and their approximations to the
stochastic systems. Also two typical cases are considered.

Typical case 1*: This case is the contraposition of above typical case 1.
Given a stochastic system

s=(X. Y 2{y} ()2 F(x ),

this means there are a probability space (Q,.#, P) and a random varia-
ble & defined on (Q,. 7, P) obeys probability density function as the

following:
FO2f(xy,),

where Q22X X{ yo} . From above discussion, we know that the input

output relation of the system is as the following:

[ Flxy)ydy [ £ (e 3) vy
s(x)==% =lim=2— =
ny(x,yo)dy e L f(x,yo)dy

Yo,

where (Vxe X) (f(x, ) >0) is supposed, and so



Fuzzy System Representations of Stochastic Systems 259

(Vxe X)(J::Mgf(x, ¥, )dy >0].

Make a partition of X : @=X, <X, <--*<X, =D and the nodes X; are

fuzzified to get fuzzy sets AE F(X), which are demanded to be a
fuzzy partition of X . And we let

B 2Y ={y}. i, (=1, =2,
i:l’z"",l’l.

We can get two classes of fuzzy sets as the following:
A2{Ali=1.2,--.n}, B2{B|i=12,.n}.

So we obtain a fuzzy inference rule group: .4 — £ . Thus a fuzzy sys-
tem as the follows is got

s=(X.y={y}.A4.5).
Because .4 ={Ai=1,2,---,n} is a fuzzy partition of X , and we have
(Vxe X)(p(x,yo) =vu, (x)>0j
We can understand the following fact:

(Vxe X)(Iwgp(x, ¥, )dy > O) .

Yo
So the input output relation of the fuzzy system is as follows:
Yot€
L p(xy)vdy LU p(x,y,) ydy

s(x) = =lim v =Y.
J,p(ey)dy e [ p(eyo)dy
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Clearly (Vxe X ) (E(x) =g (x)) , which means that the fuzzy system §

can accurately approximate the stochastic system S.

Typical case 2*: This case is the contraposition of above typical case 2.
Given a stochastic system:

s=(X2{x}.Y 2[a.bl.g(» 2 g(x,y)).

this means that there are a probability space (Q, #,P) and a random
variable 7; defined on (Q, 7, P) obeys the probability density function

g(y)= g(xo, y) , where Q= {xO}XY . Noticing that

[ & (xy)dy=] gndy=1,

from above discussion, we know that the input output relation of the sys-
tem is as the following:

J, 8 (x.y) ydy B
.[Yg(xo’

= jfg(y)ydy = E(),

i(xo):

L g (%o, y) ydy

where the output of the system S (XO) is just the mathematical expecta-
tion of random variable 7: E(77) .

Theorem 6.7.1 Given a continuous stochastic system as the following:
=(X ={x},Y =[a,bl. g(») = g(x,,¥)),

there must exist a group of fuzzy inference rules .4 — /55, where

={Ali=12,-n}, B={B|i=12n},
AeF(X), BeF(Y), i=12--n,
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such that the fuzzy system § constructed by the group of fuzzy inference
rules can approximate the continuous stochastic system S to arbitrarily

given precision.
Proof. First we make a partition of ¥ as the following:

a=y,<y <--<y =b
and triangle fuzzy sets as being Bl* e A(Y),i=0,1,---,n. Let

M £max{g(y)lyeY}.
Then ), (i=0,1,--+7) are fuzzified to become fuzzy sets:

2 My (8L

/’lgi(y) T, i:O,l,“"n'

ClearlyBiEf(Y)(iz(),l,"',n). Put A é{)CO} i=12,---,n), and

we should take the two classes of fuzzy sets as follows:
A2{Ali=1,2,--.n}, B2{B|i=12,,n}

We have a group of fuzzy inference rules as follows:
A—- 5.

Then a fuzzy system as the following:
5s=(X={x}.Y=[a,b].A.5)

is got, which input output relation is as the following:
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fjp(xo’y)ydy ~ Ib("l (444 (xo)AﬂB,(y)))ydy

f;p(xo,y)dy Jj(\i/l(,u& (xO)AﬂBi(y)))dy

i

b/ n o 0 My (V)E(Y)
L(lylﬂB,(y))ydy Lol w o PY

5 (%)=

ﬁugxy)jdy j”(&’w)‘g(”jdy

( i=1 M
2":(3 4y (y,)8(5))

i=1 M JyjAy] leuBf (yj)g(yj)yjij
_ =

i V”(yM)g(y)J Ay, Zu (v,)¢(v,),
Jj=1

Because the Riemann sums of J‘b p(xo, y) ydy and J‘b p(xo, y)dy are

respectively as the following:

i{i&lﬂgx(y;jg(yj)}yjmﬂ Z[ ﬂs;(y;‘zg(y,)]Ayﬂ

j=1 =

and ig (y j)y JAy; and ig(yj)ij are respectively the Riemann
j=1

=
b ! b
sums of the integrals J. g( y)ydy and J‘ g( y)dy, based on Lemma

6.3.3, for any given an approximation precision € >0, there must exist
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0>0, when /1=maX{Ayl. = yi—yi_1|i:1,2,---,n} <0, we simulta-

neously have the following inequalities:

: s )e))
[ p(y)ydy == M )
Crn)d ol )] | 2
PO ) Ay ;) 81Y))

0 ; M4 ;\/[ Ay,
Ibg(y)ydy ;g(yf)yjij
a = £
s Zg(yj)ij‘ 2

j=1
From these, it is easy to know that ‘E(xo)—g(xo)‘<g. O

6.8 Unification on Uncertainty Systems

In the chapter, an important fact is revealed that for arbitrarily given a
fuzzy system § =35 (X Y, AL ) there is a probability space
(Q, #,P) and a random vector (£,77) defined on (Q, 7, P) such that
(£,1m) obeys the probability density f(x,y). Thus we can get a stochas-

tic system as the following:
s=8(X.Y, f(x.y).

Then based on the conclusions of this paper, for arbitrarily given a sto-
chastic system as follows:

s=8(X.Y, f(x,y),

we can always obtain a group of fuzzy inference rules .4 — £ such that
a fuzzy system as the expression:
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s=5(X.Y,A05)

can be formed by using .4 — £ . And above section tells us that there is
reducibility in the transformations between fuzzy systems and stochastic
systems. This means that fuzzy systems and stochastic systems are uni-
fied under system viewpoint. They look like two weights with same
weight in the trays of a balance, one on a tray looking older and another
one on other tray looking newer. Here older one means probability theo-
ry, and newer one is just fuzzy system theory. They have their special
merits and support each other but no exclude.

It is worthy of indicating that, for an uncertainty system, if you want to
use probability theory to solve the problem, it is very difficult to get a
kind of probability distribution, but you can try to use fuzzy system
method to overcome it because obtaining a group of fuzzy inference
rules is not so difficult, and sometimes it is easy. When you get a group
of fuzzy inference rules, you can immediately transform the group of
fuzzy inference rules into a probability density. So this is a very interest-
ing thing.

6.9 Conclusions

The present chapter has discussed a kind of united theory of uncertainty
systems. As we know, the theories or methods dealing with uncertainty
systems are usually of using probability theory and fuzzy set theory. It is
interesting to communicate the relationship between probability theory
and fuzzy set theory with respect to uncertainty systems. Firstly, we stud-
ied the probability representation problem of fuzzy systems in detail and
indicated that there exists close relation between fuzzy systems and
probability theory. Secondly, the fuzzy reasoning significance of stochas-
tic systems is revealed. The main results are as follows:

1) For arbitrarily given a stochastic system § =35 (X Y, f(x, y)),
we can always obtain a group of fuzzy inference rules .4 — /& such
that a fuzzy system § =S (X Y, AL ) can be formed by using the

fuzzy inference .4 — /5 and § can approximate S to arbitrarily given
precision.
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2) It is pointed out that there is reducibility in the transformations be-
tween fuzzy systems and stochastic systems. One side, under knowing a

fuzzy system § =S (X Y, AL ), the reducibility is complete. On the

other side, under knowing a stochastic system § =S (X Y, f(x, y)),

the reducibility is approximate.

3) One side, we have shown that for arbitrarily given a fuzzy system
S, its fuzzy inference rule group .4 — /& can be transformed into a
probability density f of a stochastic system S. On the other side, the

case is just opposite, i.e., for arbitrarily given a stochastic system S, its
probability density f can must be transformed into a fuzzy inference

rule group A4 — £ of a fuzzy system S. Therefore, with respect to an
uncertainty system, the probability density of the stochastic system and
fuzzy inference rule group of the fuzzy system can be transformed each
other. In other words, with respect to an uncertainty system, fuzziness
and randomness are two different sides and regarded as two different de-
scription approaches, and they are in essence belonging to same thing:
uncertainty. We may regard fuzziness and randomness as interlacing to-
gether, and it is hard to separate them into two self-governed parts. They
look like two weights with same weight in the trays of a balance, one on
a tray looking older and another one on other tray looking newer. Here
older one means probability theory, and newer one is just fuzzy system
theory. They have their special merits and support each other but no
exclude.

4) For an uncertainty system, if you want to use probability theory to
solve the problem, it is very difficult to get a kind of probability distribu-
tion, but you can try to use fuzzy system method to overcome it because
obtaining a group of fuzzy inference rules is not so difficult, and some-
times it is easy. When you get a group of fuzzy inference rules, you can
immediately transform the group of fuzzy inference rules into a probabil-
ity density. In this way, a lot of good tools in probability theory can be
used to treat with the uncertainty system. So this is a very interesting
thing.

5) Just with COG method, the relation between fuzzy systems and
probability theory has been established. From the viewpoint of method-
ology, in a certain bound, one may use the method of probability
theory to investigate fuzzy systems. From the viewpoint of philosophy,
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uncertainty originally contains randomness as well as fuzziness.
Randomness and fuzziness are often interwoven, so it is very difficult to
divide up them.
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Chapter 7

The Normal Numbers of Fuzzy
Systems and Their Classes

7.1 Introduction

R - fuzzy sets are defined firstly in this chapter, which are regarded as
the generalization of the Zadeh fuzzy sets. Then bounded fuzzy sets are
defined, which are also regarded as the generalization of the Zadeh fuzzy
sets and particular examples of R — fuzzy sets. Based on a class of R —

fuzzy sets, a fuzzy system is constructed by means of CRI method such
that the connection between the input and the output of the system is just
a quasi-interpolation function. And then, by suitably using several kinds
of R — fuzzy sets as fuzzy inference antecedents, several fuzzy systems
are respectively obtained, such as the piecewise linear fuzzy system and
Lagrange fuzzy system. Afterward, based on a particular class of R —

fuzzy sets, a fuzzy system is constructed by also means of CRI method
such that the connection between the input and the output of the system
is just a generalized Bernstein polynomial. On generalized Bernstein
polynomials, it is proved that generalized Bernstein polynomials are uni-
formly convergent in C[a,b] under a weaker condition, and it is pointed
out that there exist generalized Bernstein polynomials to be not conver-
gent in C[a,b] by use of constructing a counterexample. A notion of
normal numbers of fuzzy systems is defined here, which is regarded as
an invariant on a fuzzy system; in other words, the normal numbers of
fuzzy systems are able quantitatively holistically to describe fuzzy sys-
tems. Under the significance of the normal numbers of fuzzy systems, all
fuzzy systems are able to be classified as three classes such as the normal
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fuzzy systems, the regular fuzzy systems and the singular fuzzy systems.
Based on another class of R — fuzzy sets as fuzzy inference consequents,
a kind of fuzzy system is constructed by still using CRI method such that
the connection between the input and the output of the system is just a
fitted function, although it is not suitable for the interpolation condition,
it does have more approximate performance to actual uncertain systems.
At last, on the assumption of the input universe partitions on the fuzzy
systems being compatible, based on a class of R - fuzzy sets, Hermite
fuzzy systems are formed by CRI method too, and the collocation factor
fuzzy systems are defined from Hermite fuzzy system, so that ability of
modeling on uncertain systems is improved and application area of fuzzy
systems is expanded.

It is not difficult to understand that fuzzy systems are a sort of repre-
sentations to uncertain systems, especially to ones with fuzziness. What
is a representation to an uncertain system? Generally speaking, so called
a representation to a system is just to establish a mathematical model for
the system. It is well-known that a differential equation is usually regard-
ed as a model for a given certain system, and under given conditions for
determining solutions we are able to obtain a unique solution y = s(x) .
In many situations, a solution y = s(x) usually represents the connection

between the input and the output of the system. If the system is denoted
by S, then S can be simply shown as Figure 7.1.1, where the input var-
iable x takes values in an input universe X and the output variable y

takes values in an output universe Y .

X y =s(x)

I S

Fig. 7.1.1. A single-input single-output open-loop system

It is considering of how to model on the systems with fuzziness that
Zadeh defined fuzzy sets and designed modeling method by means of
fuzzy inference so that it is possible to make good models to such uncer-
tain systems (for example, see [10-14,16-21]). Under the fuzzy infer-
ence significance, CRI method (consult [10]) was designed by Zadeh



270 Fuzzy Systems to Quantum Mechanics

which can be used for a system with fuzziness such that we are able to
get a model to represent the connection between the input and the output
of the system, in which connection is denoted by s(x) regarded as an

approximate function to s(x) in Figure 7.7.1. Usually s is called a
fuzzy system in the narrow sense. In [11], s(x) is proved to be a certain

interpolation function; especially under some conditions it is a piecewise
interpolation function, that is

s(x) = s(x) =Y 1, (X)y,, (7.1.1)
i=0

where 4, (i=0,1,---,n) are a group of antecedents of the fuzzy infer-

ence rules as follows:

If x is A4, then y is B,
or

If x is 4 then y is B
or (7.1.2)
or

If x is A, then y is B,

and y, are the peak-points of the fuzzy sets B, as the consequents of the

fuzzy inference rules, which the peak-points mean the following equation:
(Vl < {0917' ’ 'an})(luBi (yz) = 1) :

The input variable x takes values in an input universe X and the output
variable y takes values in an output universe Y.

The statement mentioned above means a fuzzy system usually is an in-
terpolation function. Whereas, from another point of view, we may find
such meaning: given a piecewise interpolation function suiting with
some conditions as the following:
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F: XY, xF, (x)=)y((x)y,
i=0

there exists a group of fuzzy inference rules as (7.1.2) such that, based on
the group of fuzzy inference rules, we are able to form a fuzzy system §

by means of the CRI method, in which the connection s(x) between the

input and the output of the system equates approximately or even accu-
rately to F, (x) and the base functions y,(x) (i=0,1,---,n) in the

interpolation meet the following condition:
(Vi 0L} (v, () = 1, ().

This suggests us concern with such a problem that, in numerical ap-
proximation theory, there exist many interpolation methods (for example,
see [3]) that all are able to form an interpolation function, denoted by
F ., (x), and for such every method, whether can we make a group of

fuzzy inference rules as the Expression (7.1.2) such that, based on the
group of fuzzy inference rules, a fuzzy system s may be constructed in
which the connection s(x) between the input and the output of the sys-
tem holds the equation as being s(x)=F, ,(x) or the equation
s(x)=F,, (x)? This is one of motivations of this chapter.

It is well known that the fuzzy system is a kind of approximation to
certain or uncertain system. So, it is very interesting to analysis holisti-
cally and to describe quantitatively fuzzy systems from the view point of
functional analysis, which is another motivation of this chapter.

In order to solve the above problem, CRI method designed by
Zadeh should be generalized to general case in which the antecedents
and consequents are a special class of L-fuzzy sets. So, fuzzy refer-
ence based on L-fuzzy sets can be regarded as a generalization of one
based on Zadeh fuzzy sets. In fact, L-fuzzy set was introduced by
Gougen in [7] which is a generalization of Zadeh fuzzy set. Since
then, different kinds of L-fuzzy sets are studied such as interval valued
fuzzy sets [29], intuitionistic fuzzy sets [2], type-2 fuzzy sets [22] and
so on. The toll set [5] over domain of discourse X which was studied
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by Dubois and Prade is a mapping A4: X — [0, +00) U {+o0} . Since the
set L =[0,+0){+o0} with the order “<” (the order of real num-

bers set R) is a complete lattice, toll set is a special class of L-
fuzzy sets.

In this chapter, we first introduce a class of L-fuzzy sets called R—
fuzzy set as a kind of generalization of toll sets where we use the symbol
R =RU{-o,+x} . Based on a class of R — sets, a fuzzy system is

constructed by means of CRI method such that the connection between
the input and the output of the system is just a quasi-interpolation func-
tion. And then, by suitably using several kinds of R — sets as fuzzy
inference antecedents, several fuzzy systems are respectively obtained,
such as the piecewise linear fuzzy system and Lagrange fuzzy system.
Afterward, based on a particular class of R — sets, a fuzzy system is con-
structed by also means of CRI method such that the connection between
the input and the output of the system is just a generalized Bernstein pol-
ynomial. On generalized Bernstein polynomials, it is proved that general-
ized Bernstein polynomials are uniformly convergent in C[a,b] under

a weaker condition, and it is pointed out that there exist generalized
Bernstein polynomials to be not convergent in C[a,b] by use of con-
structing a counterexample. A notion of normal numbers of fuzzy sys-
tems is defined here, which is regarded as an invariant on a fuzzy system;
in other words, the normal numbers of fuzzy systems are able quantita-
tively holistically to describe fuzzy systems. Under the significance of
the normal numbers of fuzzy systems, all fuzzy systems are able to be
classified as three classes such as the normal fuzzy systems, the regular
fuzzy systems and the singular fuzzy systems. Based on another class of
R — sets as fuzzy inference consequents, a kind of fuzzy system is con-
structed by still using CRI method such that the connection between the
input and the output of the system is just a fitted function, although it is
not suitable for the interpolation condition, it does have more approxi-
mate performance to actual uncertain systems. At last, on the assumption
of the input universe partitions on the fuzzy systems being compatible,
based on a class of R — sets, Hermite fuzzy systems are formed by CRI
method too, and the collocation factor fuzzy systems are defined from
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Hermite fuzzy system, so that ability of modeling on uncertain systems is
improved and application area of fuzzy systems is expanded.

This chapter is organized as follows. In section 7.2, R — set is intro-
duced. In section 7.3, R — implication operations are defined. In section
7.4, the fuzzy systems based on R — sets are discussed. In section 7.5,
Normal numbers of fuzzy systems are introduced in order to discuss
some analysis properties of fuzzy systems from functional analysis point
of view. In section 7.6, Bernstein fuzzy systems are introduced, and the
approximation properties of such fuzzy systems are discussed. In section
7.7, fitted type fuzzy systems and Hermite fuzzy systems are discussed in
section 7.7 and section 7.8, respectively. In section 7.9, the normal num-
bers of Hermite fuzzy systems is discussed. In section 7.10, weighed
fuzzy sets are introduced. The conclusions are presented in section 7.11.

72 R- Fuzzy Sets

Given a nonempty universe X , a Zadeh fuzzy set 4 on a set X is a
mapping x,: X —[0,1], where , is called the membership function

of A and also denoted by the following symbol:
(Ve X)(A(0) 2 u,(0),

for us being more convenient. We know very well that [0,1] for the oper-
ations as the following:

A .

A A
v=sup, A=inf, x‘=1-x

should form an F-lattice (see [29]). It is taking notice of that the general-
ized real number set as the following:

R=R U {-o0,+0},

where R is well-known the field of real numbers, for the operations
v Esup, A Zinf and x° £1- x, forms an F-lattice, too. ([0, 1],\/,/\)
is obviously isomorphic with (R,v, /\) . In fact, we make a mapping as

the following:
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7 (00,1, v,A) > (R,v,/\)

—00, x=0;
x> f(x) 24 tan[7(x—0.5)], x € (0,1);
400, x=1

It is easy to verify that the mapping is a bijection and keeping operations.
So it is an isomorphic mapping. Now we define a complement operation

n R as follows:

A

c:RoR, xc(x)2x"2-x.

For any a point x €[0,1], we have the following facts:

x=0= f(x)= f(1=x)= f(1) = +00 = ~(-0)
=—fO) =Lf O =L/,
x=1= f(x°)= f(1-x)= f(0) = —0 = ~(+20)
==/ =[fOF =L/ @I,
0<x<1:>f(x")zf(l—x):tan[ﬂ'(l—x—O.S)]
= —tan[n(l —Xx— 0.5)] =—f(x)=[f(0)]

These mean that the mapping f:([O, 1],\/,/\,0) - (R,V,/\,C) is also
an isomorphic mapping. So we can learn that (H_%,v,/\,c) is a fuzzy

lattice which is a kind of algebraic structure.

Especially, for any c¢,d e R, c<d, [c,d] can also be a fuzzy lattice
with respect to the operations Vv, A, ¢. And we can prove the fact that the

algebraic structure ([0,1],v, /\,C) is isomorphic with the algebraic struc-
ture ([0, l],\/,/\,c).

In fact, if we make a mapping as the following:
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f: ([0,1],\/,/\,0) - ([c,d],\/,/\,c)
x f(x)=(d-c)x+c,

then it is easy to know that f is an isomorphic mapping, where the

complement operation in ([C,d 1.V, /\,C) as follows:

c:le,d]—=[c,d], x>c(x)2x=2d+c—x

Of course we can verify the fact as the following: Vx €[0,1],

f(x)=fl-n=d-c)1-x)+c
=d+c—[(d-c)x+cl=d+c—f(x)=[f(X)].

Generally speaking, if we let (L,Vv,A) be a complete lattice, then every
mapping A: X — L is called an L-fuzzy set (see [7]), and the set of all
such L-fuzzy sets is denoted by L.

When L=, the elements in the set: R Z{A‘A:X—H_R} are

naturally called R - fuzzy sets. In [28], the category of such generalized
fuzzy sets with the degree set L = R4 R U{+0} was researched, and
the category is with good properties. For that reason mentioned above,
we can and should generalize Zadeh’s fuzzy sets as follows.

Definition 7.2.1 Given a nonempty universe X , a generalized real-
valued function 4: X — R is called an R — fuzzy set. The set of all

the R — fuzzy sets on X is denoted by R”. Particularly, when A4 is a

bounded function, A4 is named a bounded fuzzy set, and the set of all the
bounded fuzzy sets on X is denoted by BF (X). ]

Apparently, BF(X) c R*. Let A be a bounded fuzzy set on X .
Then there exist ¢,d € R with ¢<d, such that 4: X — R can be
shown as 4: X —[c,d]. When ¢>0 and d <1, such bounded fuzzy

sets will degenerate Zadeh fuzzy sets.
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Example 7.2.1 Given a nonempty universe X ,let c=—1 and d =1.
Then the mapping 4: X — [—1,1] is a bounded fuzzy set. O

Remark 7.2.1 In [25], a notion of the double branch fuzzy sets was
defined as the statement: given a nonempty universe X, making a par-

tition for X as {X+,X_,XO} , i.e., the sets X', X, X" are not dis-
joint each other and X = X" UX UX", so-called a double branch

fuzzy set 4 means, when xe X, A(x)e(0,1], when xe X,
A(x) €[-1,0) and when x € X°, A(x)=0. Clearly, a double branch

fuzzy set is a particular bounded fuzzy set as shown as in Example
7.2.1. As a matter of fact, for a bounded fuzzy set 4 as mentioned in
Example 7.2.1, let

X" 2{xeX|A(x)e(0,1]},
X 2{xe X|A(x)e[-1,0)},
X’ {xeX|A(x):O}

1>

Then {X*,X’,XO} forms a partition on X and the A is indeed a

double branch fuzzy set. O
Remark 7.2.2 For a bounded fuzzy set 4: X —[c,d], if we have the
inclusion A(X) < [0,1], then A degenerates a Zadeh fuzzy set. O

Example 7.2.2 Let X =[a,b] < R. Making a partition on X as the

following:
a=x,<x <--<x,=b,

we form the bounded fuzzy sets 4, : X —[c,d] as the following

(their shapes are shown as Figure 7.2.1):

Ag/ (x) = (x_x./' )/(xi _xf)’ (7.2.1)
i%j i j=01n.
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Clearly, we have 4,(X)= [cl.j,d[j] , where we have put:
¢y = min{Aij(x)‘x € X}, d, = max{Aij(x)‘x eX},

then the mappings 4, : X —[c,d] are significant. i

Fig. 7.2.1. A class of bounded fuzzy sets

Now we reconsider the bounded fuzzy set A: X —[c,d]. We are
able to understand that the interval [c,d] is a kind of description of
membership degree for an element x € X belonging to a bounded fuzzy
set A, only in which the scale by use of [c,d] is different to the one by
using [0,1] . For example, when A(x)=d , it is regarded as that x fully
belongs to A, when A(x)=c, as that x does fully not belong to A
and when the situation: ¢ < A(x) <d , as the membership degree is a
number between ¢ and d . Especially, when ¢ <0 and d >0, that the
value A(x) €[0,d] means a degree that x does belong to 4, and that
the value A(x) €[c,0) means a degree that x do does not belong to

A. Of course, this is only one kind of interpretation, and there may
be other ones. Actually membership meanings of A(x) should be

defined in accordance with practical situations, so that the abilities
for applications can greatly be improved. For the situation of R —
fuzzy set A: X — R, there is a similar interpretation.
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73 R- Fuzzy Implication Operations

Definition 7.3.1 A generalized binary real-valued function as follows

0:RxR >R, (a,b)+ 0(a,b)

is called an R— fuzzy implication operations, if & (0.1 is a fuzzy impli-

1]
cation operator. m|

Because the generalized real-valued functions are able to take their
values in {foo}, in order to avoid making mistakes, we emphasize some

common stipulations as follows:
-0 <+00; x€R = —00 < x < +4o0;
00 + (£00) = 00 — (F00);
(Vx € R)(Fo0+x =00 = x — (F0));
(Vax € (0,+00)) (Fo0- x = F00);
(Vx €[~0,0)) (200 x = Foo);

(VxeR)(ioo-ozozij;
too
| £o0 |= +00;  (£00)-(£0) = +o0;
(£0) - (Foo) = —o0.
Sometimes, +o is simply denoted by c0. Be carefully, such as the sit-
uations: +oo — (), (£o0) + (F©), and so on are insignificant.

Example 7.3.1 Suppose we take a binary function as the following
form:

02 RxR->R, (x,y)0(x,y)=x-y

Then @ isan R — fuzzy implication operation. And let

02N RxRoR, (x,y)0(x,y)=xAy
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Then @ is also an R — fuzzy implication operation. m|

Remark 7.3.1 In the chapter, we often use R — relations and the bound-
ed fuzzy relations which are regarded respectively as particular ones of

R — sets and the bounded fuzzy sets. Besides, very like Definition 7.3.1,
we are able to generalize T-norm and co-T-norm as R — T-norm,
R- co-T-norm, the bounded T-norm and the bounded co-T-norm. ]

7.4 Fuzzy Systems Based on R — sets

Now we again review the single input and single output fuzzy system
with the input universe X =[a,b] and the output universe ¥ =[c,d].

Suppose we have known a group of the input-output data as the
following:

IOD:{(xi,y,.)|i=0,1,---,n}

with the partitions on the universes X and Y, as the following:
a=x,<x<..<x,=b,

c=y, <y <<y =d,

respectively, where k, = o (i) and the mapping o is an (n+1)—
0 1 - n
o= .
ky k- k,

) ln—l
Ayk,. =V ~ Vi i=0,L---,n-1, Aykn :;ZAyki
i=0

elements permutation:

Let

Then we construct the bounded fuzzy sets 4, € BF(X) (i=0,1,---,n)

as fuzzy inference antecedents and the R —fuzzy sets as follows:
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—y .
B eR', i=0,1,---,n

as fuzzy inference consequents, where the antecedent bounded fuzzy sets
hold the normalizing condition:

(‘v’xeX)(i,uA‘ (x) =1j

And in order to make the fuzzy inference consequent ]R—fuzzy sets as
being B, € R”, we firstly form a group of the triangle wave fuzzy sets as

being Ek,- € F(Y) as the following (see Figure 7.4.1):

Eko(y)z{(y_ykl )/(yko _ykl)’ yE[yko,yli;

0, otherwise,

(y_yki,1 )/(yk, Vi, ), ye [yk,,layk, ];

Eki(y)z (y—y,w )/(yk, _ykm)a ye[ykﬁykm:';

0, otherwise;
i=12,---,n—1,
B, (»)= {(y "k )/ (v, =3.,)> ve [yk:,l Sk
0, otherwise.
‘Ek

Yoo Yo Ve, i Ve,

Fig. 7.4.1. Triangle wave fuzzy sets
Then these B, are expanded to be as the R —fuzzy sets B, € R” as the

following:
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2 .
,UB,()’):,UE[(X)/(AJ/,) P l:O,l,"',l’l. (741)

It is not difficult to understand that every l/ (Ayl.)2 in Equation (7.4.1)

plays such a role that every El is weighted by l/ ( Ay, )2 to become a B,.

For the fuzzy inference consequents, the smaller is Ay, , the bigger is

the number y, = 1/ ( Ay, )2 . So under the condition as the following:

limmax Ay, =0,

n—>0

we have the following result:

lim B, = lim B = lim (B,/(A40,)") ={»}

n—»o Ay; =0 Ay;—0

where { yi}fm is called a R—singleton, which means the truth val-

ue set of singletons is generalized from {0,1} to {—o,+x}, i.e.,

0, y=y,
-, Y#Y, '

(‘v’y € Y)[,U{y’}m (») ={

Absolutely we are able to regard it as reasonable. It is the time to
give our fuzzy inference rules and they are as follows:

If xis 4, then y is B, i=0,1,---,n. (7.4.2)

From every rule in Expression (7.4.2), the R-— fuzzy inference rela-
tions as the following:

R =0(4,B), i=0,1n

are able to be determined, where 6 is an R — implication operator
selected by us, that is
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H (% 3) = 0( 11, (0, 11 ()

i=0,1,---,n.

(7.4.3)
In the chapter, we often choose the R-— fuzzy implication operator as
the form of @ = -, and thus

My, (xa y) =Hy (x)- Hp, ),

i=0,L--,n

(7.4.4)

In [31], an idea of weighted fuzzy inference was discussed, and then
some applications were researched in [27]. Here we will use such
weighted fuzzy inferences to deal with our problem. As a matter of
fact, there R — fuzzy relations obtained in Equation (7.4.4) are aggregat-
ed by the weighted from to become a whole R - fuzzy relations on all

rules as Expression (7.4.2) as R = z W,R, thatis

i=0
pp (X, 1) = D Wity (x, ) =D Wit (X () (7.4.5)
k=0 =0

These w, represent for the portions of the R — fuzzy inference relations
R; to occupy in the whole R — fuzzy inference relation R, respective-

ly. Here we take the weights as follows:

Ay,
e (7.4.6)

M/‘i = n
Z Ay,
i=0

We take notice of these w, are just Ay, essentially respectively, and

that ZAyk plays only a normalizing role for the weights. Clearly
k=0

Ay, shows a subinterval of the universe Y =[c,d] taken up by i-th

inference rule. It is easy to learn that, the bigger the subinterval is
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taken up, the more important the fuzzy inference rule possesses in
the whole. So we think of such a selection for the weights is indeed
reasonable.

We should notice the difference between these weights w, and those

weights y, = 1/ (Ayi )2 , mentioned above. The former is on the i-th in-

ference rule, and the latter is only on the consequent El of the i-th infer-

ence rule, which is with different meanings. Moreover, the R — fuzzy
relation R is a R— fuzzy set on RxR , ie., Re R For the
use of the R — fuzzy inference relation, we denote two symbols as the
following:

M 2 sup{u,(x, )| (x, ) €[a,b]x[c,d]}

= sup {i Wi/uA, (x)/uB, (y)

k=0

(x,7) € [a,b]x[c,d]},
m 2 inf {1, (x, )| (x,y) €[a,b]x[c,d]}

= inf {Zn: W, (X) iy ()

(x,») e[a,b]x[c,d]}.

For the requirements in what follows, we introduce a new concept,
quasi-interpolation functions. So-called a quasi-interpolation function
F . (x) means it holding the conditions as the following:

1) F,,(x) is a linear combination of the group of base functions

as the following:
{,uA,(x)‘izo,l,---,n} ,

i.e., there exists a group of real numbers {ci € R|i = 0,1,--~,n} such

that

F(x)= ZIUA, (x)c; 5
i=0



284 Fuzzy Systems to Quantum Mechanics

2) (Vie {O,l,---,n})(ci :yl.).
Clearly we know that, only with above two conditions, well-known
interpolation condition:

(Vi e 0.1 wwn}) (Foy () =),

cannot be met yet. It is easy to see the fact that, if the group of base

functions { M, (x)‘i =0,1,-- -,n} satisfies Kronecker condition:

O

0,i#],
i:j:()’l)”'an

then that F,,(x) = Z 4, (x)y; holds the interpolation condition.

i=0

Theorem 7.4.1 By still using notations and notions mentioned
above, based on the group of fuzzy inference rules as Expression
(7.4.2), a fuzzy system s is obtained by means of CRI method is ap-

proximately equal to a quasi-interpolation function in which its basis

functions are just the bounded fuzzy sets { M, (x)‘i =0, 1,---,n}, as

the following
s =F ()2 1, (0. (7.4.7)
i=0

Proof. By CRI method, from the R — fuzzy inference relation R (see

[P

Equation (7.4.5)), a R— fuzzy transformation is induced as

follows
o: R*5RY, A+ B2 AoR,

7.4.8
renfnr- gm0
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For any a point x* € X , denoting the following R-— fuzzy set:

A M7 x:-X*:
lLlA*(‘x): %

m, X#X,

and being substituted in Equation (7.4.8), we get a fuzzy inference

consequent B” € R" as the following

ty )= v (10 A 1 (x,9)
., * (7.4.9)
= ZwiluA‘. (x )ILIB‘. (y)

If the following conditions are satisfied
[ Jpa, G)|dy <o, 0<[ |u, ()|dy <0,

then we are able to obtain a corresponding point y* € ¥ with respect to
the given point x”, i.e.,
. fY Y, (¥)dy
[ 4, )y

by using the barycenter method. Because x" is arbitrary, above
expression should be generalized as the following

[ 0)ydy

y - ’
L Hy (Y)dy (7.4.10)

(Vye Y)(ﬂg ) =Y W, (i (y)j.

i=0

In accordance with the significance of Riemannian Sum in the definition
of definite integral, we have the following equation:
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_IyﬂB(y)ydy N ;’UB(yk;)yk,-Ayki

J, )y Znolﬂg (v, ),

,, (74.11)
D vty (3,) Ay,

_ =0

iﬂB (yi)Ayi

i=0

Since the bounded fuzzy sets { My (x)‘i = 0,1,~--,n} hold the normal-

izing condition: Y s, (x)=1, by Equations (7.4.1) and (7.4.6), we

i=0
know the fact that

Hp (yi)Ayi = AinWkﬂAk (x)/JBk (y,')

k=0
1 1
=Ay,w;u, (X) == 1 (X).

2
(Ayi) Z Ay,
i=0

Thus Expression (7.4.11) can be shown as follows

n

\ 1
~;yiﬂ3(yi)Ay,»_zzn A ’UA,-(x)yi

y . _ i=0 k=0 yk
n 1 1
Z/JB (yi)Ayi Z,,i:u,q, (x)
i=0 i=0 Z,FO Ay, (7.4.12)
Z ﬂAl. (x)yi n
= l:?q— = Z’UA,' (x)y,-
Z My (x) -
i=0

Substituting s(x) for y and taking the function as the following:
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F ()2 1, (x)y, .
i=0

we have the following result:
s(x¥) % F, (x) = 3 1, (1), (7.4.13)
i=0

This is the end of our proof. |

Example 7.4.1 From the partition of the universe X as the following:
a=x,<x<..<x,=b,

the bounded fuzzy sets as the antecedents of fuzzy inference rules are
formed as the following:

Hy (x)= ﬁ

J#i

(x=xp)(x—x_ ) (x—x,,)(x—x,)

- (7.4.14)

(xi _xo)"'(xi _xi—l)('xi _xi+1)"'(xi _xn)’

i=0,1--,n

x—xj

X; —xj

From Fundamental Theorem of Algebra, it is easy to know the fact that

n n n .
— J

2 @=211
i=0 i=0 j=0 X; —X;
J#i ’

X—X

=1.

So the connection between the input and the output of the fuzzy system
§ constructed just above is approximately equal to a quasi-interpolation

function in which its base functions are just the group of functions as

being {ﬂA,. (x)}::o, ie.,
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s(x)=F,, (x)= ZILIA )y, =

(7.4.15)

10/0
/¢l

Because the bounded fuzzy sets {A,.}:: , here are typical Lagrange inter-

polation basis functions, that hold Kronecker condition, the following
function:

n+l
i=0 j= 0o X
J#i

is just an interpolation function. Such fuzzy systems are called by us
Lagrange Fuzzy Systems. |

Example 7.4.2 From the partition of the universe as the following:
a=x,<x<..<x,=b,
the bounded fuzzy sets as the antecedents of fuzzy inference rules are

formed as the triangle wave Zadeh fuzzy sets very like Figure 7.4.1 as
the following:

4 (x) = {(x—xl)/(xo —xl), xXe [xo,xl];
! 0, otherwise;
(‘x_xifl )/(xi _xifl)’ X € [xH:xi];
Hy (x)= (x—xm )/(xi _xi+l)’ X e [xi’xi+l];
0, otherwise;
i=1-,n—1,

IUA" (x) _ {(x—xn_l )/(xn — X, ), X e [xn_l,xn];

0, otherwise;

Clearly z y (x)=1. So the connection between the input and the out-
i=0
put of the fuzzy system s constructed just above is approximately equal
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to a quasi-interpolation function in which its base functions are just

those membership functions as being { M, (x)}'io, ie.,
s = F ()= 1, (X)y,. (7.4.16)
i=0

Apparently the group of base functions, { M, (x)}"l_o, hold Kronecker

condition. Thus that F, ,(x) = Z M, (x)y, is just an interpolation func-
i=0

tion. So such fuzzy systems are called by us Piecewise Linear Fuzzy

Systems. m)

Example 7.4.3 On the input universe X , the bounded fuzzy sets as the
antecedents of fuzzy inference rules are formed as the following:

(x—a(b-x)"
_C
#y (%) ”(b—a] (b_aj : (7.4.17)

i=0,1,---,n

Clearly we know the fact : Z My (x)=1.

i=0
So the connection between the input and the output of the fuzzy
system S constructed just above is approximately equal to a quasi-

interpolation function in which its basis functions are just those mem-

bership functions as being { M, (x)}’_l_o, ie.,

s(X)=F, (x)= iﬂAi (x)y,

SN
= b—a)\b—-a

(7.4.18)
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Remark 7.4.1 The fuzzy system s as Equation (7.4.18) is called by us
a Bernstein Fuzzy System. Particularly, when a =0 and b =1, we have

ﬂAi(X):C’i(x)i(l_x)n—i’ i=0,1--.n,

which are typical base functions from Bernstein polynomials.

However here the base function group as being { M, (x)} . does not

hold Kronecker condition. It is not difficult to learn that the following
function:

7n
F(x)= z 1y (X)y;
i=0
is not an interpolation function but a quasi-interpolation function. ]

7.5 Normal Numbers of Fuzzy Systems

In this section, we will discuss some analysis properties of fuzzy systems
from functional analysis point of view.

We still take account of the single input and single output open loop
uncertain system as shown as Figure 7.1.1, i.e.,

s: X oY, x> y=s(x).

The group of R- fuzzy inference rules describing the uncertain
system is as Expression (7.4.2), that is,

A —>B, i=01-n,

where 4, e R* and B, e]l_ky, i=0,1,---,n.

In this chapter or even in this book, we often regard u,(x) as the
same as A(x), because A4(x) is more convenient than z,(x).

By noticing that A4, ‘X >R and B, 'Y >R,i=0,1,---,n, we can

know the fact as following:
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Aé{AO,---,An}c]_RXé{f‘f:X—)]_R}

>n

Bé{BO,--- B }CRYé{g‘g:Y—)R}.

In R¥, we define the addition and the scalar multiplication operations
respectively as follows:

(9, €RY)((vre X)((f + ) 2 f()+g(x)));
(Vf eRY)(VaeR)((Vxe X) (@) =a-f(x))).

It is easy to know that (RX,+,-) is a linear space over the real num-

ber field R, and so (]_RY,+,-) is. In the function spaces R¥and RY ,

{)

||Y) all become the normed linear spaces. Thus .4 and &

the norm |||| , and ||||Y are defined respectively such that (H_%X,
and (I_RY,

are able to be regarded as the subsets of the normed linear spaces R *

and R", respectively. So-called a group of fuzzy inference rules,
A —B, i=01,-,n,

is actually a transformation from a subset .4 of the normed linear

space R* to a subset & of the normed linear space R’ , denoted by
T

el 1€

T;H—l :"4_>'6)7 Ai |%7:&1(’41')%31'9
(7.5.1)
i=0,L---,n

Whether can this transformation be expanded as a kind of trans-
formation from the normed linear space R * to the normed linear space
R 2 If it can, then the transformation is denoted by the following

mapping:
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T:R*>R", A B=T(A).

In fact this thing has already almost been done (see Equation (7.4.8)),
i.e., T =o. However T is not a linear transformation but a nonlinear
transformation. In other words, T is not a bounded linear operator

) to the normed linear space

from the normed linear space (RX, ” Y

(R,
bad property, that is, T|/, =T

||Y) Moreover, the transformation as Equation (7.4.8) has a

or T does not hold the following

+1°

condition:

(Vie{0,1,-,n})(T(4)=B,).

1 1

But this does not retard us to use the norms. As a matter of fact,
although T'(4,)# B,, the difference HT(A.)—BiHY does describe the

degree for T (147) approximating B, which means the transformation as

Equation (7.4.8) is not an interpolation operator but is a fitted operator in
accordance with Equation (7.5.1).
In section 7.5, we have denoted X =[a,b] and Y =[c,d]. that

represent the input-output connection of the uncertain system shown as
Figure 7.1.1 to be a function, as the following:

s:la,b]—>[c,d], x> s(x).

In fact, s(x) is usually a continuous function, i.e., s € C[a,b]. So we
take account of our problems in the space C[a,b]. Firstly, Vs € Cla,b],
anorm in C[a,b]is defined as follows:

||s|| _=max {s(x) |x e [a,b]} .

Reviewing the group of fuzzy inference rules as Expression (7.1.2),
when 4. and B; are all normal fuzzy sets which mean, x, € X and

dy, e Y, such that A(x,)=1and B(y,)=1, this shows us to know

that, designing a group of fuzzy inference rules as Equation (7.1.2) and
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obtaining a group of input-output data as being the following set:
10D ={(x,,3,)|i=0,1,---,n}

is almost a same thing, where this group of data should satisfy the
following interpolation condition:

(Vie{O,l,---,n})(yl.=s(xl.)). (7.5.2)

So we can know that theorem 7.4.1 means the following equation:

s(x) = s(x) ~ F, (x) = ZA(x)y, ZA(x>s

)

and we are able to get a bounded linear operator from (C[a,b],

o (Cla,b],

OO) as the following:

: (la,b]—> Cla,b],s = L, (s),

11+1

L. ()x)EF, (x) ZZA,-(X)S(X (7.5.3)

Based on this operator, a sort of numerical characters of the fuzzy
systems shown in Theorem 1 can be described by the normal number

L

n+1

of the operator as | , called by us Normal Numbers of fuzzy

systems.

Proposition 7.5.1 If the bounded fuzzy sets as the antecedents of fuzzy
inference rules are 4, € C[a,b],i =0,1,---,n, then the normal number

of the fuzzy system is the following:

| = max Z|A (x)| (7.5.4)

n+1 xela,b]

Proof. Let M = maxz |Al.(x)|. One side we have the following

xela,b]

inequality:
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L), <maXZ\A @)s(x,)| <[s].,

x€la,b]

max ZIA ) =M|fs]. -

® xela,b]

So we get the following inequality:

L

- Sup | n+l1 (S)” <M.

n+l

On the other side, as Z|A,(x)| € Cla,b], there must exist a x, €[a,b]
i=0
such that

ZO:‘AI. (x, )‘ =
Choosing a s, € C[a,b] such that ”SO”oo =1 and

(Vie{0,1,-,n})(s,(x)=sgn 4 (x)).

ie., |S0 (x)| <1, we have the following expression:

L, (So )H
L, (So )(xo )‘

ZA X, sgnA Z‘A X, ‘:

L

n+l1 (S)” =

sup
Jsll.=

L, (So ) (x)‘ 2

n+1

= sup
X€|

n
Therefore, we get”L}7+1 || = gl[%];Mi (x)| O

Remark 7.5.1 This means |[L

n
= max Z|Ai(x)| is a center invariant,
xela,b] =0

n+l1

which its quantity is sometimes only depending on the partitions on the
input universe X . |



The Normal Numbers of Fuzzy Systems and Their Classes 295

Example 7.5.1 When the bounded fuzzy sets 4,(i=0,1,---,n) as the

antecedents of fuzzy inference rules are taken as the triangle wave fuzzy
sets (see Example 7.4.2), the normal number of the fuzzy system has a
unit quantity:

In what follows, a fuzzy system having the normal number with a unit
quantity is called a Normal Fuzzy System. O

Example 7.5.2 When the bounded fuzzy sets 4,(i =0,1,---,n) as the

antecedents of fuzzy inference rules are taken as Lagrange basis func-
tions as the following (see Example 7.4.1):

Ai('x) :ﬁ

j#i

Ln+1

| = 21[%];|Ai(x)| = ){2%‘];4 (x)=1. (7.5.5)

X=X, )
) 2 l:O’li...7n7
X, —X;

the normal number of the fuzzy system has the following inequality (see

[3D:

n

| = max >"|4,(x)|> z1n(n +1)+0.5212
T

xela,b] pay

Ln+l

Clearly lim”Ln +l” =+00. This means Lagrange fuzzy systems are not
n—0

the normal fuzzy systems.
For general cases, we define that, when the bounded linear operator

L .. in Equation (7.5.4) is uniformly bounded, i.e.,

n+l

(3IM > 0)(sup {|

L)1+l

[n=0,1,---} < M)

the corresponding fuzzy systems are called Regular Fuzzy Systems, or else
called Singular Fuzzy Systems. Apparently, the normal fuzzy systems
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must be the regular fuzzy systems. Therefore, Lagrange fuzzy systems are
not the regular fuzzy systems but the singular fuzzy systems. |

Remark 7.5.2 For the bounded linear operator as the follows:

L. e C[a,b]c[“’b]

ie, L

n

. € B(Cla,b],Ca,b]) as Equation (7.5.4), if it holds the

following condition: for any a function s € C[a,b],

(34, > 0)(sup{| . O |n=0.1 <01,

then the linear operator L . is called pointwise bounded. Because

n+l
the function space C[a,b] is a Banach space, by utilizing Resonance
Theorem in functional analysis (see [6]): if a bounded linear operator
L, ., is pointwise bounded, then L ,, must be uniformly bounded.

Thus, the bounded linear operator L

n+l

in Lagrange fuzzy systems is

n+l1

not point-wise bounded, which means the following expression:

(35 € Clab1) (sup |, ()] [ 1= 0,1} =+c0).

In other words, there must exit a function s(x) in C[a,b] such that the
sequence of functions L ,,(s)(x) does not converge to s(x). So when

using Lagrange fuzzy systems, we should firstly verify their convergence.

Actually, Runge had found the flaw as “singular” on Lagrange fuzzy
systems (see [23]) and he gave a counterexample: considering a continu-
ous function in C[—1,1] as the following:

1

s(x)=——
*x) 1+25x2

making an equidistant partition on [—1,1] as follows:
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straightaway from numerical values we are able to learn that v does not
converge to s(x). For example, when n =10, it is not difficult to

calculate the following values:

L., (5)(=0.96) = L, (s)(=0.96) ~ 1.80438,
5(=0.96) ~ 0.04160

We are able to see how big the difference between them in a neigh-

borhood at an endpoint.
Similarly, the difference between L,,(5)(0.96) and 5(0.96) is also

big, in a neighborhood at another endpoint. If the counterexample
given by Runge showed us a kind of no convergence of the interpola-
tion function only at endpoints, then ones must ask such a question:
whether can we really find a continuous function s € C[a,b] such that

L . (s)(x) doesnot converge to s(x) a.e. in [a,b]?

In fact, in [23], Bernstein for this thing had given a theorem: for the
continuous function s(x) =|x| e C[-L,1], by making an equidistant
partition on [—1,1] as follows:

2i
x=—1+—, i=0,1,---,n,
n
L, (s)(x) does not converge to S(x)=|x| at any point in [—1,1]

except the three points: x =—1,0,1, with n —> . O

Example 7.5.3 When the bounded fuzzy sets 4,(i =0,1,---,n) as the

antecedents of fuzzy inference rules are taken as Bernstein polynomi-
al basis functions as follows:

(x—aY(b-x\"
. =Cl P ':0,17”'5 B
=G4 (2] =0t

or A(x)=Cl(x)'(1-x)"",i=0,l,---,n (see Example 7.4.1), the nor-

mal number of the fuzzy system has a unit quantity:
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L [=max > |4 (x)|=max > A(x)=1
nl | xela,b) ;| ! ( )| xela,b] ; ! ( )
So Bernstein fuzzy systems are the normal fuzzy systems. O

Remark 7.5.3 It is easy to know that {AO,AI,---,A,,} from Example

7.4.1 to Example 7.4.3, is a group of n+1 linearly independent func-
tions in C[a,b], and then a n+1 dimensional linear subspace of
Cla,b] as the following:

span{4,, 4, --,4,}  Cla,b],

can be generated by {AO,AI,---,An} as base functions of the linear

subspace. This means, for an uncertain system, s: X — Y , where the
universes X =[a,b]c R and Y =[c,d]c R, s(x) is an undeter-
mined input-output connection in which s(x) is requested to be a
continuous function, i.e., s € C[a,b].

However, we only know a group of the input-output experiment data
as [OD = {(xl., Y, )‘l = 0,1,'--,n} holding the interpolation condition as
Equation (7.5.2) as follows:

(Vie 0L ) (y =5(x,)).

From this group of basic data we can generate a group of fuzzy infer-
ence rules (also can see Equations (7.1.2) or (7.4.2)):

A —>B,i=0,1n, (7.5.6)

where 4, (i=0,1,---,n) are able to be the triangle wave fuzzy sets

required of holding the double-phase property as the following:
(Vx € X)(E!l' €{0,1,---,n —1})(A[(x)+AM(x) = l)

or Lagrange base functions or Bernstein base functions, which are the
bounded fuzzy sets and just forming the base functions of the function
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space: Span{AO,Al,---,An} , and the fuzzy sets B, (i=0,1,---,n) are
shown as Figure 7.4.1. By function approximation theory (for example,
see [3,23]), we know that, arbitrarily given s € C[a,b], for any £>0,

there exists a group of fuzzy inference rules as Equation (7.5.6), that is
equivalent to a group of input-output data as follows:

IODz{(xi,yi)‘i=0,1,~-,n}

b

required of holding Equation (7.5.3), such that |[L, H(S)—S”Oo <&. By

noticing the fact that
L11+1(S) € Spa'n{AOBA]ﬁ' : '9An} s

we know that, for any function f(x) in the infinite dimensional func-
tion space Cla,b], we are able to use a function in the finite

dimensional function space as the following:
span {4, 4, -+, 4, }

to approximate it. This makes a part of fuzzy system analysis are able to
be framed into the approximation theory of functions. O

7.6 Bernstein Fuzzy Systems

We have introduced Bernstein fuzzy systems in Example 7.4.3, and now

we begin to discuss universal approximation of such fuzzy systems. The

single input and single output open loop uncertain system shown as Fig-

ure 7.1.1 is still considered, here supposing that X =[a,b]c R and

Y =[c,d] < R, in which we are able to assume that a =0 and b=1,
xX—a

or else, we are able to make a kind of change of variable as u = ) ,
—a

then u €[0,1]. Therefore, we regarded the input-output connection of
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the system s:X — Y as s e (C[0,1]. Assume that, for the information
of s(x), we only learn a group of the input-output data as the following:

IOD={(xl.,yi)‘i=0,l,---,n}

holding the condition:
O=x,<x,<--<x, =1,

(Viet0Lm)(y,=5(x)).

The bounded fuzzy sets 4, € BF(X) (i =0,1,---n) as the antecedents of

fuzzy inference are taken as the following:

A(x)=Cx'(1-x)"", i=0,L,--,n . (7.6.1)

Clearly {AO,Al,---,A } is a group of linearly independent functions in

n

the function space C[0,1] and easy to know it holding the normalizing

condition: ZA,(X) =1. The bounded fuzzy sets B, (i=0,1,---,n) as
i=0

the consequents of fuzzy inference rules are still taken as equation

(7.6.1). Thus we get a group of fuzzy inference rules:

A —>B,i=01-n.

From the group of fuzzy inference rules, by means of CRI method,
a fuzzy system s can be constructed to approximately be a General-

ized Bernstein Polynomial as the following

s(x) = s(x) = En (s;)
A iA, (x)y,» = is(xi ) C”;xi a _x)n—i (7.6.2)
i=0

i=0

This is a particular example of Example 7.4.2. It is well-known that a
Bernstein polynomial is a polynomial as follows:
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B,(s;x)= anS(ij Cix'(1-x)"". (7.6.3)
i=0 \ 7

Be careful, in a Bernstein polynomial, the partition on X =[0,1] is
equidistant as

[ .
X =, l=0,1,--',n;

but in a generalized Bernstein polynomial En (s;x), the partition on the
interval X =[0,1] is unnecessarily equidistant (see x;, in s(x;) in
equation (7.6.2)). Bernstein polynomial B (s;x) had been ever used

to prove Weierstrass First Approximation Theorem, which means
B (s;x) can uniformly converge to s(x) on [0,1],i.e.,

lim”S -B, (s)”oo =0.

However we have such a question: whether can a generalized Bernstein
polynomial B (s;x) uniformly convergeto s(x) on [0,1],too?
The answer should be not. Now we concern with under some condi-
tion to prove the proposition: limHs -B, (S)H =0.
n—»o 0
How to give a right condition to make lim”s — En (S)H =0 to be

n—>»0

true?

We think that, when we make a non-equidistant partition, the making
cannot be too arbitrary and it should comply with some rule. What kind
of rule? The rule should be that a non-equidistant partition must have
some relationship with an equidistant partition. We deem that, consider-
ing the relationship between the non-equidistant partition points as being

. " . .
x, (i=0,1,---,n) and the equidistant partition points —(i = 0,1,---,n),
n

. 1 .
should not be over some proportion of — that is the
n

i
X, ——
n

max

1
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measure of every subinterval for an equidistant partition; so the expres-
sion is the following:

Sp-l, O0<pelR.
n

i
X, ——
n

max

1

Let B[0,1] be the set of all bounded functions defined on [0,1]. We
firstly in B[0,1] take account of the convergence of generalized

Bernstein polynomials En (5;x).
Theorem 7.6.1 Let s € B[0,1] and that x €[0,1] be any continuous
point of s(x). For any given real number p >0, if a partition on
[0,1], as being 0 =x, <x, <---<x, =1, satisfies the condition:

i

X, ——
n

P

n

max

l

then n — th (n >1) generalized Bernstein polynomial B, (s;x) converg-
esto s(x),ie.,

lim En (s;x)=s5(x). (7.6.4)

Proof. Step 1. We firstly prove a useful inequality: for any 6 >0, and
for any a point x €[0,1], we have the following inequality:

2
Z Cix'(1-x) < 4p ;Ln
25 2n°o

: (7.6.5)

where > means to do sum for all i that hold |xi —x| >0 . In fact,

\@—425

as |xl. —x| > ¢, we know that Lz(xl. - x)2 >1. Thus
o
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C:;xi (1 _)C)’F[ < L xi -x 2 C’ixi (l_x)n—[
52

|x;—x[>6 |x,—x[z8
__ Z (nx - nx)2 Cx'(1-x)""
- 252 i n
n ‘x,-—x‘zé'
1

Z (|nx,. —i| +|i—nx|)2 Cix'(1-x)""

< 282
né )

2 N2 s 2 | i i n—i
< - - Cx'(1-
Y= xi;(g[(nx, l) + (i —nx) J "x'(1-x)
2 ’ .
— o . Cl 1 1_ n—i
pery xj;é(nxl l) x'(1-x)
+% > (i-mx)’Cix'(1—x)"
n ‘xi—x‘zé

For convenience, we use the following two symbols:

A 2 N2 .
[=—— nx,—i) Cix'(1-x)"",
n252 szzs( )
IIéi Z (i—nx)’Cix'(1-x)""
n252 ‘xi—x‘zé' !

And it is not difficult to prove the identity:
z (i—-nx)’Cix'(1-x)"" =nx(1-x).
i=0

I
X, ——|< s , we can know the fact
nl n

Now by using our condition: max

1

that (nxi —i )2 < p’, and then we have the following results:
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2

Z Cix'(1- <2 - ZZC’ *(l—xy =2

22’
l’lé“xx‘n; no

n2 2Z:(z nx)’Clx'(1-x)"" < 25 nx(1-x) < —— 252,
2

2p n 4p° +n
I+11< + = .
n’6®  2n*S*  2n*S?

From these we know that Equation (7.6.5) is true.

Step 2. We prove that Equation (7.6.4) is also true. Actually, as that
s € B[0,1] means s being bounded on [0,1], we have the fact that

(3M > 0)(Vx €[0,1])(|s(x)| < M);

and since x is a continuous point of s(x), we must have the result: for
any £>0, 36 >0, such that

(Vx' 6[0,1])(|x—x'| < 5:>‘s(x)—s(x‘)‘ < 6‘/2).

24+n

252

Besides by the limitation lim =0, for above ¢, there exists a

n—0 2n

number N € N, (N, is the set of all natural numbers), such that

2
(VneN,) 112N:>4'02+2n<L
2n°o 4M

Thus, Vn > N, we have the following result:
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|s(x)= B, (s;x)| =

SO, Cor =2 =X s ()i 1=
<205 —s (x)|Cx' (1)
= % s =s(x)| G A=+ 3 [s(0=s(x)|C (1=

‘xl- —X‘ZE ‘x,-—x‘<5

<2M Y] Cix'(l—x)" +< D C,’;x"(l—x)”*"<2Mﬁ+£:g

‘x‘.—x‘zé' ‘xi—x‘<6 2
This means that lim En (s5x) =5(x). m
n—»0

Theorem 7.6.2 Let s € C[0,1]. For any real number p >0, if a parti-

tion on X =[0,1], O0=x,<x,<---<x,=1, holds the following

condition:

X, L < P
" n

b

n

max

l

then n -th (n >1) generalized Bernstein polynomial B (s;x) converges
uniformly to s(x), i.e.,

}111_r>1; HEn (s)— s”w = lim max ‘En (s;x)— s(x)‘ =0. (7.6.6)

n—»0 xe[O,l]

Proof. For any & >0, by knowing that the typical Bernstein polynomial
B, (s;x) can converges uniformly to s(x), there must exist a natural

number N, € N, such that

(VneNJ(nZN1 =

) — é
B (s;x) s(x)|<2j.

Since s(x) e C[0,1], s(x) must be uniformly continuous on [0,1]. So

36 >0, such that, Vx,,x, €[0,1], we have the following implication:
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|x1 —x2|<5:>‘s(xl)—s(x2)‘<§.

By using our condition: max |x, _L SB, there must exist a V, = N,
i nl n
such that
(VneN+)(n>N :>maxx——££ 5],
nl n
and then
i &
Vie{0,L--,n})| |s(x,)=s|—|[<= |
(vre it s(s)-s( £ <
Thus

\E(s;x)—s(x)\s\E,,<s;x>—B

()

This finishes the proof of 11_{1010”1_3,1 (s)— SHOO =0. m|

Clx'(1- x)’”+ <fif_g £,
2 2 2

Remark 7.6.1 We are able to give a counterexample to show that there
at least exists a generalized Bernstein polynomial En (s;x) such that it
does not converge to s(x); in other words, for a generalized Bern-
stein polynomial En (s;x), there at least exists a continuous function

s € C[0,1], by making a particular partition on [0, 1] as the following:
O=x,<x, <--<x,=1,

such that En (s;x) does not converge to s(x) in [0,1].

As a matter of fact, that we concern with how to choose a particular
partition on [0,1], as being 0=x, <x, <---<x, =1, is based on such
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an idea: along with #n increasing, breakpoints x, (i =0,1,---,n) are
gradually increasing and adequately moving to right end-point 1, such
that B, (s;x) holds that

(Vxe[O,l])(li_g B (s:%) —)s(l)).

Please see the following example. |
Remark 7.6.2 We now give the proof of the following identity:

n

D (i—nmx)*Cox' (1-x)"" = nx(1—x)

i=0

We can use probability method to do it. In fact, let random variable &
obey binomial distribution b(n, x) which its distribution sequence is as
the follows:

P(E=D)=Cx'(1-x)"", i=0,1,--,n.

Thus we get the equation ZP(é‘ =i) =1 which means the following
i=0
equation:

i Cix'(1-x)"" =1.

i=0

It is well-known that the mathematical expectation of the distribution
sequence is the form as the following:

E(E) =) iP(é=i)=nx,
i=0
i.e., being as the following equation:

ZiC}ixi(l -x)"" =nx.
i=0



308 Fuzzy Systems to Quantum Mechanics

And then by use of the variance expression of the binomial distribution
as the following expression:

D(&)=E(&)-E@&) =nx(1-x),

we can get the fact that £ (fz) =nx(1—x)+ E(&)”. In other words, this
means the following equation:

Z PCX (1-x)"" =nx(1—x)+n°x".

=0

Finally, we have result as the following:

Z (i-nx)’Cix'(1—x)""
i=0

=Y PCx (1-x)"" =) 2nixCox' (1-x)""
i=0 i=0
+ Y X’ Clx' (1-x)""
=0
=nx(1—-x)+n°x> =2nx-nx+n°x" = nx(1—x)

This is the end of the proof. |
Example 7.6.1 For n > 2, we should choose a partition on [0,1] as the
form: 0=x, <x, <---<x, =1, where x, (i =0,1,---,n) are defined as
the following:

L, 0<i<[Inn];

Inn

B [lnn]+lnn—[lnn]' i—[Inn]

X;

, [Inn]+1<i<n.
Inn Inn n—[lnn]

Figure 7.6.1 shows the distributing cases of the two partitions on the
closed interval [0,1] of x, (i =0,1,---,n), when n =10 and n =30.
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It is easy to learn such the partitions holding our idea mentioned
above. Clearly, we have the following limit expression:

lim max (x, —x,_, ) =lim—=0.
n—o 1<i<n n—o In n

For any a given bounded function s(x) on [0,1], it is supposed that
s(x) holds the weak Lipschitz condition:

(3L > 0)(vx €[0,11)(|s() - s(x)| < L(1-x)). (7.6.7)

By noticing fact that limx* =1, we should stipulate that 0° =1. Then
x—0

the generalized Bernstein polynomial as follows:
B, (s;x)=> s(x,)Cix'(1-x)""
i=0

must satisfy the bounded condition: B, (s;0) = 5(0), B, (s;1) = s(1) .
When x €(0,1), by denoting that X = max{x,l—x} , we have the

following inequality:
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|s() - B, (s:x)| = s(1)i Cix'(1-x)"" - is(xl.)C,ixi(l —x)"

i=0

<Z‘s(l) s ‘Clxl(l x)’”<LZl X, C’x’(l x)"”

[nn] .
=L 1-— |CX'(1-x)""+
IZO“( lnnj ( )
I z 1_[lnn]_lnn—[lnn]. i—[Inn] C,’;x"(l—x)"‘i
i<{inn]+1 Inn Inn n—[lnn]
[Inn] _ n o .
<LZ Cixzm M Z Cix'(1-x)"
nn i=[Inn]+1
[Inn] 1 l L
Cl +_ Clxl 1 X n—i <an nn+ _,
z Z ( ) Inn
[Inn] o ) _ o .
<Ly CiEz yplnn=linn] Z Cix'(l—x)""
i=0 nn i={lnn]+1
<L)'€_n[lnzn]cl +chlxl(1 x)n i <L)fen lnn-*—l+ L
Inn Inn

In above expression, we use two zooming inequalities as follows:

(Inn] [Inn] [Inn]
Z(I—E)C’x’(l X)) Cix'(1- x)”’<ZC’ R

i=0 i=0 i=0

C = n(n—=1)---(n—i+1)

<n(n—=1)---(n—i+1)<n' <n™
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Camparisan of the partition points between the traditional and the general Bemstein polynomial, n=10

311

+

cebreseay

0.8

08 1

n=30

0.0s - —

e S i e e 3

008+ —

01 0z 03 0.4 045 06 07 08 08 1

Fig. 7.6.1. The non-equidistant partitions on [0,1] when n =10,30

Moreover, we need to verify a limit equation:

llm )’ennlnnﬂ — O

n—>0
In fact, by using in L’Hospital rule, we have the fact as the following:

lim (Inx+1)Inx _

X—>+0 X

0.

(Inn+1)Inn

So we have the limit expression lim =0. Thus, there

n—0 n
must exist a natural number N € N_, such that, Vi >N | the follow-

ing inequality holds

(Inn+1)Inn < Inx

n 2
Then we must have the following inequality: Vn > N,

(lnn+1)lnnj (nlnfcj
——— | |<exp 5 )

n

Inx<Inx+

exp n(lnfhL
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Thus we get the following result:

0<limz"n""" =limexp (ln (fc”nl“"” ))

n—>0 n—>0

=limexp(nInx+(Inn+1)Inn)

n—»0

=limexp [n (ln X+ MD

n—x0 n

< limexp(m;xj=0.

n—»0

So limx"n"™""' =0, and then we have lim B, (s;x) = s(1) . There-

-
fore, this kind of generalized Bernstein polynomial B, (s;x) converges
to s(1) for any x € (0,1], but not s(x).

By the way, we should point out that there are many bounded func-
tions to hold the weak Lipschitz condition (7.6.7); for example, all the
functions s € C'[a,b] do hold it, for example, the well-known func-
tions s(x)=x and s(x)=sinx. m]

7.7 Fitted Type Fuzzy Systems

A group of fuzzy inference rules (see Equation (7.1.2) or (7.4.2) or
(7.5.6)) plays a very important and basic role in modeling on uncertain
systems. However, we should use flexibly the group of fuzzy inference
rules. In this section, we concern with how to design the bounded fuzzy
sets as the consequents of fuzzy inference rules and how to choose the
weights for aggregating R, with respect to every fuzzy inference rule to

become the whole fuzzy inference relation R, such that the fuzzy system

s and the approximate function F,, (x)= ZAi(x) v, for s(x) have
i=0
the identical equation as follows:
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s(X)=F,,(x)=> 4x)y,, (7.7.1)
i=0

but not an approximate equation as being s(x) = F, ,(x) (see Equa-
tion (7.4.7)). We are able to finish this intention under dealing little
with the group of the breakpoints { yi|i =0,1,'--,n} in the output

universe Y .
In fact, by noticing that x_ is arbitrary in Equation (7.4.9), Equation
(7.4.9) can be written as more general form as follows:

B()= Y wAMB (). (172)

For replacing Equation (7.4.1), we should expand the Zadeh fuzzy sets
B,(i=0,1,---,n) to be the bounded fuzzy sets as B, (i =0,1,---,n)
as the following:

B(»)
o YEb
"B (1.73)
i=0,1---,n.

B/(y)=

And the weights in Equation (7.4.1) are replaced by the following
form with the integrals:

["B)dy

S i=0,1,-,n. (7.7.4)
Y[ B»dy
i=0

w. =

1

Here the weights w, (i =0,1,-+-,7) mean that, for the consequent fuzzy
sets Ei(i =0,1,---,n) of the fuzzy inference rules, the bigger is the
area of l_il., the bigger portion in the whole l_fl occupies. Clearly this is

reasonable.
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By Equation (7.4.10) and the normalizing condition: ZA,(x) =1, we
i=0
surely have the following equation:

[ BO)ydy fd yZ w,4,(x)B;(y)dy

B ij(y)dy . chiwiAi(x)Bi(y)dy

i/l,-(x)fj o

B ["Boyay

o d 1 —
YA ———B()dy
=0 ! () dy
- f B.(y)ydy

By stipulating that y 2 Voo Vet = v, , and calculating above definite

integrals, we have the following result:

d —
A f B(y)ydy
¥, =d_—=§(yi_1+y,»+y,»+l),
[ B(»dy

i=0,1,n

(7.7.5)

By denoting F,,(x)= ZA(X))_/I , we sum above result up to get a
i=0

theorem as follows.

Theorem 7.7.1 Following the notations and notions mentioned above,

based on the group of fuzzy inference rules as Equation (7.4.2) (or
(7.1.2) or (7.5.6)), the fuzzy system obtained by using CRI method is a
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fitted function that its basis functions are just the bounded fuzzy sets
A(x), i.e., as the following expression:

S0 =Fu(02 Y 405,

d —
LBOMY gy

Yi=a = 3 ) (7.7.6)
[ By
i=0,1,---,n,
A A
y71:y09 yn+l:yn'
This sort of fuzzy systems are called Fitted Type Fuzzy System. m|

Remark 7.7.1 In Equation (7.7.6), we have known the fact:

o+ Y.+ Y.
E:%’ i=0,1,n,

which mean that y, is the mean valve with y,, and y,,,; clearly this

1s reasonable and of more accurate value. O

Remark 7.7.2 Under supposing the interpolation condition (7.5.3) be
satisfied, by Equation (7.7.6), we are able to make a bounded linear

operator L_,,+l as follows:

L, : Cla,b]— Cla,b],s > L, (s),

_ . " 3 (7.7.7)
Ln+1 (S)(X) = F:Hl (x) = Z Ai (‘x)yi
i=0

Very similar to the proof of Proposition 7.5.1, we are able to get a result
on the normal numbers of the fitted type fuzzy systems as the following:

n

= max > |4,(x)|. O

xela,b] =0

L

n+l1
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7.8 Hermite Fuzzy Systems and Collocation Factor Fuzzy Systems

For improving differentiability of the fuzzy systems obtained by us, in
this section, we take account of a new kind of fuzzy inference struc-
ture and the fuzzy systems generated by them. Now we turn to con-
cern with a sort of single input double outputs open loop uncertain
systems shown as Figure 7.8.1, where the input universe and the
output universe are respectively as the following:

X =[a,blcR, YxY'=[c,d]x[c,d'|cRxR

From Figure 7.8.1, we are able to learn that the double outputs varia-
bles y and y' are not independent, in which first output is that

y =s(x) and second output is that y'=s'(x) generated in essence

by first output.

y=s(x)

y' =5'(x)

Fig. 7.8.1. Single input double outputs open loop uncertain systems

Suppose a group of the input-output data have been got by us by use of
experiments as being {(xl.,( VooV ))| i= 0,1,---,n} , where the input
data set {xi| i=0,1,-- -,n} can form a partition on the input universe
X =[a,b]c R as being a=x,<x,<--<x,=b, and the output
data set: {(yl.,yi’)| i =0,1,~--,n} is a group of 2 dimensional vectors

holding the following conditions:
1) The interpolation condition:
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2) The partition condition:
! ’ ’ ’ ’
C=Yy <V < <W =d, c =V, <V, <<V, =d’,

where k, =o(i), p, =7(i),i =0,1,---,n,and o and 7 are two permuta-

tions as the following:

(0 | nj [() | nJ

o = . T =

ky k- K, Py P Dy

We take account of how to construct the fuzzy inference rules for the
uncertain system. Let

Ayki:yki+l_yki’ i:OJI"“Jn_la
Ay, =Yy, =Yy =01 n -l
n—1 n—1
2 A, 2 A7,

i=0 _ =0

Aykn :+a Ay;;" _+a
n n

Firstly, the two groups of ]R—fuzzy sets as the following:
B, eR’, éi eR", i=0,1,---,n,
as the consequents of the fuzzy inference rules as follows:

B(y)=—29)

(A,) > Ay,
=0

f;i(y'):%, i=0,1--,n1 €Y

(Ay;)zszJ

J=0

> i:()’l,...’n’ yEY

(7.8.1)

where the shapes of the Zadeh’s fuzzy sets as being Ek,. e F(Y) are

shown similarly in Figure 7.4.1, and the structures of the Zadeh’s fuzzy
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sets as being B, €./ (Y') fully resemble the ones of Ek,- e #(Y)

(still see Figure 7.4.1).
And then, we can easily make the two groups of the bounded fuzzy

sets as 4, € BF(X) and 121[ € BF(X) as the antecedents of the fuzzy

inference rules as the following:

2
x—x, |[ x—x
1+2 g L, xelx,x|;
P R )
0

xl
, otherwise,
2
X—X, X—X
[1+2 ’ j( "1j , xel[x_,x];
Xy =X )\ X — X
4(x)= X—X X, —X ’
1+2 : il , xe[xl.,xl.ﬂ];
Xt =X )\ Xt =X
0, otherwise;
i=1,2,---,n—1,
2
X —X X—Xx
4 ()= (1+2 . j( ”‘IJ , xe[xn_l,xn];
”(x)_ xn _xn—l xn _xn—l
0, otherwise.
2
X—X,
~ X—X xel|x,,x|;
A4,(x) = ( 0)(x0—xlj ’ [ ” 1]’
0, otherwise,
2
X—Xx,_
(x—xl.)( ’ lj , xe[x_,x];
X =Xy
y _ 2
Ai(X)_ Xigg =X .
(x—xl.) , xe[xl.,xl.+l],
X1 =%
0, otherwise;




The Normal Numbers of Fuzzy Systems and Their Classes 319

i=12,---,n—1,
2
n _ x_xn—l .
A= x")[xn—xn_lj rebienk
0, otherwise.

A2{A4]i=0,1,n}, ,ﬁé{ 1li

BE(B|i=0,1n}, éé{éi i=

It is easy to verify that the elements in .4, ./4A, 5, 5 satisfy the
following conditions:

1) 4; and 121[ hold Hermite interpolation condition:

Ai(xj):@'f’ % ) =0;
. dA.

4,(x,)=0, % >
i, j=0,1-n. j

2) A, meet the normalizing condition: ZAI. (x)=1 and
i=0

A(x)A4,(x)#0, for|j—i|<],
A(x)4,(x) =0, for|j—i|>2,
i,j=0,1-n

By use of A, A LB, 5 a group of 2 dimensional vector fuzzy infer-

ence rules is able to be formed as the following:
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(4.4)~(5.5)

) . (7.8.2)

(Viet0,Lm)[(4.4)—>(8.8)]
We feel that the vector fuzzy inference may be very interesting. Now we
first give a brief out-line, and then turn to concern with the problem for 2
dimensional vector fuzzy inferences as Equation (7.8.2).

B B o
X2 | W

xm ylﬂ

Fig. 7.8.2. Uncertain systems with m inputs and m outputs

We take account of the 71 dimensional vector fuzzy inference with the
application back-ground shown as Figure 7.8.2 in which the input is with
m variables and the output is with m variables too (More general case
with p inputs and g outputs has been discussed in [10]).

Let X,,Y,,k=L12,---,m be all nonempty universes in which the
input variables x,(k=L2,---m) and y (k=12,---m) take their
values, respectively. Given R - fuzzy sets as the following:

A eR*, B eR",
i= 0.1, m k=12, m

they are able to form a group of m dimensional vector fuzzy inference
rules as follows:

(Aw 21"“"Ami)_>(Bli’BZi’“"Bmi)’

(7.8.3)
i=0,1,---,n

More essential form of Equation (7.8.3) is as follows:
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ml

If x, is 4, and --- and x, is 4
then y, is B, and --- and y, is B

ml

m2

If x, is 4, and --- and x, is 4
then y, is B, and --- and y, is B

m2

(7.8.4)

{If x, is 4, and - and x, is 4

mn

then y, is B, and --- and y, is B

mn

It is well-known that, after the group of fuzzy inference rules as Equation
(7.8.4) is got, every R—fuzzy inference relations R,, on every fuzzy

inference rule, should be generated by using some R—fuzzy implication
operator &, that is

RiZQ((A Ay A )’(Bli’BZi’“.’Bmi))’

1i° > mi
Ri((xpxz""’xm)’(ylayza""ym))

= 9((A1i(xl)""’Ami(xm))’(Bli(yl)"“’B"”(y”’)))’

i=0,1,---,n.

(7.8.5)

First Scheme: Suppose 0 be a mapping from R” xR” — R™. We
denote the following vector symbol:

(Clacza"'>cm)éé((apaz»“'aam)>(bpbz>'“»bm))

Then we should concern with how to evaluate ¢, (k=0,1,---,m). At

first, it is easy to bethink of using some well-known R—fuzzy implica-

tion operator € to generate a vector ]R—fuzzy implication operator &
like Hadamard product, i.e.,

0((a,.a,).(b,.b,))2(0(anb)..0(a,.b,)). (1.8.6)

. = . .. . D RxR
where 6 is some chosen R —fuzzy implication operator, i.e., @ € R™™ .
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When 6=, that is, @ is taken as Larsen implication, Equation
(7.8.6) becomes the following:

Hﬁ((al,---,am),(bl,'--,bm)):(a1 -b,-++,a,-b,) (7.8.7)

Here 6 is called Larsen-Hadamard Vector ]_R—fuzzy Implication Oper-
ator. When @ = A, that is, 6 is taken as Mamdani implication, Equation
(7.8.6) becomes the following:

—

9((czl,~--,am),(bl,--~,bm)):(al Ab,-,a, /\bm) (7.8.8)

Here @ is also called Mamdani-Hadamard Vector R — fuzzy Implica-
tion Operator.

—

Second Scheme: Suppose & be a mapping as the following:
f:R"xR" >R
((alf”7am)a(b15"'abm))|_>ﬂéé((ala”'aam)a(bla"'abm))

And then we also concern with how to evaluate. For infecting us by
Larsen implication operator, we imagine that the product operation in
Larsen implication operator should be expanded to be some kind of inner
product operation which is not common inner product operation but a
kind of Weighted Inner Product Operation as the following:

g((al,...’am)’(bl,...’bm))

. (7.8.9)
= (a]’”"am)*(bl"”’bm)é Za)kakbk’
k=1

where @, (k=1,2,---,m) are a group of the weights chosen by us that

should meet the well-known weight condition:

(‘v’k S {1,2,---,m})(a)k >0),
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Under first scheme, when @ = -, i.e., @ is taken as Larsen implication
operator, Equation (7.8.4) can be implemented by the following form:

R, ((xlaxza'"9xm)s(y1ayza"'aym))

= é((All (xl)’“.’Ami (xm))’(Bli (yl)’“.’Bmi (ym)))

:(Rli(‘xli‘yl)"”’Rmi (xm’ym))

:(Ali (xl)Bli(yl)’“.’Ami(xm)Bmi (ym))’

l‘:Oala."an;

Rki(xk’yk)éAki(xk)Bki(yk)a k:1a27“'5m-
Distinctly, H_%—fuzzy inference relations R, (i =0,1,---,n) obtained by
us above are all the vector forms, and in order to be simple, they are still
denoted by R (i=0,1,---,n) but not by f?i (i=0,1,---,n) . When

@=A,ie., 0 is taken as Mamdani implication operator, Equation
(7.8.5) can be implemented by the following form:

R ((x1=x2"'"xm)=(y1=yz""’ym))

=0 (Ali(xl),---,Ami(xm)),(Bli(yl),---,Bmi(ym)))
Rll.(xl,yl),Rzl.(xz,yz),---,le.(xm,ym))
Ali(xl)/\Bli(yl),---,Ami(xm)/\Bml.(ym)),

where

Rki(xk’yk) = Aki(xk)/\Bki(yk)’
i=0,1,---,n;, k=12,---,m.

And then, such R— fuzzy inference relations R, (i =0,L,---,n) should

be aggregate a whole R—fuzzy inference relation R. However, how to
aggregate R from R, (i=0,1,---,n) is a very interesting problem. Here

we are using the weighted sum to implement the aggregation. For
doing this, we choose a group of weight vectors as the follows:
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VVi:(Wli’WZiﬂ'“’W‘)) 120715“':’17

mi

that meet the following condition:

(V(k,i)e {1,---,m}x{0,---,n})(wki >0),

(Vke {1,---,m})[iwki =1].

By using this group of weight vectors ¥, and using Larsen implica-
tion operator (or Mamdani implication operator, but we usually use
Larsen implication operator), and after noticing the weight vectors
W, and R, representing inner product of vectors, we have the follow-

ing result:
n n
R: VVth: (Wll’ “’Wm[) (th’ ’Rmt)
i=0 i=0
n m n m
= W, Ry, = z Z W A Bys
i=0 k=l i=0 k=1

So we have got the following form:

R((5 7%, (71000,

S () O )

\ (7.8.10)
= : (Wliﬂ"'7wzni)'(Rli(xlsyl):"'vai(xm:ym))

= szsz xk,yk zzwkz ki xk B, yk)

i=0 k=1 i=0 k=1
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Now we turn to deal with the 2 dimensional vector fuzzy inference
rules as Equation (7.8.3) by use of the first scheme. At first, from Equa-
tion (7.8.10), it is easy to know the fact that

R=(4B,4B), i=0l-n.

And from Equation (7.8.10), the whole R— fuzzy inference relation
should formally have the following form:

R((xvxz)’(yl’yz))z imRi((xlﬁxz)’(yl’yz))

i=0

= (WliRli(xl’yl)+W2iR2i(x2’y2))

1

=

x

- (WliAu(xl)Bzi(y1)+W2iA2i(x2)BZi(yZ))'

i=0

By noticing the following fact that

A

A (x)=A4(x), 4, (x,)=A4(x),
Bli(yl)zBi(y)’ BZi(yZ)zéi(y,)’

i:O,l,"',n,

especially learning that the input variables (xl,xz) take values only in

the diagonal of RxR ,l.e.,

(xl,xz)e{]T%xI_R‘xl:xz} cRxR,

in other words, x; and x; being not independent, the whole H_%—fuzzy
inference relation R should be with the following form:

R(x,(3,)'))= gWiRi (x.(»7)

= (WA @B ) +wy A (0B, ()

i=0

(7.8.11)
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At present, these weight vectors W, = (mezi) have not been practi-

cally defined, and then we take them as the following forms:
LY 2 Ay

Wi = Wi =,
!
szi

Jj=0

Z Ay,
=0

Clearly they meet the condition:

(Vie{0,1,--,m}) (Vk € {1,2})(w, >0),

(Vkedl, z})[iwﬁ _ 1}

, i=0,1,-,n. (7.8.12)

Jj=0

Theorem 7.8.1 Reserving the notations and the notions defined above,
based on the 2 dimensional vector fuzzy inference rules as Equation
(7.8.2), by means of CRI method, a fuzzy system s obtained by us is

approximately equal to a Hermite interpolation function which basis

functions of it are just the bounded fuzzy sets 4,(x) and 1:11. (x),i.e.,
g(x)sz(x)éZ(Ai(x)yi+/L(x)y£). (7.8.13)
i=0

Proof. By CRI method, from the R— fuzzy inference relation (see
Equation (7.8.11)), a R —fuzzy transformation “o ” is induced as follows

o: R¥ 5> R'xR, Ar>B=2o(4A)= AoR,

, , , , (7.8.14)
B(3,)= v (40) AR(x,(3.)))), (31 €V xY
For any a point x* € X , we make a ]_R—fuzzy set as the following:
* N M, x:x*;
A (x)={ .

m, X#X,

where the two number M and m are defined as the following:
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M = sup {R (x, (y, y'))‘ (x,(y, y’)) €la,b]x ([c, d]x [c’, d'])} ,

m= inf{R(x,(y,y'))‘ (x,(y,y')) e[a,b]x ([c,d]x [c',d'])}.

And after x* is substituted into Equation (7.8.14), a fuzzy inference
result B" e R'xR" is got as the following:

B (50)= 3, (4 @A R(x(000)
=R(x".(3.))) = B0+ B, ().

B()2Y w4 (x)BO).

B (y) 23w A (x) B ()
i=0

(7.8.16)

Now we take account of the method how to change the binary R —

fuzzy set B*( »,') into a corresponding point y" €Y for x' e X .

If the following conditions are satisfied
[JoBi | dy <o, [ 9B ()| dy' <o,
J, By <o, [, [B: ()
[ Brdy=0, [ B (y)d' =0,

dy' < oo,

then we write the following symbols:

By [ VB ()
MW= MmN,
L[ Bopd T T [ B(Y)dy

And now we are going to use the weighted sum to determine the follow-
ing equations:
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V' =0+ Ay,
. [ Bl ()dy
[ B dv+[ B (5
. [ B(»)d
[ Biody+] B (»)d"

Then, it is easy to know that 4, 20, 4, 20 and A,+4,=1.
Let ) = ﬂly: + ﬂzy; , (which is called Linearly Amalgamated

Barycenter Method). Thus we have the following result:
V' =AW Ay, =
Lyg, Wi, (x") B,(»)dy +sz y’;wz,.A,. (') 8. ()’ (7.8.16)

J 2 () B+ [ Yowd () B ()

Since x" is arbitrarily chosen in the universe X , (x*, y*) can be

generalized to be rewritten as (x, y), and s(x) is replaced by y. By

noticing the fact as the following:
(Vxe X)(Z A(x)= 1)
i=0

and that the define integrals in Equation (7.8.16) are replaced by
Riemann sums, we have the following form:

[ yY mAamBdy+[ Y w, 48 ()d
i=0

i=0

s(x)=

[ 2w A@B 0y + [ X, 4B, ()
i=0 i=0
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Y w A vB(dy+ Y w, 4] VB, (5)dy’
_ =0 =0

YA @ By + Y w A @ B (v )y

E":Ay,-A,-(x)d ¥B,(») & +§":Ay[fl(X)d’ v'B/(y')

B ; , .
T X ()X 7 R () Xy,

Jj=0 Jj=0 J=0
YA BO) +2AyA<x> BY) g
XA () YAy ZAy (8 Yy,

im0 =0 Jj=0
SYAW  2B0) o g aA0 B
0 ZAy (ay,) ZAy, YA (AY) ZAy

~ Jj=0 j=0
2 A}:iAi (x) B (-)::) A y, + zn: AJ:I,AI(X) . B:/();:,) Ay'
Zij Ay,) ZAy oAy () Xy,
j=0 =0 J=0
ZA (), +2A @y N Ay + D A0y
_ — =0 i=0
2A(x)+2A(x) 1+§;1i(x)
YAy + Y Awy YA+ Ay
— =0 i=0 — =0 i=0 — F;1+1(x)
l+a, (x) A, (x) A ()]

where we have put
A, () 2D 4(x), A, (x)21+a,, (x),
i=0

F ()2 4(x)y,+ > A(x)y'
i=0 i=0

Or we have the following form:
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A (X)s(x) = F,, (x) = Z A,(x)y, + Z A(x)y' (7.8.17)

Now we prove that lim A, (x) =1, and this only needs to prove
n—>0
the following limit expression:

lime
n—»00

n+l

(x)=0.

For doing this thing, we introduce a new notion for the universe parti-
tions. In fact, we let

A .
h=x,-x,i=0L--,n-1;

A
hn = ‘xn+1 _‘xn = ‘xn _xn = 0’

A
h,=xy—x,=x,—x,=0;

d, émax{hi|i:0,l,---,n},

A partition as a =x, <X, <---<X, =b on the universe X =[a,b] is

called Conforming, if it meets the condition: limd, =0.

n—»o0
Actually, the conforming for the partitions on universes is really
reasonable, so that we assume that the partitions doing by us on
the input universe X are always conforming. Now we define the
following symbol:

A X TX
xH% 2 7 2 i+1

and now we take an X € X arbitrarily. Clearly, 3i € {0,1,---,n—1}

] , and it is easy to know the fact that

(=) (% =) x=x.,)

(xi+l —X; )2

By using the elementary inequality as follows:

such that x € [xi,xl.+1

a,, ()= 4(x)=-2
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P P
[Ta<((Zra)/e) s az0 p21 k=12p
k=1

when the variable x € [xi, X, J , the function &, ,(x) has the follow-

n+l

ing estimating expression:

3
1 1 I
a,,,(x) < —2-(—(2x—2xi +X, —X+X, —x)j =L
(xm - xi) 3 2 8
And when x € |:xi+i’xi+1:| , —a,,,(x) is of the following estimating

expression:

1

_an+1 (X) < 2
X — xi)

-(%(X—xi +2x,, —2x+x—xi+;)j3 Z%,

From above reasoning and the partition on X being conforming, we
have the following result:

VxeX)||a  (x sﬁsﬂ&)o
( ) | n+1( )| 8 8

This means that ,,,(x) —=—0 or 4, (x) ——=—1. Therefore,
Equation (7.8.17) should become the following equation:

s(X)= F, (x)= Z A(x)y, + Z A(x)y'. (7.8.18)

It is well-known that F,_ (x)= ZAl.(x) v, +zlai (x)y" is just a
i=0 i=0

Hermite interpolation function, where not only £, (x) converges uni-

an+l (X) di(x)

formly to s(x) but also converges uniformly to

Here such s is called a Hermite Fuzzy System. O
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Remark 7.8.1 Reviewing Equation (7.8.17) as the follows:
Ay (0)S(X) = F, ()= D A(x)y, + D A0y,
i=0 i=0

which makes us to discover a phenomenon: for a fuzzy system s, alt-
hough its input-output function s(x) is often not approximately equal to
a typical interpolation function, as if the integrating factor method in
differential equations, there may exists a non-zero function 4 ,,(x)
such that A4, (x)s(x) is just approximately equal to a typical interpo-
lation function. The fuzzy system s is called a Collocation Factor
Fuzzy System. Under this significance, Hermite fuzzy systems are a
kind of particular collocation factor fuzzy systems. i

Remark 7.8.2 Now we rewrite the typical triangle wave Zadeh fuzzy
sets (Their shapes are very like the ones in Figure 7.4.1) in Example

7.4.2tobe A (i = 0,1,---,n) as the following:

Zo(x) _ {(x—xl. )/(xo —xl), xe [xo,.xl];
0, otherwise;

(x—xH)/(xi —xH), xe[xH,xl.];

Zz(x) = (x_xm )/('xi _xi+l)7 Xe [xi’xi+l];

0, otherwise;
i=1,2,---,n—1,
Zn(x) ={(x_xn—l )/(xn _xn—l)’ X e [xn—l"xn];
0, otherwise

Then the bounded fuzzy sets as the antecedents of fuzzy inference
rules, A.(x) (i=0,1,---,n) and 4(x) (i=0,1,---,n), are all assem-
bled by using as the following:
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{Ai(x)3(11(x>)2—2(1<x>)3, xela,b),
i=0,1,---,nm
A0 =h A0 (4@)
= Iy (1= 4,(0) (4, )
AL (A®) =k, (4@ -1)(4@) . xe[ax);

AL (AW) =k (1-20)(A0)
i=1,2-n—1

‘/Zln (x) = _hnflzqnfl (x) (‘Zn (x))2

=h,, (4,0-1)(4,)

2
s

x €la,b]

‘Zli(x):
xe[xi,b];

2
»

x €la,b]

This means, in many cases, the triangle wave Zadeh’s fuzzy sets are
the kernels of bounded fuzzy sets, in which the kernels play roles in
generating these bounded fuzzy sets. O

7.9 Normal Numbers of Hermite Fuzzy Systems

It is the time to calculate the normal numbers of Hermite fuzzy systems.
At first, the norm in (Cl[a,b],

|| o ) is defined as the following:

||s||c1 = max{|s(x) S’(x)| |x e[a,b]}

M

Secondly, we define a bounded linear operator from (C l[a,b], || o ) to
the function space (Cl[a,b], || w) as follows:
Ln+1 : Cl[a’b] - Cl[aab]’ S = Ln+1(S)7
(7.9.1)

L2 Y (4@s(x)+ 4,005 (x)
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where

s(xl.)=yl., s'(xl.):dsd(xx) =y, i=0,1,-,n

Theorem 7.9.1 We still denote d, £ max{hi| i=0,1,-- -,n} , then the

normal numbers of Hermite fuzzy systems are as the following:

Proof. Firstly from the following condition which we always use:

L

d
=1+, 7.9.2
=1+ (7.9.2)

n+1

(Vx € X)(A,(x) >0, Z/L(x) = lj ,
i=0
we have the following inequalities:

|
<. max z(A (0 +[4.0)) =l (1+ max z\A (x)U

xela,b xela,b]

L, ()], = max|L, ,(s)(0)| < max 3|4 (s (x)+ 4, (0)s' ()
’ Pli=o

By the structures of the bounded fuzzy set zzli (i=0,1,---,n), for arbi-
trarily given a point X € X, there must exist a i € {0,1,---,n—1}, such

that x € [x[,x[ +1] . Thus we have the following inequality:

A o]} (] = =D x )

k* t+1_xi
2
(xm —x+x—xi
2
<

So we get that the following one side inequality:

A4
47 47
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L

n+1

d
= sup ||Ln+1(s)||oo <1+ 4" )

oo

On the other hand, for arbitrarily given ¢ € (0,0.1], we construct a func-
tion §(x) as follows

exp[(l—g)(x—xin )J—g, xe[a,x,-n];

X=X :
1+(1-9¢)| ——=
( ) .

s(x)= , xe(xio,xl.0+1);

X=X ., !
—(4-20g) — 22
( ) 4

eXp[_(l_g)(x_xiOH) —& XE€ [xion’b:l;

where we have put the following two symbols:
iy 2min{ie{0,1,---,n-1}| h =d,},

_ xi0 + xi0+1

X =
10+E 2

We now prove that § € C'[a,b] . In fact, we firstly calculate the

following two one-sided limits:

X, =X . :
lim §(x)=1+(1-9¢) d—

x—>x;+0
4
Xiy = Xi 4l
—(4=-20g) =>—2"2
o

1-9¢ 4-20¢
+ — =

=1+ ” 1-e=3(x,),
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. ~ x[0+1_‘xl'0+i ’
lim | $(0)=1+(1-9¢)| ———=

XX 11—
io n

4- 20| Jot Nt 4
—(4-20g)| —
( ) 7

1-9¢ 4-20¢
+ —_— =
4 16

=1

l—g:§(xi0+l),

So we know that §(x) is continuous in [a,b]. And then, by noticing the

following expressions:
(l—a)exp[(l—g)(x—xl.o)} xe[a,xl.ﬂ);

x_xi+l
2-18g)——=
( ) 4
§'(x)=
X=X,

—(16 —805)[—

n

3 (> .XE(XI-O,XZ-OH);

~(1-g)exp| -(1-&)(x-x,.,,) |, xe(x,.0.b];

And the calculating the following two one-sided limits:

X=X+

X, —X ., X, =X ., ’
lim §'(x)=(2-18¢)——"2 _(16-80g)| ——=
S@=( ) 5 ( ) d,,

n

1 1 Ly
:(2—185)(—5)—(16—805)(—§j=1—8: lim §'(x),

x>, =0

x_>x:0+l -

lim § 218y Nt (16 gogy| Zirt etk 3
m s((x)= —18&)—M8M8M8 >~ 2 — —80¢ 0"
510 = (2 -186) = |

n n

:(2—185)%—(16—808)é=5—1 = lim §'(x),

X=X +0
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we also know that §(x) is continuous in [a,b];so § € C'[a,b]. At last,
from the expressions of §(x) and §'(x) in [a,b], it is easy to know the

following results:

max{|s(x) Js'@)| xe[ax, ]}

- max {e(“”(x""'o) e, (1) xe[ax, ]}
“l-e,

max {|s(x) 1) ‘ xe [xl.oﬂ,b]}

~ max {e‘““”(""%*‘) e (1-e)e el b]}
“l-g,

And when xe(xio’x‘ ), it is also easy to know the following

iy +1

equations:

X=X, 2 x—xlb% !
|s(x)|=1+(1—9€)(d—] —(4—205)(0[—} ,

n n

X=X 1 X=X 3
s'(x)| = (2—185)d—“—(16—805) d—“ ,

n n

b

Thus max {|s(x)

S'(x)” X € (xl.o,xl.oﬂ)} =1. Based on above three

cases, we have that ||§||Cl =1.

And then by noticing the following fact that

§(x,)=5(x,0)=5(x,)=1-¢,

5'(’%1) =e-1
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we have get the following inequality:

| L Ln+1 (‘S)”Oc 2 ‘L

n+l1 (g)Hoo
= gl%(‘L" 1 (x)‘ Z|L,. (5 (XO )‘

)
:Aio(xo)g( ) ( ) )

A (%0)3(x, )+21,0+1( 0)3(%,1)
:(1_8)(Ai( ) ( ) z+l( ) ‘217‘0+1(x0))

dn
:(1—8)(14‘7],

. . . d,
Because ¢ is arbitrary, it must be true that ||L || >1+—= 2 . There-

= sup

n+l1

fore, we have got our result:

|—1+d— o
4

We easily know that, when the partition on the universe X is con-
forming, the sequence of numbers d, ————>0; so d, is bounded.

Thus Hermite fuzzy systems are not the singular fuzzy systems, but the
regular fuzzy systems. Although Hermite fuzzy systems are not the nor-
mal fuzzy systems, their limit systems are just the normal fuzzy systems,
which is very like the effect for central limit theorem in probability theo-
ry; that is very interesting.

7.10 Weighted Fuzzy Sets

In this section, we further take account of the significance of R — fuzzy
sets and bounded fuzzy sets. This needs a more extensive formwork to
deal with them. So we introduce a new concept of weighed fuzzy sets.
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Definition 7.10.1 Given a nonempty universe X , a quaternary form as
the following:

(X, AW, W A)

is called a weighed fuzzy set, where A€ #(X), W, W > AcR*; and

W > A means an action of W to A, and W is called the weight func-
tion of the weighed fuzzy set. O

In order to understand weighed fuzzy sets, we first review intuition-
istic fuzzy sets (see [2]). Given a nonempty universe X , an intuitionistic
fuzzy set A defined on X is denoted by a ternary form as follows:

A:(X:ﬂADVA)a

where u,: X —[0,1], and v, : X —[0,1], which satisfy the following

condition:

(‘v’xeX)(yA(x)+vA(x)Sl),
and where x,(x) means the degree of x belonging to 4 and v ,(x)
means the degree of x not belonging to A .

Example 7.10.1 Given an intuitionistic fuzzy set 4 = (X S,V A) on
X , take fuzzy sets A, W € # (X)), which their membership functions

are respectively defined as the following:
A2, (x), W) 2V, (x).
The action of W to A , W > 4, is defined by the following mapping:
We>A:X—>R
x> (W > 4)(x) 21— 4(x) - W (x)

Thus it is easy to know that the quaternary (X AW W > Z) is just a

weighed fuzzy set. O
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On the contrary, we can chose two fuzzy set B,W € F(X), such

that W and B, and the action of W to B, W > B, should satisfy the
following condition:

Wir>B: X >R
x> (W B)(x)21-B(x)-W(x)

Such quaternary (X,B,W,W > B) is of course a weighed fuzzy set.
However, if ( Vxe X )((W > B)(x) > O) , then we should take

Hy ()= B(x), v, (x)EW(x).
So the ternary form A = (X 7R A) is just an intuitionistic fuzzy set.
Example 7.10.2 Suppose X =[a,b]c R, where a <b and
x,x, €(a,b), x <x,.

We take a fuzzy 4 € #(X) to be the following saw tooth wave fuzzy
set (see Figure 7.10.1):

A(x):{(x_xl)/(xz—xl), xe[xl,xz];

0, x%[xl,xz],

Fig. 7.10.1 Saw tooth wave fuzzy set
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And we define a weight function as the following:
W(x)= (x—xl)/(x2 -x), xeX;
The action of W to A is de fined as the following:

AxX)vIW(x), x=x,;

W > A)x) = {A(x) AW (x), x<x,.

Clearly (X, A,W ,W > A) is a weighed fuzzy set. It is easy to learn that

Wi>A is a bounded fuzzy set (see Figure 7.10.2).
O

Fig. 7.10.2. A kind of weighed fuzzy sets

Example 7.10.3 Given a fuzzy set 4 € #(X), we define a weight
function as the following:

WX >R, x—Wk)2c

where ¢ €R is a constant. And an action of W to 4, Wi A4, is
defined as the following:
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(Vx € X)[(W > A)(x)=c- A(x)]

Clearly W > A is a bounded fuzzy set on X , i.e, W > Ae BF(X).
This kind of bounded fuzzy sets are of commonly use. Besides, we will

learn that they can reveal the practical meanings between R —fuzzy sets
and bounded fuzzy sets. |

Proposition 7.10.1 Given a nonempty universe X , any a bounded
fuzzy set on X is always becoming a weight function of a weighed
fuzzy seton X .

Proof. For any a bounded fuzzy set B: X — [c,d], we can prove our

result by the following three cases.

Case 1. d <0. We arbitrarily take a fuzzy set 4 € .7 (X), and let
W(x)=B(x), and an action of W to A, W> A, is defined as the

following:
(Vx e X)[(W > A)(x) = A(x) A B(x) = B(x)].
It is not difficult to verify that (X, A,W ,W > A) is surely a weighed

fuzzy set, where B is just the weight function of the bounded fuzzy set.

Case 2. ¢>1. We also arbitrarily take a fuzzy set 4 € .~ (X), and
we still let W (x) = B(x), and an action of W to 4, W > A, is defined

as the following:
(Vx € X)[(W > A)(x)=A(x)Vv B(x) = B(x)] ,

Thus (X, A, W ,W > A) is surely a weighed fuzzy set, where B is also
just the weight function of the bounded fuzzy set.

Case 3. We should the situation of [¢,d](1[0,1]# & . Now we write
the following symbols:
X, 2 B7([0,1]), X, = B ([¢,d]N(=2,0)),
X, 2 B ([c,d]N(1,+00))
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Then we define a fuzzy set 4 € #(X) as the form:
(Vxe X)(A(x) 2 7y, (x)).

And take W (x) = B(x), and an action of W to A, W > A, is defined

as the following:

A(x)AB(x), xe X,;
W > A)(x) =1 A(x)AB(x), xe X,;
A(x)v B(x), xe X,.

It is clear to know that (W > A)(x) = B(x).

So we can know that (X, A,W , W > A) is also a weighed fuzzy set,
where B is surely a the weight function of the weighed fuzzy set. |
Remark 7.10.1 For any a bounded fuzzy set 4 € # (X)), we also make

a weighed fuzzy set (X ,A, W,WI>A) by this A , such that the A4
cannot weight be a function in the(X AW W > A) . Please see the fol-

lowing example. O

Example 7.10.4 Zadeh’s fuzzy set is a bounded fuzzy set, and then it is
also a weight function of some weighed fuzzy set; but the action of
weight function to fuzzy set A is not unique.

As a matter of fact, given a nonempty universe X , we arbitrarily take
a Zadeh’s fuzzy set A€ #(X) and let W(x)=1 ; now we define an

action of W to A ,W > A, as the following:
(Vx e X)[ (W > A)(x) 2 W (x) - A(x) =1- A(x)].

Thus (X ,A, W,WDA) degrades into a Zadeh’s fuzzy set. Here we

should notice that the bounded fuzzy set A is not the weight function of
the weighed fuzzy set (X, AW, W > A). O
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Now we want to discuss the effect of weight function W (x) in
weighed fuzzy set(X, AW W > A) by means of Example 7.10.4. In
fact, when x €[x,,x, ], A(x) =(x—x, )/(x2 —x,) ; as long as x moves
from x, to x,, A(x) goes up along the segment: (x—x1 )/(x2 —xl).
Under some cases, this kind of ascending situation will continue after
X > x,. So there should be a kind of weight to realize the mechanism.
When x reversely moves from x, to x,, A(x) will appear declining
situation; then after x < x,, it is the same way that A4(x) will decline.

Generally, given a function f: X — R, so-called a weight action to
the function f means that there exists a weight function W : X - R,
such that we can get a weighed function F: X — R, by means of W,

as the following:
F: X >R, x5 FXx)=W(x)- f(x)

where the action of W to f is actually multiplication operation, i.e.,
W > f 2W - f . Clearly, this multiplication action can be generalized.
For example, we can use A operation or Vv operation, and even we

can partly use A,V , or multiplication, etc. In fact, in example 7.10.4, we
actually partly use A,V , to realize the weight action of W to A4 .

7.11 Conclusions

Under the significance of I@—fuzzy sets the constructions of fuzzy sys-
tems are researched and their approximation properties are discussed,
in details. Our main results are as follows.

1) Based on a very extensive class of I_R—fuzzy sets, by means of
CRI method, such fuzzy systems are constructed that the connection
between the input and the output are just the quasi-interpolations.

2) By becomingly choosing ]R—fuzzy sets as the fuzzy inference
antecedents, the piecewise linear fuzzy systems and Lagrange fuzzy
systems are formed respectively.
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3) Based on a very particular class of R —fuzzy sets, by means of
CRI method, such fuzzy systems are constructed that the connection
between the input and the output are just the generalized Bernstein
polynomials.

4) Under a weaker condition, it is proved that the generalized
Bernstein polynomials are uniformly convergent in C[a,b], and a
counterexample is given to show that there exist the generalized
Bernstein polynomials with being not convergent in C[a,b].

5) The normal numbers of fuzzy systems are defined so that they
are regarded as the center invariants of fuzzy systems which can quan-
titatively describe fuzzy systems. Based on them, three classes of
fuzzy systems are defined such as the normal fuzzy systems, the regu-
lar fuzzy systems and the singular fuzzy systems. On such signifi-
cance, Lagrange fuzzy systems are the singular fuzzy systems, and
Bernstein fuzzy systems are the normal fuzzy systems.

6) By becomingly choosing H_%—fuzzy sets as the fuzzy inference
consequents, a class of fitted type fuzzy systems are constructed,
and although they do not meet the interpolation condition, they are
able to accurately approximate fuzzy systems.

7) Under supposing universe partitions be compatible, based on a
class of R—fuzzy sets, by using CRI method, such fuzzy systems are
constructed that the connection between the input and the output are
just Hermite fuzzy systems and it is shown that Hermite fuzzy systems
are the regular fuzzy systems.

8) Based on the process of forming Hermite fuzzy systems, the
collocation factor fuzzy systems are defined, which not only improve
flexibility of modeling on uncertain systems, but also expand appli-
cation area for fuzzy systems.

9) When researching Hermite fuzzy systems, we find that, alt-
hough they are not the normal fuzzy systems, their limit systems are
just the normal fuzzy systems, which is very like the effect for the cen-
tral limit theorem in probability theory.

10) It should be to say it is us who use functional analysis to de-
scribe fuzzy systems quantitatively, so that we are more profoundly
able to reveal the inner mechanism of fuzzy systems. In fact, in
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substance, a class of fuzzy systems is just a bounded linear operator
from a Banach space to a normed linear space; it is based on such
bounded linear operators that almost all fuzzy systems are classed as
three classes of types such as the normal fuzzy systems, the regular
fuzzy systems and the singular fuzzy systems. It is more important
that, based on well-know the Resonance Theorem (or the Uniform
Boundedness Principle), we are able to expediently verify the conver-
gence of the universal approximation for fuzzy systems. We should
know that, a fuzzy system with bad universal approximation is hardly
useful. Thus, whether a bounded linear operator regarded as a fuzzy
system is uniformly bounded looks very important.

Reference

1. Ahmed, F., Capretz, L. F. and Samarabandu, J. (2008). Fuzzy inference systems for
software product family process evaluation, Information Sciences, 178, pp. 2780-
2793.

2. Atanassov, K. (1986). Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20, pp. 87-
96.

3. Cheney, W. and Light, W. (2000) 4 Course in Approximation Theory. (Brook/Cole
Publishing Company, a division of Thomson Learning).

4. Dong, J. X. and Yang, G. H. (2008). State feedback control of continuous-time T-S
fuzzy systems via switched fuzzy controls, Information Sciences, 178, pp. 1680-
1695.

5. Dubois, D and Prade, H. (1991). Toll Sets, Proceedings of IFSA’91, Brussels, pp.
21-24.

6. Edwards, R. E. (1995) Functional Analysis (Theory and Applications). (Dover Publi-
cations, Inc., New York).

7. Goguen, J. A. (1967). L-fuzzy sets, Journal of Mathematics Analysis and Applica-
tions, 18, pp. 145-174.

8. Juang, Y. T., Chang, Y. T. and Huang, C. P. (2008). Design of fuzzy PID controllers
using modified triangular membership functions, Information Sciences, 178, pp.
1325-1333.

9. Li, D. C., Shi, Z. K. and Li, Y. M. (2008). Sufficient and necessary conditions for
Boolean fuzzy systems as universal approximators, Information Sciences, 178, pp.
414-424.

10. Li, H. X. (2006). Probability representations of fuzzy systems, Science in China
(Series F), 49, pp. 339-363.

11. Li, H. X. (1998). Interpolation mechanism of fuzzy control, Science in China (Series
E), 41, pp. 312-320.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

The Normal Numbers of Fuzzy Systems and Their Classes 347

Li, H. X., Wang, J. Y. and Miao, Z. H. (2002). Modeling on fuzzy control systems,
Science in China (Series A), 45, pp. 1506-517.

Li, H. X., Wang, J. Y. and Miao, Z. H. (2003). Marginal linearization method in
modeling on fuzzy control systems, Progress in Natural Science, 13, pp. 489-496.

Li, H. X., Li, Y. D., Miao, Z. H. and Lee, E. S. (2003). Control functions of fuzzy
controllers, Computers & Mathematics with Applications, 46, pp. 875-890.

Liu, F. (2008). An efficient centroid type-reduction strategy for general type-2 fuzzy
logic system, Information Sciences, 178, pp. 2224-2236.

Liu, P. Y. and Li, H. X. (2000). Equivalence of generalized Takagi-Sugeno fuzzy
system and its hierarchical systems, Journal of Beijing Normal University (Natural
Science), 36, pp. 613-618.

Liu, P. Y. and Li, H. X. (2001). Analyses for Lp(p)-norm approximation capability
of generalized Mamdani fuzzy systems, Information Sciences, 138, pp. 195-210.

Liu, P. Y. and Li, H. X. (2000). Approximation of generalized fuzzy systems to inte-
grable functions, Science in China (Series E), 43, pp. 613-624.

Liu, P. Y. and Li, H. X. (2005). Hierarchical TS fuzzy system and its universal
approximation, Information Sciences, 169, pp. 279-303.

Liu, P. Y. and Li, H. X. (2005). Approximation of stochastic processes by T-S fuzzy
systems, Fuzzy Sets and Systems, 155, pp. 215-235.

Luo, Q., Yang, W. Q. and Yi, D. Y. (2008). Kernel shapes of fuzzy sets in fuzzy
systems for function approximation, Information Sciences, 178, pp. 836-857.
Mendel, J. M. (2007). Advances in type-2 fuzzy sets and systems, Information
Sciences, 177, pp. 84-110.

Natanson, 1. P. (1961) Constructive Theory of Functions. (U.S. Atomic Energy
Commission, Office of Technical Information, ACE-tr-4503, 1961. Original Russian
Text, Moscow, 1949).

Daowu Pei, D. W. (2008). Unified full implication algorithms of fuzzy reasoning,
Information Sciences, 178, pp. 520-530.

Shi, K. Q. (1998). Double branch fuzzy sets (I), Journal of Shan Dong Industrial
University, 28 , pp. 127-134.

Wang, G. J. (1988) Fuzzy topology space theory. (Shanxi Normal University Press,
Shanxi).

Yeung, D. S. and Tsang, E. C. C. (1997). Weighted fuzzy production rules, Fuzzy
Sets and Systems, 88, pp. 299-313.

Yuan, X. H. and Xia, Z. Q. (2006). Properties of weak Topos on the category of real
valued functions, The Journal of Fuzzy Mathematics, 14, pp. 431-440.

Zadeh, L.A. (1973). Outline of a new approach to the analysis of complex systems
and decision processes, interval-valued fuzzy sets, IEEE Transactions on Systems,
Man, Cybernetics, 3, pp. 28-44.

Zeng, W. Y. and Li, H. X. (2005). Inner product truth-valued flow inference, Uncer-
tainly, Fuzziness and Knowledge-Based Systems, 13, 601-612.



348 Fuzzy Systems to Quantum Mechanics

31. Zhang, Y.Z. and Li, H. X. (2006). Variable weighted synthesis inference method for
fuzzy reasoning and fuzzy systems, Computers & Mathematics with Applications,
52, pp. 305-322.



Chapter 8

Unified Theory of Classic Mechanics
and Quantum Mechanics

8.1 Introduction

As we all know, classic mechanics is the scope of macroscopical physics
in which Newtonian mechanics is its main part. Classic mechanics is
very different with microphysics, especially with quantum mechanics.
For example, the motions of microscopic particles have wave-particle
duality; but the motion of mass points in macroscopical physics only has
mass point characters and no wave natures; in other words, there is no
wave-mass-point duality in macroscopical physics. However, there exists
a correspondence principle: considering a kind of motion state in quan-
tum physics, when quantum number # — o0, the limit situation of the
motion state in quantum physics must become a kind of motion state in
macroscopical physics. In other words, the limit situation of the motion
low in quantum physics is just some motion low in macroscopical
physics.

Generally, Bohr suggested a generalized correspondence principle:
the limit situation of any new theory must be in line with some old
theory.

It is worth noting that above correspondence principle or generalized
correspondence principle is all of unipolarity: the limit situation of the
motion low in quantum physics is just some motion low in macroscopi-
cal physics, but the converse principle is clearly meaningless.

However, we can consider an important problem: must any one of
motion states in macroscopical physics be the limit situation of some the
motion states in quantum physics?

349
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Apparently, this problem has not been observed, and of course there is
no any answer. For example, we consider the well-known projectile
motion. As we all know, a projectile motion can be used by the equation
of locus of the projectile motion as following:

g 2
xX)=xtang - ——="——x",
Y(x) 2v; cos’ a
2v; .
xe[0,d,], d, = sin2a
g

T . o . .
where o € [O’EJ is a mass ejection angle, d, € (0,+00) is the maxi-

mum range of fire, and v, € (0,+00) is the initial velocity; here the air

friction is omitted.
Clearly y(x)eC [0, do] , 1.e., a projectile motion can be described by

an unary continuous function. For this continuous function, can we find
some microscopic particles such that the limit of the group behavior of
these microscopic particles is just this continuous function y(x) when
quantum number # — o0 ?

In this chapter, we will give a positive answer for this problem. It is
easy to understand that almost all laws of classic mechanics are de-
scribed by continuous functions. So we can generalize above problem as
such problem: for any a continuous function f°, unary continuous func-
tion or multivariate continuous function, which should describe some
motion law of some mass point in microscopically physics, can we find
some microscopic particles such that the limit of the group behavior of
these microscopic particles is just this continuous function f when
quantum number # —> 0 ?

From the following section, we start to try to solve out the problem.

8.2 Quantum Mechanics Representation of Classic Mechanics

Firstly, we consider the case of unary continuous functions. For any an
unary continuous function f(x) e C[a,b], we can use a linear transfor-

mation as the following;:
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u:la,b]—1[0,1],
xX—a

b—a

x—u=u(x)=

to redefine the continuous function f(x) on the closed interval [0,1],
denoted by g(u), i.e.,

g(u)= f((b—a)u +a) e C[0,1].

Therefore, without loss of generality, we can only consider such continu-
ous functions as being f(x) € C[0,1] . However, we do not consider

constant functions because constant functions are almost meaningless in
physics.

In order to prover the following main theorem, we have to a lemma as
the following.

Lemma 8.2.1 Arbitrarily taken m +1 real numbers a,q,,"--,a, € R,

> m

we denote the following symbol:
e, = max{|ai —aH”i = 1,2,---,m}.

And we take a permutation as the following:

[0 1 - mj
o= ,
kO kl km
such that a < a, <---<aq, .If we write

m

d =max{ak’_ —akH‘i = 1,2,---,m} ,

m

then d <e,.

Proof. By the definition of d, , we can know the following fact:
(Eli IS {1,2,---,m})(dm =a, —akq).

If d =0, then the conclusion of the lemma is clearly true. Now we

assume d, > 0. We know that o is a bijection, and then k, #k, .
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Let s=k,t=k_,. So a,—a, =d, . We consider two cases: (i) and
(i1) as follows.

(i) s <t.If we pay attention to the total order relation:

a Sagsa <a S-S saq,
then we can learn the fact:
Aoy, Ggpps 5,0, & (at’as) = (akH 4y, ) g

a..,a ,d e(—oo,at]U[as,Jroo).Let

which means a_,a 14,

s+1° 5422

l=min{ie{s,s+l,---,t}‘ai e(—oo,at]}.

Clearly [ # s;orelse a, =a, € [as,+oo); this will be contradictory with
the fact that g, € (—oo, at]. By the meaning of the subscript /, it is easy

understand that a,_, € [as , +oo) . Thus we have the result:

e, 2|al—a,_l|2as—at =d

m*

(ii) ¢ < s . This time we have the following result:
at’at+1’at+2’.“’as—l’as 2 (at’as) = (aki,l ’ak, ) ’

which means the following expression is true:

a.,da a

sl 8,0, € (=0,0,]U g, +90).

Let [ = max{i € {t,t+1,~~-,s}‘ai S (—oo,at]} . Clearly [ # s, or else we
havea, = a, € [as,+oo); this will also be contradictory with this expres-

sion a, € (—oo, at]. So a,,, € [as,+oo) . Thus we have the result:

m*

e, 2|a,+l—al|2as—at =d



Unified Theory of Classic Mechanics and Quantum Mechanics 353

We complete the proof of the proposition. a

Theorem 8.2.1 Given arbitrarily a non-constant function f(x) € C[0,1],

there must exist some microscopic particles such that the limit of the
group behavior of these microscopic particles is just this continuous
function f(x) when the quantum number n — 0.

Proof. Step 1. We consider the wave function of a microscopic particle
in infinite deep square potential well.

As a matter of fact, we take a particle M with quality m , and M

moves along Ox axis and is of determined momentum p =myv_ and
2

determined energy £ :Emvi =2’; where v_ is the velocity of M
m

moving along Ox . We take a special infinite deep square potential well
as follows (see Figure 8.2.1):

BN (S (O
()= +00, x & (—00,0)U(1,+0)

The particle M is complete free inside the potential well; only at two
endpoints x =0,x =1, there are infinite forces to impose restrictions

on M not to escape.

V(x)
w(x)=0 w(x)=0
m
Q-
0 1 X

Fig. 8.2.1. Particle movement in the infinite deep square potential well

At outside of the potential well, i.e. x € (—o0,0)U(1,+), we now

notice the steady state Schrodinger Equation as the following:
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{—;—m% " V(x)}//(X) = Ep(x)

It is easy to know that y/(x)=0; so the probability of finding the
particle in the interval (—o0,0)U(1,+) is zero. However inside the
potential well, i.e. x €[0,1], we have V' (x)=0; then the Schrodinger

Equation turn into the following form:

dIy(x)  (N2mE )
R [—h Jt//(x)-

Let k=

; then we have the following form:

N2mE
7]

d’y(x
Zc(z )+ Ky (x) =0,

which is the equation of motion of a simple harmonic oscillation, and its
general solution is as following:

w(x)= Asinkx + Bcoskx,

where A, B are two arbitrary constants that can be determined by some

boundary conditions.

Then, what are the boundary conditions? In fact, in quantum mechan-
ics, the solution of a Schrodinger Equation in three-dimension space, i.e.
the wave function W (x, y,z,¢) should satisfy the following established

standard conditions:
i) J-n@ lI’|2dxdya’z =1;
oY oY o¥

ii) W and its three partial derivatives —,——,—— are continuous
ox Oy Oz

everywhere;
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iii) W is a single-valued function about coordinates.
By means of above conditions, when the potential function approaches
infinite, based on the continuity of w(x), we can get the result as

being ¥ (0) =y (1) =0, which can make the solution be continuous at

both inside and outside of the potential well. Because of the following
expression:

0=y (0)= AsinkO0+ Bcosk0 =B,
we get B =0 ; thus we have the following equation:
w(x)= Asinkx

And then we take notice of the equation: 0 =/(1) = 4Asink, if A=0,
then w(x)=0 which is a trivial solution and cannot be normalized.
Thus we only get the result: sink =0, and we know the following fact:

k=0,t7,+27,+37, -

Clearly that k£ = 0 is meaningless, for this can also make that y/(x)=0.

Besides, £ with negative values cannot generate any new solutions
because of the fact that sin(—f) = —sin @ and we can make the minus

signs enter into the coefficient A4 . Therefore, we have the result:
k=k, =nmr, n=123,---

We should notice a fact that, the boundary condition at x =1 is not used
to determine the coefficient A, but to determine the energy £ because

N2mE

of the expression: k = P ie.,
2712 2 222
E:En:hk” AR 103 (8.2.1)
2m 2m
222

It is well-known that FE|, =

is ground state, and others are follows:
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E,=4E,, E, =9E,, E, = 16E,,---

which means that the energy of a particle can only take discrete values;
in other words, the energy of a particle is quantized. And positive integer
n is called the quantum number of the energy of a particle. So we can
learn that the quantization of the energy of a particle is very natural in
quantum mechanics.

Thus the solution of the Schrodinger Equation can be expressed by the
quantum number as the following:

v, (x)= Asin(nrx), n=1,2,3,-- (8.2.2)
In order to determine the coefficient 4, we can use the normalization

1
condition IO |Wn (x)|2dx =1toget A= J2 . Then we get the solution of

the Schrodinger Equation inside the potential well as the following:
v, (x)= \/Esin(nﬁx), xe[0,1], n=12,3,-- (8.2.3)
Let
a, (x)=sin(nzx), x<[0,1], n=12,3,---,
and we have the following form:
v, (x)= \/Ean (x), xe€[0,1], n=1,2,3,--- (8.2.4)
The function ¢, (x) is called essence wave function of the wave func-

tion y, (x).

Step 2. Based on an important fact that will be described as follows,
we should consider to weaken three standard conditions about the wave
function W(x, y,z,¢) mentioned above.

oy, (%)

As a matter of fact, we can see that the derived function 5
X

the wave function ¥, (x) = V2 sin(nzrx) is not continuous at x =0,1.
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For this we only notice the following implication is true:

o, (x) = ﬁcos(n;zx) =
Oox nr
(M = Q #0, M zﬁcos(nﬂ) # OJ.
Oox nr Ox nr

It is well known that the movement of a particle in the infinite potential
well is a typical example in quantum mechanics. However, as we have
learned above, its wave function W and its three partial derivatives

oY oY o¥Y . .
—,——,— are not continuous as everywhere (of course, in above
Ox Oy Oz

oY d¥

. . s
case, there is only one partial derivative a—, in fact 8_:_ here).
X X

We should forget a fact that wave function W does not represent a
. . . 2.
physical wave but only a mathematical wave; in other words, |‘I’| Is a

probability density function where it should be normalized.

We also know such a fact that, in probability theory, any probability
density function is not required to be continuous at everywhere but only
required to be almost everywhere continuous. Thus, we have enough rea-
son to revise the three standard conditions which the wave function
Y(x,y,z,t) should satisfy mentioned above to be as the following:

(i) IR3 ‘P|2dxdydz =1;
oY oY oY

(ii) ¥ and its three partial derivatives — ,——,—— cannot be not
ox 0Oy Oz

continuous only at finite points (clearly the requirement is a little
stronger than almost everywhere continuous);

(iii) ¥ is a single-valued function about coordinates.
Moreover, by the viewpoint of Von Neumann, wave function V¥ is

defined in a Hilbert space £~ (]R3) , where the operations in quantum

mechanics (momentum, work, and so on) are inner product operations,
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which may be enlightened by IR3 |‘P|2dxdydz =1 and form a mathemati-

cal formalization structure. We all know the fact that, in a Hilbert space
L (]R3) , we have no need to require wave function ¥ to be continuous

at everywhere but almost everywhere continuous to be enough.

Step 3. We continue to consider the wave function of the particle in
the one dimension infinite deep potential well. We have known its
general solution being as

w(x) = Asinkx + Bcoskx,

where A,B are arbitrary constants which can be determined by

Oy (x)
ox

be continuous

the boundary conditions. This time, we suppose

at the boundary points x =0,1. We take notice of the following

implication:
Mzécoskx—ésinkx:OzwzézAzO
ox k k ox

Then we get the following result:

w(x)= Bcoskx.

M = —Esinkx, so that
X

O:M:—Esink.
Ox

And then we pay attention to the equation

B
Because ; # 0, we solve out the values of &k as follows:

k=k, =nz, n=1,273,--

Very similar to the method in Step 1, we have the expression of E again
as follows:
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k. n’r’n’

2m 2m

E=E =

n

, n=1,2,3-

So the solution of the Schrodinger Equation can be expressed by means
of quantum numbers as the following:

@,(x)=Bcos(nrx), n=12,3,--- (8.2.5)

Again by using the normalization condition, we can get that B = \/5 .
Thus another solution of the Schrodinger Equation in the potential well is
as the following:

0.(x)=~2cos(nzx), xe[0,1], n=1,2,3, (8.2.6)

Let ,Bn (x) =cos(nrx),x €[0,1],n=1,2,3,---, and we have

0,(x)=\2B,(x), x€[01], n=123, (8.2.7)

The function S, (x) is also called essence wave function of the wave
function ¢, (x).

It is interesting to note that the wave function @, (x) = V2 cos(nmx)

is not continuous at boundary points x = 0,1 this time. Besides, since

1 . 1
v, x+— =2sin| nx| x+—
2n 2n
=2 sin(mrx + %} = \/Ecos(mzx) =@, (x)
when the quantum number n is very large, the two wave functions
v, (x) and @, (x) are almost no different; in other words, ¢, (x) is just

. . T " . .
the situation that i/, (x) translates a 5 phase position to the right side.

For visualization, the function ¥/, (x) can be vividly called Adam

wave function and ¢, (x) be called Eve wave function. In fact, we care
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more about the function family of essence wave functions of Adam and

o0

Eve wave functions, denoted by {an (x),B, (x)} and we can call

n=1"
a,(x) to be Adam essence wave function and S (x) to be Eve essence
wave function. Clearly ¢, (x) and S, (x) are defined on the unit inter-
val X =[0,1].

Step 4. Supplementary instruction for the revision of the three
standard requirements on the wave function ¥

It is well known that, in physics, harmonic oscillation is often
described by complex exponential form; for example, the two wave
functions that we just get can be described as the following:

\P(x) — \/Eei(wzx)
=+/2 cos(nmx)+ in2 sin(nzx) (8.2.8)
=¢,(x)+ iy, (x)

In classic physics, this kind of expression is said to be more convenient
for operation but with no more physical significance. However, here we
can find its physical significance of the complex variables function

Y(x)= J2em coming from quantum mechanics. As its real part of the
Y(x)= J2e"™ | Eve wave function as being @, (x) = V2 cos(nmrx) is
determined by the second boundary condition; and its imaginary part,
Adam wave function as being y/, (x) = V2 sin(nzrx) is determined by

the first boundary condition. These mean that the two boundary condi-
tions are all useful and we cannot give up any one of them. Therefore,
the revision of the three standard requirements is quite reasonable.

Step 5. The extension of the domain of definition of the wave
functions
For any a finite closed interval[a,b], by means of the linear transfor-

mation as follows:

t=(b-a)x+a,
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the essence wave function family {sin(mzx),cos(mzx)}:o=1 defined on

the interval [0,1] can be extended to the closed interval [a,b]; we
rewrite the variable ¢ to be x, and we have the following form:

{sin nz(x-a) ,COS nz(x— a)} , x€la,b].
n=1

b-a b—a
We can easily know that the mapping as follows

u:[a,b] >[0,1], x> u(x)= z_“

-a
is a topological homeomorphism from [a,b] to [0,1]. This means that

the essence wave function family {Sin(nﬂ'x),cos(nﬂ'x)}

o0
n=

. and the

family of essence wave functions

{sin nr(x—a) cos nr(x— a)}
b—a b-a |,

are not essentially different; so they are can be regarded the same.

It is worth noting that, for Adam wave function, in the infinite deep
square potential well, it should be written as the following complete
form:

Y(x,t)=y, (x)eng"t =2 sin(n;zx)eigE"t, xe[0,1], (8.2.9)

where we only write out the expression just as being x €[0,1]. And for

Eve wave function, in the infinite deep square potential well, it should be
written as the following complete form:

P(x,0) =@ (x)e " " =2cos(nzx)e ", xe[0,1], (8.2.10)

where we also only write out the expression just as being x €[0,1].
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¥(x0f
should be a kind of probability density function. Then from Equations
(8.3.9) and (8.2.10), we can learn that 2sin’(n7zx) is a probability den-

Based on the statistical interpretation of wave functions,

sity function and 2cos’(n77x) is a probability density function too. We
have enough reason to call sin’(n7x) and cos’(nzx) essence proba-

bility density function of the probability density functions. So we get the
essence probability density function family of Adam wave functions and
Eve functions as the following:

{sinz(nﬁx), cos’ (nzrx)} (8.2.11)

n=l’
It is easy to see that {Sin2 (n7x),cos’ (nﬂx)} L is of two-phase normal-
ization property:
sin’(nzx) +cos’(nrx) =1.
Step 6. The construction of the sequence of two-dimension probability

density functions
Given arbitrarily a continuous function f € C[0,1], clearly f ([0,1])

is a closed interval, denoted by ¥ =[c,d]= f ([0, 1]) . Let
X(n)= {x €[0, 1]|sin(n7rx) =0,cos(nzx) = 0} .

And we can easily know that Card(X (n)) =2n+1. Hence we have the

following expression:

X(n)={x"]i=0,1,2,-+-,2n},
i
where x"” :2—, i=0,1,2,---,2n . This expression means that the
n
closed interval X =[0,1] are equidistantly partitioned as the following:
(n) (n) (n) 1 :
AV =x" -x" =—, 1=12,---,2n.

2n
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And we let
Y(n) :{y,-"” :f(xf”’)‘i:0,1,2,---,2n}.

For convenience, let m = 2n ; but be careful, here m means subscript
but not the quality of some particle. We are going to discuss our problem
from the following two cases.

Case 1. Suppose f(x) is a strict monotonous function. It assumes
that f(x) be a strict monotonous rising function because its proof is not
of essence difference when f'(x) is a strict monotonous declining func-

tion. Therefore, we have the following partition:

()] (n) (n) (n) _
C=X <y1 <”.<ym—1<ym =d.

Then we consider the particle wave functions defined in the following
subintervals one by one:

(n) (n) (n) _,(n) (n) (n) (n) (n)
R s vl RO [ S N B v

Firstly we treat with it in the closed interval I: o, yl(")] . And we con-

sider the movement of a particle in the infinite deep square potential well
that the closed interval [0,2( p— yé"))} is just the bottom margin of

the potential well. The particle is denoted by M 1(") which can be regard-

ed as a descendant particle generated by the Adam wave function and
Eve wave function of the original particle M in the case of energy level

being #n . The descendant particle M 1(”) moves along Oy axis with de-

termined quality 7" and determined momentum p{" = ml(")v;"’l) and

determined energy

2
()
I > (p")
w _ 1 ()2 _
E 5" (Vy )_ ™
m,

B
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(1)

. is the velocity of movement of M 1(") along Oy axis. By

where v
means of the continuity of the wave function, it is easy to get the solution

(n) (n)
1

of the wave function in [0,2( =y )} as following:

2 . pr
(n,1) _
w, " (y)= ————sin——————~,
! 20" =n") 2 =) 8212)

p=123,--

Then again, by means of the continuity of the derived function of the
wave function, we can get another solution of the wave function in the

closed interval [0,2( p =y )J as following:

2 pr

(n.1)
P = | s PT
’ 207" =) 2(n” =) (82.13)

=123

Now we care more for the ground state of 1//2”’1)( y) and gz)[()”’l)( V),

i.e., the wave functions when p =1 as follows:

2 Vs
(n,1) _ .
v, (y) = . —-sin . — (8.2.14)
20" =) 2(n = 2")
2 Vs
(n,1) _
oY) = p — COS —— —, (8.2.15)
2(y"=w") 2 =)

We can omit the amplitudes of the wave and keep the essence wave
function and do squaring operation on the essence wave functions, and
get the probability essence wave functions as the following:

) T 2 VA
sint ———————<'), COS  —————< ). (8.2.16)
2(n" = ") 2(n" = ")
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The graphs of the probability essence wave functions in [O, yl(") - y(()”)]

are shown in Figure 8.2.2.

7 . 2 Vid
sin

0 A

Fig. 8.2.2. The probability essence wave functions in I:O, y](") - y(()"):l

(n)

The next, we make a coordinate translation: =y + y,", and then we

have the following expressions:

Thus we transfer the probability essence wave functions defined in the

closed interval [O, yl(") - yé")} into the probability essence wave func-

tions in in closed interval [ e, yl(”)]. And we rewrite the variable ¢

back to y, and then we get the following expressions:

. Vs

sin (m)

W(J’—J’o

1 0

),cos2 )(y—yg")) (8.2.17)

T
2(" ="

The graphs of the probability essence wave functions in [ y(()"), yl(")] are

shown in Figure 8.2.3.
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cos’ ﬁ(} fyé"J) sin’ ﬁ
2(}’1 — M ) ‘2(}’1 —M )

;0 (1)
Vo' »

Fig. 8.2.3. The probability essence wave functions in [ oy ]

.2 T (n)
In that way, we can regard sin —2( T (n))(y Yo ) as Adam

probability essence wave function of the movement of the descendant
. n : n n 7[ n
particle Ml( ) in [y(() ),y1 )] , and regard coszﬁ(y y(() ))
2(n" =)

as Eve probability essence wave function of the movement of the
descendant particle M in [ P,y ")]

In the same way, we can get Adam and Eve probability essence wave
functions of the movement of the descendant particles M ;"), e M fn") in

the closed intervals [ " yz")] [ (n) (")} respectively as the

ml’

following:

sinzﬁ(y »"), COSZWU "),

2m(y —yf,,”)l), Coszm(y yfn")l)

We get all these graphs of the probability essence wave functions
together in the following closed intervals:
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ESB R R S R P

and they are shown in Figure 8.2.4.

T i z
S o G 0= e )

Sm < m-1

0 }_.én] 1‘{") J"_E”) ‘_.(*:] ],[n) }"fii)

S m=2 S m=l i

Fig. 8.2.4. All the probability essence wave functions in [ y;”’ , yl‘"’ ] Loy [ y,(,.': o

Now we need to summarize the work that we have done as follows.
When x € [x(()"),xl(")] , from the information of Adam and Eve proba-

bility essence wave functions sin’(n7x) and cos’(n77x) at the nodes as

the following:
w =1 (50), A =1 ("),

we get Adam and Eve probability essence wave functions in [ y(()"), yl(")]

as follows:

. Vs

sin (m)

__* (y- 2 T
2(y1(n)_yén))(y Yo )’ cos 2(y1(n)_yén)>(y Yo )

They have some interesting properties: one is that they can have the form
of Adam probability essence wave functions; another is that they can also
have the form of Eve probability essence wave functions; they are all at
ground state, and they are all regarded as the probability essence wave
functions of the descendant particles of M when the quantum number is
the natural number 7 .
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When x € [ () xg")] , from the information of Adam and Eve proba-

bility essence wave functions sin’(nzx) and cos’(nzx) at the nodes as
the following: y" = f( (")) p —f(x;")) , we can get Adam and

Eve probability essence wave functions in [ yl(") , yé")] as follows:

2 T (n) 2 T

sin W(J’ i ), Ccos W(}’ yfm)

They also have the properties: one is that they can have the form of
Adam probability essence wave functions; another is that they can also
have the form of Eve probability essence wave functions; they are all at
ground state, and they are all regarded as the probability essence wave
functions of the descendant particles of M when the quantum number is
also the natural number 7 .

At last, when x € [ () (")] , from the information of Adam and Eve

m 1’
probability essence wave functions sin’(nzx) and cos’(nzx) at the

nodes: y\ = f ( () ) y=f ( (n )) we get Adam and Eve probabil-

ml

ity essence wave functions in [ o, yfn")] as follows:

. VA
Sll’l2

T

o W(J’ y,(n")l)

m—1 m—1

They have the same properties: one is that they can have the form of
Adam probability essence wave functions; another is that they can also
have the form of Eve probability essence wave functions; they are all at
ground state, and they are all regarded as the probability essence wave
functions of the descendant particles of M when quantum number is 7 .
Based on these probability essence wave functions, we try to make
some useful base functions defined respectively on the intervals [0,1]

and [c,d] = [yé”),yfn”)] C A A A B B, BY as the

following expressions:
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AP (x) =7

. }(x) cos’(nrx),

SN

0,—

3

A" (x) = ;([ 2} (x)sin®(nzx),

A (x) = ;([ 13 J (x)cos*(nrx)

A" (x) = Z['ﬁ i}(x) cos’(nzx),
Afn’i)l (X) = X[E 1} ()C) Sinz (l’lﬂ'X),
A" (x) = ;([ - 1} (x)cos’ (nrx);

5
m

n 7[ n
B (y)= Zliy(()rl),yl(n)}(y) cos W(J’ ) )),

1 0

B"(y)= My o] (»)sin® W(J’ -3")
1

0

20 D) cos’ W( )

2

BP () =41 0 oy ()sin® ——— (- )
[J’in)p)’in,)l] 2(y(”) _y(n) )( )

m—1 m-2

+Z[ }(Y)Coszm(y_yfnn)l),

m m—1

W

B (D)= 2, o ()i’ m(y -3)

(n) (n
Yim-1>Ym )

where y, is the characteristic function of the set A ; for example,
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I, xe [0,l}
m

y 4
[ 0, x e[o,l]—[o,i}
m

()=
0]

Loye[n".n"),

1o o (y): n n
T o, yefedl-[, 0]

Let us denote two classes of sets as the following:
./4(71) _ {Aén)’Al(n)"”’Ar(nn)} , 5(71) — {Bén)’Bl(n)"”’By(nn)}

Clearly they are just the groups of base functions defined respectively
on the closed intervals X =[0,1] and Y =[c,d]. Clearly A(n) is a

linearly independent group in the continuous function space C[0,1]
and £(n) is a linearly independent group in the continuous function
space C[c,d]. Put
— (n) (n)
Amyﬁwg_pi.q
A" B :[0,1]x[c,d]—[0,1]

(6,30 (47 B (x,) = A7 () B (7)

i,j=0,1,m},

It is easy to know that .4(n)- & (n) a linearly independent group in the
continuous function space C ([O,l] x[c,d ]) . Now we take the diagonal
elements of .4(n)- 5 (n) to make a set as follows:

C(my={4" B

izQLngmL

which is clearly a linearly independent group with m+1=2n+1 di-
mension in the continuous function space C ([O,I]X[c,d ]) By using
C(n), we can get a sequence of binary nonnegative continuous func-

tions as the following:
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, :[0,1]x[e,d]—>[0,1]
(x> a1, ) = v [ 47 () B (n)],
n=123,

where
i\:n;o I:Ai(n) (x): Bi(n) (y):l = 5122)"5 {Al.(”) (x)- Bi(n) (y)} ‘

Then this sequence of binary nonnegative continuous functions as being

{ M (x, y)}f:1 are normalized as the following:

/Lln (‘x9 y)
d pl 4
[7] #,x, y)dxdy

p,(x,y)= Xl0.11xe.d] (x,»)

n=12,3,--,
where
L, (x,y)e[0,1]x][c,d],

xX,y)=
Hioapge.n (%> ) {0, (x,v) e R —[0,1]x[c,d]

Therefore { p,(x, y)}:: , becomes a sequence of probability density func-
tions defined on R”, and p, (x,y) is called the probability density func-
tion when the quantum number is just 7 .

And now by means of the sequence { p,(x, y)}:i1 , We can construct a

sequence of functions of one variable as follows:

f_ yp, (x, y)dy
() =" , n=123,... (8.2.18)
. pn ('x) y)dy

o0
n=

Apparently, { /. (x)} , 1s just the sequence of conditional mathematical

expectations formed by { p,(x, y)};o:l .
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Case 2. Suppose f : X — Y be not strict monotonous function and

not constant function.
Because the elements of the set Y(n) may not always satisfy the

monotonicity about the subscript i as y, <y, <---<y ,itis of a little

difficulty to make the continuous base functions as follows:
B™(y), i=0,1,---,m.

So we have to make a permutation on the subscript set {0,1,---,m} as

0 1 - m
o= ,
k, k- k,

(Vi€ (0.1 m})(k, = o(i)

the following:

such that the subscript set after the permutation is denoted by the follow-
ing symbol:

K(I’Z) = {k()sk]s"':km}
and satisfies the following condition:
cm)y=y <y <<y =d(n). (8.2.19)

Since (8.2.19) shows that the inequalities may not be strict, we have to
consider the following two situations.
1) Assume that c¢(n) = y,({:) < y,(q") << y,({:) =d(n). Based on these

nodes y,({:), y,(q"),---, y]((") in [¢,d] and doing in imitation of Case 1, we

can get the continuous base functions B,E") ( j=0,1,- -,m) as following:
J

(n) —
Bk: (y) - Z[y;{n),y;n)
0 7k

fﬂcoﬁﬁ(y—yif)),

Ky ko
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B/Eln)(y) = Z[y,({g),y,(q”)}(y) sin’ W(J} _ yli(':))

Ky ko

Vi Yk
1k P p

+Z[ () y(”)](y)coszﬁ(y—y,ﬁf)),

km—2 7 k-1
K1 ks

BIEZ,)I (y)= ;([ym) (m) }(y) sin’ W(J} - ylﬁZL )

K17 ki
km km—l

+Z[y(n) ,y]((”)](y)cosz W(y_yli:)l )’

n b 72- n
B/EW)(J/) = Zw» ,y(,,q(y) sin’ 2(y(n) (n) )(y - y/(cm: )
m—1"" km k, -

k,

m-1

Then we easily make a sequence of binary nonnegative continuous func-
tions defined on X xY =[0,1]x[c,d] as follows:

4,0 =v[ 470 B, n=1230 8220
Jj= J J

2) Assume c(n)= y,((;’) < y,({l”) <<y =d(n) . Firstly we do a

kind of screen work on the elements in the following node set:
Y(m) = {3, 3", 0}

In fact, let K(n)={ky,k,, -k, }. We define a equivalence relation on
the set K(n) as being “~ * as follows:

(VS,tE {0’1,’m})(ks ~kt @y;{’) =y]£:'))

Then we get the quotient set of K(7) as the following:

K(”%:{[kj]‘szl,---,m},
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where [k/:' is the equivalence class in which k; belongs.

K(n)

Let all the elements of the quotient set ’_ be the following:

[kfn]’[kh ] ' "[qu(m ] ’

where 0 < g(m) <m, and stipulate the representative element &, be the

smallest element in [k i J . Thus we have the following inequalities:

(n) (n) (n)
ykjo < ykfl <s yk

Jq(m)

Based on the nodes y\”, y\" -,y in [c,d], we make the continu-
J0 N

Jg(m)

ous base functions B,E'?) (s =0,1,-- -,q(m)) as follows:

) Vi n
B,fj)(y) =X o (y)coszﬁ(y—ylg)),
’ |: Kjo ,yk” } 2 (yk,.] - ykm ) 0
() _ 2 _ (n)
Bk/1 (y) - l SOING (y) sin (n) _ (n) (y k/O )
)A/n )k/ k ky

+/’t’[7y

Jg(m)-1

B (-4 (»)sin’ (v=st )
[‘”’ s } 2( m_m ) Jamr2

g2 Fig(my—1 f
Jg(m)-1 Jg(my-2

T

tx () () (y) 0052 (y_yi") )’
[Y Y i| 2( (n) —_ (n) ) g (m)-1

k Yk
Jg(m)y-1 Vg (m) yk yk

Jq(m) Jq(m)-1

n : 7[ n
BY W=z, . i (v=o7 )
Jg(m) [a( ) o } 2( ny () ) Jq(m)t

¥ 5)
k’q(m)*l k’q(m
k; k
Jq(m) Jq(m)-1
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Hence for the nodes y,ﬁ"), y,i"), -,y which corresponds to the repre-

Jg(m)

sentative elements k k - k/ coming from these equivalence

classes as being [ [ }, we have made the continuous

base functions as follows.

B (»). B (y), B (»).

/()

For any s € {O, L, q(m)} and we can define the continuous base func-

tions corresponding to the elements in [k . ] - {k . } as following:

(vrelk, J-{k,})(B" (=B ()

So for all the nodes y;" < ;" <---< " in [¢,d], we have got the

corresponding continuous base functions as follows:
B (»),B" (¥), B ().

By using these continuous base functions, we get a sequence of binary
nonnegative continuous functions defined on X xY =[0,1]x[c,d] as

the following:
m(x.y)= v v[400 B (], n=123 3221

Based on above two cases, we have got the sequence of binary
nonnegative continuous functions defined on X xY =[0,1]x[c,d] as

being {yn (x,y)}::1 . Now we normalize {,un (x, y)}j:1 as follows:

/’ln(xﬁy)
d pl ’
[7] 1o yyxdy

p,(x,y)= A (x,»)

n=1273,
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where

L, (x,y)e[0,1]x][c,d],

(X)) =
X0 1e.1 (%> ) {0, (x,y) e R* —[0,1]x[c,d]

Therefore { p,(x, y)}j:1 becomes a sequence of probability density func-
tions defined on R”, and p, (x, ) is also called the probability density

function when the quantum number is just # . And by means of
{ p,(x, y)}:):1 , we can construct a sequence of functions of one variable
defined on [0,1] as follows:

f: yp,(x, y)dy

Lo P, (x, y)dy
n=1,2,3,

J,(x) = ., x€[0,1],

(8.2.18)

Apparently, { /. (x)}:o=1 is just the sequence of conditional mathematical

expectations formed by { p,(x, y)}:o:l. Besides, it is not under the fol-

lowing expression:

[ yu, ey
f: M, (x, y)dy

fi(x)= , xe[0,1], n=12,3,

Step 7. Proof of the conclusion: the sequence of conditional mathe-
matical expectations { f, (x)}:: , can uniformly converge to f(x) on the

closed interval [0,1].

Situation 1. Suppose f: X — Y be strict monotonous. We only
consider the case that f(x) is a strict monotone increasing function
because we can treat it in the same way when f(X) is strict monotone

decreasing function.
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First of all, for the sequence of binary nonnegative continuous func-

tions { i, (x, y)}:;l , we prove the following fact:

(Vn € N+)(‘v’x € [0,1])(!:1 u,(x,y)dy > O) .
In fact, for any a point x € [0,1], we can easily know the fact that
(Jie{L,2,- -,m})(x € [xi(fl),xi(”)}) .
Then for any a point y €[c,d ], we can learn the following fact:
1,5 = v (47 () B ()

(4" (0)- B D)) v (4" (0B (), ye[y0 ],
0, yele,dl=[y, 5]

It is easy to know the fact as the following:
(30 € (22 01)) (1, (x.57) > 0).

Since for this fixed point x €[a,b], u, (x,y) is continuous with respect
to y, we have the following results:

(36>0)((y'=8,5+8) = (»2.32)).
(‘v’ye(y'—ﬁ,y'+5))(yn(x,y)>0)

By using mean value theorem of integrals, there exists a point as follows:

et
Y 2:)’ 2|

such that



378 Fuzzy Systems to Quantum Mechanics

fd M, (X, y)dy 2 fy,_a,y,ﬂ, M, (X, y)dy
>I 1, (x,9)dy = 1, (x,£)-8 >0

So the fact we want to prove is true. Thus for every n € N, the follow-

ing function

f Y, (X, y)dy
[ a1,x. )y

1, (x) =

must be meaningful.
Then we prove that the sequence of single variable functions

{ fn(x)}:):] can converge to f(x) at everywhere in [0,1].
As a matter of fact, for any a point x €[0,1], we must have the

following fact:
(Jie {1,2,---,n})(x € [xffl),xf”)]) .

So we have the following expression:

#,(x, ) = kv (47 (0)- B ()
(47 - BR D)) v (47 (x)- B (1)), ye[ym.00 ],
0, yele,dl=[y, v ]

By means of the first mean value theorem of integrals, we know the fact
that, there exists 77,(x) € [ y, yl(fl)} such that

I yu,(x, y)dy 7, (x)j ) R L (X, )dy

Ju(x¥)= =1,(x)

LGy R ey
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Because f'(x) is continuous and taking notice of 77,(x) € [ y,ye,

based on intermediate value theorem on continuous functions, we can
know the following result:

(3% e [x. 50 ) (£ (%) = ().

And taking notice of the fact that f(x) [yf”f,y,")] I:yz(nZ)’yz(jl):'

have the following implication:

(n) (n)
n—0= ‘ym Vi

=n,(0)=/(X)> f(x)

By means of the fact that x is arbitrarily taken in [0,1], we get the

-0

(8.2.22)

following result:

(Vx e [0,1])(111132 fi(x)= f(x)).

And then we prove the fact that the sequence of single variable functions
{ fn(x)}:ll can uniformly converge to f(x) in [0,1].

As a matter of fact, since f(x) is continuous in the closed interval
[0,1], f(x) must be uniformly continuous in [0,1]. So for any £ >0,
there exists N € N _, such that

(Vn eNJ(n >N:>max{‘Ay}”) i=

1,2,~-~,m}<§j

By use of (8.2.22), for any a point x €[0,1], for any a number ne N _,

when n > N, we have the following expression:
=[n,(x) - f)|<p8 - ¥

12,---,n}<3-§=€

< 3max {‘Ay(")
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All in all, we draw a conclusion: for any &> 0 and for any ne N,

there must exist N € N, such that

(Vn eN+)(n >N:>(Vxe[0,l])(

£, - f(x)|<¢))

This means that { fn(x)}r:1 can uniformly converge to f(x) in [0,1].
Situation 2. Assume f(x) be not strict monotonous and not a con-
stant function. We also consider two situations.
1) Suppose c¢(n) = y,(c(’)” < y,(q”) << y,(cz) =d(n). From (8.2.19), we

have the following expression:
,u,,(x, J/) = j\:/l |:AI£7)(X) ’ B/?U’)]a n= 1329 3a' e
First it is not difficult to know the fact that
d
(VneN,)(vVxe [0,1])(j w1, (x, y)dy > 0) .

We have necessity to define that k | =k, k
point x €[0,1], clearly we have the fact as the following:

=k, . Arbitrarily taken a

n+l

(3s,t € {O,l,---,n})(x € [xk:,xk,]) ,
and so we have the following expression:
#,(60) = v (47 () B ()
=

(4P B D) (47 (0B (), yeE,
0, yele,d]-E,

E, 2 JUl o]

t+1
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(n)  ,(n) _(n) _(n) * (m) ,(n) (n) ,(n)
Lety* mln{yk :yk :yk :yk }andy _max{yk 5yk :yk 5yk }

t+1
For clarity, we can assume that y, = y,ﬁ”)l, y y,i”) this makes the

following inclusion:
[voy' [=[ e o [ JUL v |
So above expression can be written as the following:
1,5 = v (47 () B ()
j=0 J J
(47 () BO () v (47 ) B (0). y e[y ],

t+1

0, yeled]-[ "3 ]

t+1

By means of the first mean value theorem of integrals, there must be
n,(x)e [ () ,y,ﬁ’” ] , such that

j yi (x, v)dy n,,(x)j o g, (xp)dy
f,(x)=

=1,(x)
f M, (x, y)dy ,un(x V)dy

(n)
kt 1

Let d, = max {Ay(’”

Jj= 1,2,---,m}, where we have put

M =y -y, j=12,m.

We can prove the fact that limd, =0. In fact, let

n—»0
e, = max{‘y(”) yfff”i = 1,2,---,m} .

Based on Lemma 8.2.1, we must have the following result:

(vneN,)(d,<e,).
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By using this result and by means of the fact that f(x) uniformly con-

tinuous in the closed interval [0,1], we can get lime, =0, and then that

n—>0

the limit limd, =0 must be true.

n—>»0
Then we return to the proof of the theorem. By means of above
conclusion, we have the result: for any £ >0,

(3N, eN, )(Vne N+)(n >N, =d, <§j
By notice of the following implications:

—»w:mﬁ <“+o
‘f m (w»
Xk,

We get the result: there must exist a number N, € N, , such that

(n) _ (n) >0

=]y

(Vne N+)(n >N, = [ - < . ] (8.2.23)

And we take szax{Nl,Nz} ; forany ne N, when n> N , we get

the following inequalities:

(n) (n) (n) (n) (n) _ (n) (n) _ (n)

‘ykm ‘kal + ‘y ‘y
<d+ +d, <— LR
3 3 3

(n) (n)

By this expression we get ‘ Vi Vi, —=* 0, and then we have

[ =7, (0)|—=220.

By (8.2.22) we can easily know the following limit:

o=y

n—>0

———0.
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At last, we have the result:
£ () =1, (0] <[ £ ) = |+ [y =7, ()| —==0.

This means that 77,(x) ——=— f(x) . So we have the following expres-

sion:
(Vxe [0,1])(’11% f(x)= f(x)).

Furthermore, very similar to the process we just did in Situation 1, we
can prove that { fn(x)}j=
2) Let ¢(n) = y,(q')’) < y,(q") <...< y,((:) =d(n).By (8.2.21), we have

. can uniformly converge to f'(x) in [0,1].

() = v [ ACD)-BID) | n=123,
It is easy to know the fact that
(VneN,)(Vxe [0,1])(jfyn(x,y)dy > 0) .

Now arbitrarily taken a point x €[0,1], we must have the following

expression:
(Hs,t €{0,1,- -,m})(x € [x,({:‘),x,({/”q) .

Then we again consider two cases the following:
i) When B,g")( y)= B,El")( »), we have the expression:

)= ¥, (4B ()
(470 BE D) (400 BEI0). ve[at2 ]

s+l

0. yele.dl-[ 3.5 ]
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ii) When B,f:’)( V)= B,i")( ¥) , we have the following:

(2, 3) = v (4B (7))

_J(47@-B W)V (4" ) B (), yeG,
0, yele,d]-G,

G, &[0 UL ]

t+1

Nevertheless, in either case, similar to the method we have used in 1), we
have proved the following conclusion:

(¥x e[0.1])(lim £,(x) = /().

and { fn(x)}:):1 must uniformly converge to f(x) in [0,1].

Paying attention to the process of the theorem, when the quantum
number is 7, the set of the descendant particles generated by the particle
M is the following:

./‘4” — {Ml(n)’Méﬂ),”.’MéZ)} ,

When n — oo, the set of all descendant particles generated by the parti-

cle M is M = U./‘//n . Clearly the cardinal number of the set is as be-

n=1
ing: card(.A// ) =N,; i.e., we all use countable infinite particles. These

particles can be expressed as the following expression:

1) .
M M
2 2 2) 2).
MP MP MP MP,
=1,2,3, (3) (3) (3) (3) (3) 3).
y T M MY MY MY M M

Ml(n)’M;n)’.__’M(n) M(ﬂ).

2n-1° 2n
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where only the particle M moves along Ox axis, but all the descendant
particles MV, M",--M " ,--- M" ..-move along Oy axis.

2n 0

This means that the motion curve of a mass point in classic physics
v = f(x) can be constructed by an infinite sequence of microscopic
particles wave functions. In other words, this motion curve of a mass
point y = f(x) have been quantization, which is the limit state of these
microscopic particles wave functions when n — oo . Clearly this fact
meets the Bohr’s correspondence principle.

We finally end the proof of the theorem. O

Example 8.2.1 Suppose we cast an object B with quality m, , which is

regarded as a mass point. So the movement of B can be described by its
equation of locus as follows:

g 2
= f(x)=xtana —————Xx",
y=Jx) 2v; cos’ a
2
xe[0,d,], d, = Csin2a
g

T . o . .
where o € (O,Ej is a mass ejection angle, d, € (0,+00) is the maxi-

mum range of fire, and v, € (0,+0) is the initial velocity; here the
air friction is omitted. Clearly y(x)e C [O,do] , which means that the

projectile motion is expressed by an unary continuous function.

Now if we take o =%,v0 = \/E , then d, =1; then we have the

following equation:
y=f(x)=x—-x"=x(1-x).

When the quantum number 7 = 5,10,20 , the approximation situations of

the sequence of conditional mathematical expectations f, (x) to f(x)

are respectively shown in Figure 8.2.5, 8.2.6 and 7.2.7., where red curve
means f, (x), and blue curve indicates f(x). i
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8.3 Duality of Mass Point Motion

We firstly review the projectile motion in Example 8.2.1. The property of
mass point motion is shown as its momentum p = m,v, and its energy as

the following:

1
E=E, :Emové.

Actually, more straightway, its property of mass point should be
described by its equation of locus as the following:

y=f(x)=xtang-——2——x

2v, cos’ a

In other words, either the property of mass point can be described by its
momentum and energy or by its equation of locus; these two methods are
equivalent.

Then we raise an interesting and important problem: is there wave
nature on mass point motion in classic physics? Alternatively, we can ask
the question: is there wave mass point duality in classic physics?

For answering this problem, we firstly review the particle nature and
wave nature in quantum mechanics. As we all know, a microscopic parti-
cle has no determinate movement locus so that it has no an equation
describing its movement locus. Thus, its nature of particle can only be

. . ) 1
described by its momentum p =mv and its energy £ zzmvz. Based

on the viewpoint of de Broglie, an object particle is of wave-particle
duality, which means the particle also has its nature of wave. The nature
of wave should be shown by its wave function W , and the wave function
Y should be the solution of. The wave as being the solution of
Schrodinger Equation is called de Broglie wave. Then Born gave
Schrodinger Equation the statistical interpretation of de Broglie wave,

which means that |‘I’|2 should be a kind of probability density function.

So |‘I’|2 is often called probability wave. In fact, in quantum mechanics,
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. 2. .
the probability wave |‘P| is much more important than the wave

function W itself.

Again, we consider the movement of the particle in the infinite deep
square potential well as we have discussed in Step 1 in Theorem 8.2.1,
where the wave function is as following:

l,yn(x):\/zsin(nﬂx), xe[0,1], n=12,3,---

Then, its probability wave is |l,1/n()c)|2 = 2sin’*(nzx) , which figure is

shown in Figure 8.3.1.

n=1-— = = n= 1

0 1 0 1

Fig. 8.3.1. The nature of waves of  (x) and |'/’,, (x)|2

It is worth noting that, the probability wave |l//n ()c)|2 describes the
probability density that the particle M appears at x in [0,1] when the

quantum number is # . Because the particle M does one-dimension

2. : .
v, (x)| is a curve on two-dimension plane.

motion along Ox axis,

It is well-known that the wave nature of simple harmonic wave is con-

structed by its frequency v and its wave length 4. When the quantum
n’n’h’?

number is 1, its energy expression is £, = 7 , and the wave fre-

quency is as following:
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Based on the definition of wave length, we know the wave length is

A, _2 so that
n
) _2_ NGy
n n mE °

n

This just gives the result that v, -4 =1, which means that the relation

between the wave nature and the particle nature can be established by
using Planck number 7 .

Now we return to continue to discuss the motion of projectile. Its mass
point nature reflected in its equation of locus.

Especially, when a = %,vo = \/§ , the equation of locus is as follows:

y=f(x)=x-x"=x(1-x), xe[0,1].

Because this sequence of conditional mathematical expectations as being
{ fn()c)}:o:1 uniformly converges to y = f(x) in [0,1], for arbitrarily

given a ¢ > 0, there must exist a natural number N € N, such that

(VneN,)(n>N=|f, - f|<¢).

where |||| is a kind of norm in the linear normed space (C [0,1], |) and

defined as the following:

(v e C10.)(lr] = max| 7o)

For £ >0 is small enough, that || fi—=f || < & means that the difference

between f, and f is very small so that f can be replaced by f

approximately.
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We now take notice of the following important expression:

d 1
[ .o,y ~ [ 92, Ce,v)dy
d - 1 5
I P, (x,y)dy Iopn(x,y)dy

c

S = f,(x)=

for above the motion of projectile where ¢ =0,d =1, where p, (x,y) is

a binary probability density function.
When the quantum number n =5,10,15, the graphed of the probabil-

ity density function p (x,y) are respectively shown in Figure 8.3.2,
8.3.3 and 8.3.4.

80 4
40 —

20 -

0 /ZZ i
02 0.4 06 A

08 1

Fig. 8.3.2. Graph of p_(x,y)

100 -

50 ||

02 04

0.6 08 1

Fig. 8.3.3. Graph of p, (x,y)
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0 0.2 04 06 08

Fig. 8.3.4. Graphof p _(x,y)

Apparently, the probability density function p,(x,y) shows up wavi-

ness. We observe the motion curve of the projectile, and suppose some
mass point B moves in the rectangle as in Fig 8.3.5, and the probability
density function that B falls into the set of graph of f(x) as follows

G, ={(x,y) €[0,1]x[0,0.25]|y = £ (x)} (8.3.1)

is just p,(x,y).

y=f(x)=x(1-x)

0 1 x
Fig. 8.3.5. Graph of the motion of projectile

It is worth noting that, since the mass point B moves in a two-
dimension region, the probability density function p, (x,y) is a wave

surface in three-dimension space. From Figure 8.3.1, we can learn that,
since the particle M moves in [0,1] on Ox axis, the probability wave
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|wn(x)|2 mainly roots in [0,1]; while from Figure 8.3.4, we also can
learn that, since the mass point B moves in Gf on x — ¥ plane, the
probability wave p,(x,y) rootsin G .

Above discussion reveals an important conclusion: the motion of mass
point in classic mechanics is surely of waviness so that the motion of
mass point in classic mechanics also has wave mass point duality, which
is very same with wave-particle duality in quantum mechanics.

Furthermore, the relationship between the wave nature and particle
nature is established by means of Schrodinger Equation and the energy of
the particle £ and the momentum of the particle p can be respectively
expressed by the frequency v and the wavelength A of the particle as
the following:

E=2rhv, p= 27h .
A
While in classic mechanics, the relation between the mass point nature
and waviness of motion of mass point is related by means of the follow-
ing integral equation:

d
L yp(x, y)dy

7 = f(x), (x,y)€la,b]x[c,d] (8.3.2)
L p(x, y)dy

where p(x,y) € C([a,b] X [c,d]) is an unknown binary function satis-

fying the following conditions:

(1) (V(x,y) ela,b]x[c,d])( p(x,») 2 0);
() (Vx € [a,b])(f p(x,y)dy > 0) )

® [ [ p. sy =1.

Because y = f(x) is the equation of locus of motion of the mass point,

it completely represents the mass point nature of motion of the mass
point; while p(x,y) is the probability density function which is the
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probability wave of itself so that p(x, y) itself represents the waviness

of motion of the mass point. And the relation between the mass point
nature and the wave nature is related by means of the integral equation
(8.3.2). This adequately explains that the motion of mass point in classic
mechanics has the duality of wave mass point, or written by wave-mass-
point duality.

Here we need to explain that to solve the integral equation (8.3.2) is
not an easy thing; however, we have given a kind of approximate method

to do it; actually, { p,(x, y)} | is a sequence of approximate solutions of

the integral equation because if we write

fd p,(x,y)dy
fdpn (x.p)dy

c

J(x) =

then we have lim”fn - f|| = 0 based on Theorem 8.2.1.

How about the properties of convergence of the sequence

{ p,(x, y)}:;l ? We see the following theorem.

n—>0

Theorem 8.3.1 1) p (x,y) = 0, ie. {pn(x,y)}

o0 .
., converges in meas-

ure to zero function 0 as follows:

0:[a,b]x[c,d]> R, (x,y)—0(x,y)=0.

2) The sequence of binary functions { p,(x, y)}:;l does not converge

in the set G, —{(a, f(a)),(b, f(D))}.

We omit the proof. ]
Because the sequence { p,(x, y)}:ll converges in measure and the two

functions p, (x,y) and yp,(x,y) are bounded in R* with respect with

every n, based on Lebesque dominated convergence theorem, the limit
operation and integral operation can exchange order, i.e.,
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lim [ yp, (x,y)dy = [ ylim p, (x, »)dy =0,

i [ p, = [ timp, (v )y =0

so that
tim [ yp, (. )y | Gy
B =—# f(x)=lim f (x) = lim—————
hgjw p,(x,y)ydy O " = 7 p )y

This means that the limit function of convergence in measure as follows:
limpn(x7y) = 0
n—»0

is not a solution of the integral Equation (8.3.2). But for every quantum
number n € N, the probability wave function p,(x,y) must be a solu-

tion of the following integral equation:
= f,(x), (8.3.3)

And the sequence of functions f, (x) can uniformly converge to f(x).

In other words, the sequence of binary functions { p,(x, y)}:ll must be

approximate solutions of the integral Equation (8.3.2).
Another thing we should point out is that, about the probability wave
function p (x,y), there should be a binary function @ (x,y), such

that
@, (.0 = p,(x,);

while @ (x,y) should be a solution of a kind of 2 order partial differen-
tial equation. From the structure of p (x,y), we can learn that

@, (x,y) has not determined frequency and determined wave length but
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has frequency conversion and length conversion. Thus we can think that
the 2 order partial differential equation should be a kind of 2 order partial
differential equation with variable coefficients.

8.4 An Important Mathematical Conclusion Generated By
Theorem 8.2.1

Based on Theorem 8.2.1, we can get an important and interesting math-
ematical conclusion.

Theorem 8.4.1 For arbitrarily given a continuous function f € C[a,b],
there must exist a sequence of probability spaces {(Q, FL,P )}:):1 and a
sequence of random vectors {(é:n’ﬂn)}:;

(&,.m,) is defined on the probability space (€2,.#,P,), such that the

f” - x)}nwzl

converges uniformly to f(x) in [a,b], i.e., for any & >0, there must

o where every random vectors

sequence of conditional mathematical expectations {E (77n

exist a natural number N € N, such that, for any neN,, if n >N,

then we have the following result:

(Vxe [a,b])(‘E(nn

&, =x)-/(0)]<¢).
where N, ={1,2,3,---} and N={0,1,2,---}.

Proof. Case 1. Suppose f(x) be not constant function. By means of the

method in the proof of Theorem 8.2.1, we can get the sequence of proba-

bility density functions { p,(x, y)} - Ifwe let

F (x,y)= J._; J-_yoo p,(u,v)dudy .

must be a sequence of distribution functions. Now

Then {Fn (x, y)}:):l
we can take Q =R*, F = G, , where 5, is a Borel o algebra on R?,
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and P is taken as the probability measure corresponding to F, (x,)),
which we know that P is existing and unique. Thus, we get a sequence

of probability spaces as follows:

{(Q’f’ﬂ)}jﬂ:{(Rz’b)Z’P")} 1

Then, on every probability space (Q,f ,Pn) , we define a random

vector as following:

<, =(§n,77n):Q—>R2
w=(0,0,) ¢,(0) = (£,(0).1,()=(0,0,)

For any (x,y) € R*, we take notice of the following fact:

{a)eQ|§n(a))£x}={a)eQ|a)l Sx}
= {a)e Q|a)1 € (—0,x],m, € (—oo,+oo)}

= (—00, x]x (-0, +0) € 5B, = F

This means that & (@) is surely a random variable defined on
(Q,f ,P ); in the same way, 77, (@) is also a random variable defined
on (0, F,P). So ¢ (0)=(&(),n,(w)=(w,0,)=0 is just a
random vector defined on (Q, F, Pn) .

Let the distribution function of ¢, (@) be F} (x,y). For any a binary

point (x,y) € R?, since P, is the probability measure corresponding to

the distribution function F,(x,y), we have the following expression:

F, (x) =P ({ocQls @ <xmn,@) <))
=Pn({a)e§2|a)1 <x,0, Sy})

=P, ((—o0,x]x (-0, y]) = F,(x, )
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This means that the distribution function F (x,y) of §, (@) is just the
distribution function F,(x,y),i.e.,

F, (x,y)=F,(x,).

Therefore, we can get the sequence of conditional mathematical expecta-
tions as follows:

{E()S =x))
of the random vectors {C ., }:;1 = {(fn 1, )}:;1 , where
fw P, (%, y)dy
E(n,|& =x)="% , n=1,23,.
[ .o y)dy

By noticing the significance of { fn(x)} in Theorem 8.2.1, we have

o0
n=1

(VneN.)(E(n,

& =x)=£,(x)).

Because lim” f=f ||:0, the sequence of conditional mathematical
n—x0

expectations {E (77

o0
n
n

& = x)} L uniformly converges to f(x) in [a,b].

Case 2. Suppose f(x) be a constant function, i.e.,

(EI,BE]R)(VX e[a,b])(f(x) :,B)

This is a kind of degenerate situation so that we take the following
degenerate distribution function:

0, ye(=»,p),

) ={1, Y €[B.+0)



398 Fuzzy Systems to Quantum Mechanics

We can make a probability space (Q,f ,P) such that P is just a the
probability measure corresponding to F, () and Q= R', 7 =25. We

define a random variable as the following:
Q>R o-=ne)=0.

It is easy to know that the distribution function of 77 is just Fﬂ( y). Take

the notice of the following fact:

P({a)eQ|77(a)) :,B}):P({a)eQ|a)=,B})
=F(B)-F,(f-0)=1-0=1

And we know that E(77) = f which means that f(x) = E(77). Then we
take another random variable & defined on (Q,f ,P) with require-
ment that & is independent with 77; hence, (&£,77) can be regarded as
a random vector defined on (Q,f ,P). Thus, we have the following

expression:
E(njé=x)=Em=4.

Furthermore, we can define a sequence of random vectors {(fn,nn)}

0
n=1

as the following

(vneN,)((£.n,)=(&m).

Clearly {E (77n ¢, :x)}j=1 can uniformly converges to f(x) in the

closed interval [a,b]. mi

8.5 Approximation Theory Significance of Theorem 8.2.1

In above section, we prove an important conclusion: the sequence of
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conditional mathematical expectations {E (77,1 & = x)}wil uniformly

converges to the continuous function f(x) e Cla,b] in [a,b]. Now we

consider the signification of approximation theory of {E (77n|§n = x)}:]:1

with respect to the continuous function f(x).

Our discussion is under the form on the continuous function space
Cla,b]. For doing this work, we define two algebraic operations in the

(XS

space C[a,b], additive operation “+ > and scalar multiplication as

the following:
+:Cla,b]xCla,b] - Cla,b]

(/.9 Hf.9)=/+¢,
(Vxelab))[(f + @) = f()+gw)];
:RxCla,b]— Cla,b]

(. )=a, f)=af,
(Vxela,b])[(a- /) x)=a- f(x)]

Clear (C [a,b],+,R,-) is a linear space, simply denoted by C[a,b]. In
the space Cla,b], we define a norm as follows:

[ : Cla, 61— [0,+00)

£ o5 Her =11 max| o)

Then (C[a,b),
Cla,b]. In fact, we all know that C[a,b] is a Banach space with infi-

|) is a linear normed space, also simply denoted by

nite dimension.
Suppose f(x) € C[a,b] be a “complicated” function. For every natu-

ral number m e N, we try to find m +1 a group of simple functions:

D(m) = {py" (x), 0" (x), - 0\ (x)} < Cla,b],
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(M)’al("i)

and m +1 constants a, L -,afn'”) € R, which there at least be one

number not being zero, such that the function f(x) can be linearly

where £ >0 is a kind of approximation accuracy beforehand given by

expressed by @ (m) approximately as the following:

(Vx<[a,b]) ( )=y a0 ()

us. Let
Fm (x)= zai(m)@i(m)(x) ,
i=0

coming from

and we get a sequence of continuous functions {Fm (x)}::l
Cla,b]. Above expression means that the sequence of continuous func-
tions {Fm (x)}

the fact as follows:

(Ve>0)(3NeN,)(VmeN,)(m>N =

uniformly converges to f(x) in [a,b], which tells us

0
m=1

Fm—f||<5).

For this £, when m> N , (spand)(n),

|) is regarded as a m+1

dimension linear subspace of (C [a,b], ), such that

(3ai”,a,+.a" e R)(| £, - £l <€)

Where span®(m) is the linear subspace of Cla,b] generated by the

group of linearly independent elements as the following:
D(m) = {p)" (x), 0" (x), - 0" ()}

In other words, under the condition that & is given in advance, we can
use a kind of linear combination of the base elements of the linear
normed subspace span®(m), as follows:

Fm (X) _ Zai(m)(ﬂi(m)(x)
i=1
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to approximately replace f(x), or we can say that, f, (x) can approxi-
mates to f(x) reaching the precision & given by us in advance. This is

the base idea of function approximation theory.
We have known the fact that the sequence of functions F (x)

uniformly converges to f(x) in [a,b] ; however, we need more

requirements for the sequence of functions {Fm (x)}::l , which is stated
as being: for any a point x € [a,b] and for any O > 0, there must exist

N e N, such that, for any a natural number m € N, if m > N, then

(3xs € (x—5,x+5)ﬂ[a,b])(Fm (x5) :f(xg)).

This means that there are many points x; in [a,b], such that

F,(x;)=1 (%),

and these points spread all over [a,b]. This just leads to the interpolation

approximation problem.
First, we make a partition on [a,b] as the following:

a =xé’”) <xf’”) <---<xfn’”) =b,
where the partition does not need to be equidistant. Let

X(m)= {xf’")

i=0,1,m},
p =f(xi(m)),i:O,1,---,m,
Y (m) :{yi(m)‘i :0,1,~--,m}

By using the set of nodes X (7), we make the group of base functions as

follows:

D(m) ={)" (), 0" (x),+ 9" (%)}
(Vi e{0,1,--,m})(¢{"™ (x) € Cla,b]),
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and @ (x),p"(x),---,¢"™ (x) are linearly independent and with

Kronecker condition:

(pi(m)(x;’”)):é;/, i,j=0,1,---,m.

m

In F (x)= Zal,("’)(ai(’”)(x), we take @ =y, and we have follow-
i=0

ing expression:

This is just an interpolation function, which satisfies the interpolation
condition:

(VZE {0’1,’m})<Fm (xl(’")):f(xl(m)))

All in all, because F, (x)espan®(m) and f(x)e Cla,b], and by
noticing that span®(m) is a linear subspace with finite dimension of
Cla,b], for any ¢ >0 , there must exist m € N, such that the element
in Cla,b], f(x), can be approximate by the element in span®(m),
F (x), which means ||Fm — f” <Eg.

Definition 8.5.1 The sequence of conditional mathematical expectations
as the following:

{E(n,|e,=x))

in Theorem 8.4.1 is called the sequence of conditional mathematical
expectations generated by the continuous function f(x). mi

Theorem 8.5.1 Arbitrarily given a continuous function f(x)e Cla,b],

but f(x) not being a constant function, {E(?]

n

& = x)}:o:] is the se-

quence of conditional mathematical expectations generated by the
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0
& = x)} we can
n n=1

continuous function f(x), then by means of {E (77,1

make a group of continuous base functions as follows:
D(m) = {pi" (x),0" (x),-, @\ ()]

where m = 2n,(0,(’")(x) € Cla,b],[ =0,1,---,m, such that the sequence

of interpolation functions formed by using {(D(m)} as the following:

F (x)= Z(pl("’)(x)yl(m), m=2n, n=12,3,---
1=0

can uniformly converges to f(x) in [a,b].

Proof. For convenience, we only consider the situation as [a,b]=[0,1],
since for the general situation [a,b], we can use a kind of linear trans-
formation to transfer it into [0,1].

Case 1. Suppose f(x) be a strict monotonous function. We can
assume f(x) be a strict monotonously increasing function, because for
a strict monotonously decreasing function, the proof is the same.

For any a point x €[0,1], there must exist i € {l,2,---,m},m=2n,

such that x e [x(") x(”)] . Thus

=127

1,5, 9) = v (470 B ()

(A7) BE () v (A" () B (). ye[ 308 ],
0, yele,d]=[y, 54 ]

Now we consider two integrals in the following expression:

_ Ld Y, (x, y)dy
Id #, (X, y)dy

c

E(n,|& =x)
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d d
as being I yu, (x,y)dy and J. 4, (x,y)dy . Based on the definition of

definite integral, we have the following expressions:

d . k
[ v Copdy = lim >y, (x,01) A",
k I=1

k
[ Gy = Jim >, (1) .
I=1

(7))~

where A(7})= max{Ay,(k) =y —y,(ff‘l = 1,2,'-~,k} and T, repre-
sents the partition of ¥ =[c,d] as the following:

c=yy <y <<yl =d,

i =a+ih(k), y=f(x"),

[=0,1,---,k

We should know that & is different with n, where n is a fixed subscript
for the moment, while k is going to approach infinite.

Because f(x) is continuous, A (Tk) —>0< k — oo, and then above

expressions can be written as the following:

k
[y, G )y =tim Y 310, () A,
I=1
k
[ 21,0ty = tim Y, (3,0 ) A
I=1

Let Ay{” = Ay™ . Since the binary functions s, (x,y) are bounded,
actually, 0< g (x,y) <1, and f(x) is also bounded, we must have the

following expression:
(IM(x) > 0)(Vk e N)(‘ W0, (3,049 < M(x)) .

And then we get the following limit expression:
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llm[ o (x yék))Ay(k)}_Ozgg[ n(x y(()k))Ay(k):|’

and by this we have the following result:

i 3 (1

Il
»»—a
lﬁ

m 587, (1 )+ 300 (50t 0|

=lim "y p, (2, 7") A",
% =0
im 3, (551
21161_{2{% (247 v +Zﬂn (x217)A "‘)}
= llimzk:y (x y}k))Ay(“
% =0

so that

f v, (x, y)dy = hmZy”"u,, (o6, ) Ay,
[ 24,x. y)dy = lim Y i (o6, 17 ) Ay
=0
We easily know the two facts: (‘v’x € [a,b])(r u,(x, y)dy > 0) and

I/ 1,y =tim >R, (.5 ) Ayt
=

So, for any a point x €[a,b], there must exists a number N(x)e N,

such that
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k
(Vk € N+)(k > N(x)= z,u (x yl(k))Ay,(k) > Oj
=0
Thus, when k& > N(x), we have the following result:

J v Gendy im >3, (151 01"

E(n,|¢, =x)=
L /un(-x, y)dy hmZﬂn (x yl(k)) (k)
(k) ) ) Ap®)
_hmzy (X Vi ) V) _hmzk: m (x yl(k))Ay(k) | /(k)

on & k> Y
Zﬂn (x yl(k)) (k) 1=0 Zﬂn(x yjk)) (k)

Zy(k)ﬂn (o, ) Ay ) Ap®)
— lim 2= : _llmzk: M, (x Vi ) S . /(k)

iun(x ) S ()

And we let

(k) (k)
X, A
o (x) = G P YU

WACE I
=0

then above expression can be simply written as the following:

llcimzk:(p () =E(n,|& =x). (8.5.1)
>0

If we write the following expression:

F(x) = prfm)(x)y(") ,
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then we can get a sequence of continuous functions with the double
subscripts { for (x)};O ., - Then we put

@, (k) = {py" (x), 0" (x),- -, 0" (x)}.

k
It is easy to know that F  (x) = Zgol(m)(x) ™ is just an interpolation
=0

function where @, (k) is regarded as the group of base functions.
Then we especially let k =2n=m, i.e., we only take a subsequence

of the sequence {ka (x)}:O ., » SO that we can gain a sequence of contin-
uous functions with single subscript {Fm (x)}:: ,» where

m

En (x) = En,m (x) = z ¢l(m) (x)yl(M) s
=0
m=2n, n=12,3,--
And then we let

D(m) = D, (m) = {@)" (x), 0" (x),-, " (x)}.

Then F (x)= Zgol('")(x) "™ is an interpolation function whose base
1=0
function group is ®(m) .

Now we can prove the conclusion: {Fm (x)}:;l uniformly converges to
f(x) in X =[a,b].

We first inspect the m + 1 unary functions with respect to variable x
as being 4, (x, y,('")), [=0,1,---,m. In fact, Bl.(")(yl('”)) has the well-

known Kronecker property:

\vd 1 i=1
[ {0,1,--- B(") (m) 5. > s
( l, { PR ’m})[ i (yl ) il {O, iz ]
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So we must have the following expression:

(517 = 5 (470 B () = 47 0.

and then we have the following results:

Syt (. ) Ayt = ny"”A('”(X)Ay("”,
1=0

3, (5 Ay = ZA"”(x)Ay“"),
1=0

1, (x, yf’”))Ay(’") AD ()Ay™

" (x)=— = :
S, () A Y A ()
j=0 j=0
[=0,1,---,m
so that
C A(n) (X)Ay(m) (m) (m) (m)
F,(x)=) = Zco, (x), (85.2)
1=0 ZA(")(X)A)/('") =0

Because the group of functions {go,('”)(x)‘l = 0,1,~-~,m} is linearly inde-

pendent, and Z(p;m)(x) =1, andspan{@(m)(x)‘l = O,l,m,m} forms a
1=0
m +1 dimension linear normed subspace of Cla,b], if we regard the

function group <1)(m)={(pém)(x),(/)l(m)(x),---, ,;m)(x)} as a group of

base functions, then
m('x) z¢](m)(x)y(m) * (8'5'3)

is just a piecewise interpolation function based on the group of base
functions d(m).
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By above discussion, we can turn to prove the conclusion: {F (x)}

n=l1
uniformly converges to f(x) in [a,b].
Actually, arbitrarily taken a point x € [0,1], then

(Jie {1,2,~--,m})(x € [xffl),xl{n)}),

so that
E, ()= 0" ()" =" (x)p") + o™ (x)y™

Because f(x) is continuous, there must exist two points as the

following:
(n) ,(n) (n) (ﬂ)
éi 3771‘ |: l 1 s X ]

such that

f(&m)= [n(gn(n)]f() f(n <">)— [r{{%,)]f(x)

We can easily learn the following facts:
(V1€{0,1,,m}) (" ([a.b]) =[0.1]),
(Ve[ ]) (o )+ 0" (x) =1)
So we get the following result:
(e[ ]) (1 (67) S 0T i 0 2 1 (1)

Since y") = f( (”)) y" = f(xl.(")) , for any x € [xl.(fl),xl.(”)] , we have
the following inequality:
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£ =F, (0] =| ) =(05 ) + 0™
‘f ('1) f(é:,-(n))‘

Because f(x) is uniformly continuous in [a,b], for any & >0, there
exists o >0, such that

(Vu,ve[a,b])(|u—v|<§:>|f(u)—f(v)|< 3).

We take h(n) < o, and we must have the following inequality:

‘f (n) (ff’”)‘<8,
and then we get the inequality as follows:
(v e [x%, 5" ])(|f () = F, (0] < ).
Since h(n) - 0 < n — oo, there exists N € N, such that
(VneN,)(n>N=h(n)<?s),

and we get the following expression:

(VmeN,)(m>N = (Vxe[a,b])(|f(x)-F,(x)|<¢)).

This means that the sequence of interpolation functions {Fm (x)}r:1 uni-
formly converges to the continuous function f(x) in X =[a,b].
Case 2. Suppose f(x) not be strict monotone function. Very similar

to the method in the proof of Theorem 8.2.1, we can get the following
binary functions:

1,(62) = v (4700 B ()

By means of them we can get the following sequence of interpolation
functions:
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m A(n) (x)Ay(’”)

F,(x)=) - " =Y e (",
=0 ZAJE:I)(X)A)’;(:) 1=0
s=0 ’
A(n) XA (m)
gol(m)(x): n kI ( ) yk] ’ l:Oals'“am
2 A7 ()ay”
s=0

Very similar to Case 1, we can prove that the sequence of interpolation
functions {Fm ()c)}n:l
f(x) in the universe X =[a,b].

We finally completely finish the proof of this theorem. m]

uniformly converges to the continuous function

Remark 8.5.1 If we let

A (m)
W () =

(n) (m)
2 A" ()4,
=0

5 120,1,"',7}1,

then we have the following expression:
Az(n) (x)Ayl(m) (m)
m ’ yl

1=0 Z A;n) (X)Ay;m)

j=0

E,(x)=Y " (x)y" =
=0

m
=2 " (04" (x)"
=0

If we regard w" (x), w" (x),--,w"”(x) as a group of weight func-

tions, then based on Theorem 8.5.1 we can get the following interpola-
tion function:

£, = 3w ()47 ()
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which is clearly a kind of weighed form of the piecewise interpolation
function g, (x)= ZAI(")(X) y™ ; in other words, it is a kind of
1=0

amendment for the expression g, (x) :ZAZ(")(X) ™, although the
=0

following equation:
E,l (x) — Z W[(m) (x)Al(n) (x)yl(m)
1=0

is also an interpolation function. ]

Remark 8.5.2 Because the piecewise interpolation function as follows
g, (x) =2 4" (x)y"
=0

is based on the following group of base functions:
(m) ={A4" (x), 4" (x),-+, 4" (x)}
If we let

W (m) = {0, ™ (), w2 ()
then we have the following expression:

D(m) = {)" (), 0" (), " (x)}

= (" (x) - A7 (), W () A7 (), w0 () - AL ()}
=W (m)-T(m)

where W(m)-T'(m) is regarded as Hadamand product between m + 1
vectors W(m) and I'(m) . By using the inner product action of vector
W(n) to I'(n), we can make m + 1 dimension linear subspace as being

span(r(m)) of Cla,b] turn to be another m+1 dimension linear
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subspace Span(d)(m)) of Cla,b]. Before the transformation, we use

some elements in the linear normed subspace Span(F(m)) to approxi-
mate f(x) ; after the transformation, we use some elements in

span(CD(m)) to approximate f'(x). i

8.6 Conclusions

In this chapter, we an important problem: unified theory of classic
mechanics and quantum mechanics. So-called unified theory here
means almost every motion of a mass point in classic mechanics can
be represented by the motions of an infinite sequence of particles in
quantum mechanics, where limit operation plays an important role in
the unified theory. Clearly this situation is just according with Bohr’s
Correspondence Principle.

classic . : .
. waviness mass point nature
mechanics \ : A
1
1
1
1
1
quantum
mechanics

Fig. 8.6.1. Unified frame of two kinds of mechanics

It is worth noting that this kind of correspondence relation between
classic mechanics and quantum mechanics cannot be expressed by
the relationship between the mass point nature in classic mechanics
and the particle nature in quantum mechanics because of Heisenberg’s
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Uncertainty Principle (see Figure 8.6.1). As we all know, in classic
mechanics, the motion of a mass point has no uncertainty so that we can
use continuous functions to describe the movement locus of the mass
point. However, in quantum mechanics, the motion of a particle has sure-
ly uncertainty so that we cannot use continuous functions to describe the
movement locus of the particle. By now, we have known that the position
and momentum of a particle are all random and they are related by
Planck constant 7, i.e.,

Fortunately, we have pointed that the motion of a mass point in classic
mechanics has also waviness in Section 8.3. The wave function of the
motion of a mass point has surely no uncertainty. On the other hand,
although the motion of a particle has surely uncertainty, the wave func-
tion of the particle must have no uncertainty. Thus, we can consider the
relation between the wave function of a mass point in classic mechanics
and the wave functions of some particles in quantum mechanics. As
we discussed in Section 8.2, we have revealed the relation by means of
Theorem 8.2.1. In other words, by using wave functions of both classic
mechanics and quantum mechanics, classic mechanics and quantum
mechanics are unified, which is the significance of our unified theory
about the two kinds of mechanics.

We need to emphasize my new and important and interesting conclu-
sion: The motion of a mass point has also so-called duality: wave-
mass-point duality, which is very similar to the case of the motion of a
particle in quantum mechanics and is an important support to our unified
theory on classic mechanics and quantum mechanics. It is not difficult to
understand that Theorem 8.2.1 should be the most important in physics.

Another new and important and interesting conclusion of me is com-
ing from Theorem 8.4.1 which means that, for any a continuous function,
there must be a sequence of probability spaces and a sequence of random
vectors defined on the sequence of probability spaces, such that the
sequence of conditional mathematical expectations of the sequence of
random vectors uniformly converges to the continuous function. This
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conclusion can establish a new bridge between real analysis and proba-
bility theory.

Prigogine had ever pointed out his conclusion by many experiments:
world is random not certain (see [20]). In fact, Theorem 8.4.1 just prove
his idea, because, as we all know, a large part of physical phenomenon
can be described by some kind of continuous functions, and based on
Theorem 8.4.1, any one of these continuous functions must be the limit
of the sequence of conditional mathematical expectations of a sequence
of random vectors.

In Section 8.5, approximation theory significance of theorem 8.2.1 is
discussed in detail and its main conclusion is expressed by Theorem
8.5.1. This undoubtedly gives a new kind of new method to function
approximation theory.

At last, we should state the fact that, these results in this chapter can
easily extended to the cases of multivariate continuous functions based
the methods in Chapter 5.
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Chapter 9

Unification of Riemann Integral and
Lebesgue Integral

9.1 Introduction

Riemann integral and Lebasque integral are well-known and important
contents in mathematical analysis and real analysis. Riemann integral is
simpler than Lebasque integral considering that Lebasque integral needs
measure theory. We all know that the integrable condition of Lebasque
integral is much weaker than the integrable condition of Riemann inte-
gral; so Lebasque integral is major content in real analysis. And we also
know that Lebasque integral is much harder to learn and teach for
students and teachers. From the definitions and structures of Riemann
integral and Lebasque integral, the two kinds of integrals look like quite
different. In the paper, we show the fact that they are the same in essence,
because their structures are the same based on function approximation
theory and a kind of algebraic structure: linear normed space.

First, the structure of Riemann integral is discussed, where the inte-
grand of a Riemann integral is regarded as the limit function of a
sequence of functions; every function of the sequence of functions is just
a linear combination of the base functions of a finite dimension linear
space. Second, the structure of Lebesgue integral is discussed in the same
way, where the integrand of a Lebesgue integral is also regarded as the
limit function of a sequence of functions; every function of the sequence
of functions is just a linear combination of the base functions of a finite
dimension linear space. Third, the unification of Riemann integral and
Lebasque integral is discussed under the meanings of function approxi-
mation theory and linear normed space, where the unification means that
Riemann integral and Lebasque integral are all the limit of the integrals

417
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of a sequence of functions and every function of the sequence of func-
tions is just a linear combination of the base functions of a finite dimen-
sion linear space. Then inspired by the wave-particle dualism from
quantum mechanics, the wave-set dualism is firstly defined in the paper.
So the relationship between Cantor sets and their characteristic functions
is of wave-set dualism; the relationship between Fuzzy sets and their
membership functions is of wave-set dualism, too. Based on such wave-
set dualism, the relationship between Riemann integral of continuous
functions and fuzzy sets is introduced.

9.2 On Riemann Integral

We start to consider the Riemann integral of the unary function shown as
the following:

filabl >R, x> y=f(x).
Firstly, the closed interval [a,b] is partitioned as the following:
Ata=x,<x <--<x,=b,
Write
A =[x_.%), i=12,n-1,
A, =[x.x]:
Ax, =x, —x

i-1°

i=1,2,n

Such partition A can be also denoted by A = {Ai|i =12,---, n} . The set
of all the partitions of [a,b] is denoted by & ([a,b]) .

Second we write ||A|| = rllggic{Axi}, which is called the norm of the
partition A . For convenienc_e: this natural number 7 is called the parti-
tion number of A, denoted by n = par(A) . Clearly it is true that

|A] = 0= n— +eo,

but not vice versa.
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Thirdly, we use C*[a,b] to express the set of all almost everywhere
continuous bounded functions on [a,b]. Based on the necessary and
sufficient conditions of Riemann integrability of bounded functions,
the function space C'[a,b] is just the set of all Riemann integrable

functions on [a,b], i.e.,
C’la,b]= R[a,b].

In C*[a,b], we define additive operation and scalar multiplication as the
following:

+:C'[a,b]XC’[a,b] = C'[a,b]

(f.8)— f+g,
(Vxe[a,b])((f +8)(x) = f(x)+g(x));
:RxC[a,b] = C'[a,b]
(a,f)—a-f,
(Vxela,bl)((a- ) =a- f(x)

It is easy to verify that (C *[a,b],+,-) is a linear space. And in this space

C’[a,b], we define a norm as the following:

H: C'la.b1—>10,4%), f | f]= sup |f(x)|

xela,b)

Then we know that (C*[a,b], +,-,

|) is a linear normed space.

Fourthly, we arbitrarily take a partition as follows:
A={A|i=1,2,--,n}e E([a,b]),
by using A, we define a group of functions on [a,b] as follows:

I, xeA,

la,b 0,1}, =
2y :la.bl = (0.1}, x> 7, (x) {O, e

i=1,2,---,n
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Apparently {,’(Ai‘izl, 2,---,n} c C'[a,b], and it is easy to prove that

this group of functions is linearly independent in C*[a,b]. In fact, sup-

pose that there a group of constants a, € R, i =1,2,---,n, such that
R R

where 0e C'[a,b], ie. 0(x)=0. For any x€ [a,b], there exists one
and only onei e {1,2,---,n}, such that xe A, ; therefore we have that

Ozal;{Al Fa X, ot ax, =a X,
Because ¥, (x)=1, a, =0. From this equation we can get the follow-
ing expression:

(Vie {1.2,,n})(a,=0);

so the group of functions { ZA,‘i =1, 2,---,n} is linearly independent in

the linear normed space C[a,b]. Write the following symbol:
G, = span({ZAi‘i =1,2,---,n})

which means that it is a 7 dimensional linear subspace of C"[a,b] gen-
erated by {ZA,‘i =1,2,---,n} , and {ZA,‘i =1,2,---,n} is just the base of
the space G, .

Fifthly, for any a point & € A, i=1,2,---,n, by using f we can get

n constants as the following:
f(&), i=12,,n.

By using of the group of functions {ZA’_‘i =1, 2,---,n}, we can form a

linear combination as the following:
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Zf ) s €G,,
where it is defined as the following:

(Vxe[a b] (gA(X) Zf ZA (X)J

Based on the definition of Riemann integral, if /' € C*[a,b], then we

have the following expression:

m [ gu e = lim [ 3 £(&)- 2, (9

HA\H0 [aj-0

=E2%if<é>-ffmx>dx- im 3 »-J:.; i ()

laj—04

= i, 2 2 S(&)-[1-m(a,)]= i, 2 2 ]t
\\A\Hozf )5 =, £

Sixthly, for every number n=1,2,3,---, we use =" ([a,b]) to

express the set of all partitions of [a,b] with partition number being 7 .

Thus { ) ([a b])} _ forms a partition of E([a,b]) , 1.e., any two of
the elements in { =" ([a,b])}w_] are disjoint and the following condition

must be satisfied:
Z([a,b])={JE™ ([a.b]).
n=1

And then, a relation of equivalence “~  defined on E([a,b]) as the

following:
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(VA A, € E([a,b]))(A, ~ A, & par(A,) =par(4,))

So we can get the quotient set as the following:

E([a,b])/:{[A]‘Ae E(la.b1)}

where [A] is the equivalence class to what A belongs. It is not difficult

to learn the expression as follows:

2@/ (=0 (@)

Now for every n=1,2,3,--+, in every equivalence class o ([a,b]),

we take one representation element:

AW = {AE”)

i=1,2,---,n}, n=1,23,-

such that they satisfy the conditions: limHA(") H =0 and the following:

n—oo

(Vn,me N)(n >m= HA(”)

<[a™)
Therefore we can get a sequence of linear subspaces:

GAW=span({}(Af”,‘i=1,2,--~,n}), n=1,23,-
For any a point £ € A", i=1,2,---,n, by using f, by using f we

get 1 constants: f(f,-(")),iZI,Z,---,n,
Then we can form a linear combination of { Ko ‘i =1,2,-, n} as the

following:
8 = 8w = Zf(é(n))'ZMM € GAm) ’
i=1

where the function g, concretely as shown as follows:
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WWMM{&mzﬁf@Wwwuﬂ

Thus we can get a sequence of functions coming from the space

C*[a,b] shown as { g, }:;1 . Considering the fact as the following:

&

-0 n—> 4o,

we have the following result:

tim [ g, (e = lim "3 £ (£7) 2, (v
i=1

IZf&“ o ()

\A‘ )H 0

Zfﬁ”fadwh

HA‘ )H 0

HN )ﬁozf(é(n)) ):(1)) ZAE,,)(x)dx
- Jam02f<é<"’)-[l~m<A,<")>]
Zf('f(”)) (I'A(mxl—)

Zf(“ M= [ f(dx

A(”

A(”

By now, we should turn to discuss the properties of the sequence of

functions { gn} defined on [a,b].

Proposition 9.2.1 If the function f € C[a,b], then the sequence of

functions { gn}::1 is consistently convergent to the integrand f on the

integral interval [a,b].
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Proof. For any & >0, because f is continuous on [a,b], f must be
uniformly continuous on [a,b]. So for any two points x,x" €[a,b],
there exists 0 > 0, such that

<s=|f)-f(x)<e.

We can take a natural number N = N(¢) € N, such that

|x—x’

(Vne N+)(n >N= HA(”)

<o ) )
Considering the fact that there exists one and only one i € {1,2,---,n},
such that x e A, &M e A, and

‘é:i(n) _x‘ <A™y < HA(m

<0,
then when 7> N, we must have the following inequality:

2, (0= /()] =| £ (£7)-F(x)|<e.

This means that { gn} is uniformly convergent to the integrand f on

0
n=1

the closed interval [a,b]. m]

From the proposition, when f € C[a,b], it is easy to know the fact as
the following:

Y b b
lim [ g, (x)dy = [ limg,(x)dv=[ f(x)dx.
Proposition 9.2.2 If /' € C'[a,b] and satisfies the following condition:
(VneN,)(Vie {2, n})(E" ¢ 4),

where A is the set of all discontinuous points of f in [a,b], then the

sequence of functions { gn} is almost everywhere convergent to the

0
n=1

integrand f* on the integral interval [a,b].

Proof. First we all know the set 4 C[a,b] is a zero measure set, and [

is almost everywhere continuous on the set £ =[a,b]— A. For any a
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point x,€ E, and for any £>0, since f is continuous on E, there

must exist O >0, such that
(Vxe EN(x,-3,x, +5))(‘f(x0)—f(x)‘<€).
Now we can take a natural number N = N (:5‘,)60 ) € N, , such that

(Vne N+)(n>N:>HA(”) <5).

Considering that there exists one and only one number i€ {1,2,---,n},
such that x,€ A", £ e A" N E, and

£ - <A <[] <8,

Then when n > N, we surely can have the following inequality:
g (%)= £ (%) =|£ (&)= 1 (x,)] <&

Thus lim g, (xo) =f (xo). Since x, € E is arbitrarily taken, we have
n—>+oo

the result: lim g, = f,a.e. [a,b]. O

n—>+oo

9.3 On Lebesgue Integral

Let (X,7, ) be a measure space and take a measurable set E€ &
with the basic condition f(E) < 4oco. Suppose f :E — R is a bounded
measurable function. So we know that

(3c,de R)((c <d)A(f(E)c(c,d))).
The set of all the partitions of [c,d] is denoted by E([c,d ]). For any
given partition A€ E([c,d]), where A:c=c¢,<¢ <--<c,=d,and

A =lene), k=12 n-1 A, =[c..c,],

ie, A={A |k =1,2,---,n}. Write |A|| = max (¢, —¢,_,) and

1<k<n
E ={xeE[f(xeA}=f"(A,),
k=1,2,--,n
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It is easy to know that {Ek|k =1, 2,---,n} is regarded as a set partition

of the measurable set £, which means that these E, = f - (Ak) are

mutually disjoint and satisfies the following condition:
UEk :Uf_l(Ak):E'
k=1 k=1

Then we arbitrarily take a point 77, € A, , k =1,2,---,n, and we make a

Lebesque sum as follows:
S = nu(E,).
k=1
If there exists a real number s€ R, such that, for any € >0, there exists
0 >0, satisfying

(VA€ E([c,d]))(|A|< 5 =|SA)-s|<€),

ie., §= HlAiHmO S(A), then the function f is called to be integrable on the

measurable set £ with respect to measure 4, and the real number s is

called integral of f on E with respectto u, denoted by

S=J.Efd,u.

Especially, when the measure space (X, ”Z, i) is just a Lebesgue meas-

ure space (R, £,m), the integral s =J.E fdu can be also denoted by

the symbol s = I . fdm, or by the following form:
s=(L) jE fdx.

b
When E =[a,b], it can be denoted by s = (L)J. Jfdx. We often use the

function space L[a,b] to express the set of all Lebesgue integrabel func-
tions defined on E =[a,b].
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Similar to the discussion about Riemann integral mentioned above, for

every natural number n=1,2,3,---, we use = ([c,d]) to express the
set of all partitions of [c,d] with partition number being n . Thus
{EW ([c,d])}m_1 forms a partition of E([c,d]), i.e., any two of the

elements in the sequence of sets {E(") ([c,d])}

, are disjoint and the
n=

following condition must be satisfied:

=)

Z(lc.d)={J2" ([c.d]).

n=1

And then, a relation of equivalence “~ " defined on E([c,d ]) as the

following:
(VA A, € E([e,d]))(A, ~ A, & par(A,)=par(A,))

So we can get the quotient set as the following:

3([0’6”)/ ={1a1jae E([c,d1)}.

where [A] is the equivalence class to what A belongs. It is not difficult

to learn the fact as the following:

2led))/ gz (e.any

Now for every natural number n=1,2,3,---, in every equivalence class

as being = ([c, d ]) , we take one representation element:

AP = {Ain)

k=12.n}, n=123:

such that they satisfy the limit expression: limHA(") H =0 and the follow-

n—oo

ing condition:
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(Vn,me N)(n >m= HA(”)

<[a™]).
Considering that the following facts:
E" £ E(cli’j)1 <f<c)E {xe [a,b]‘f(x)e [c,(c’i)l,c,i") )} ,

E" £ E(c,i'j)l <f Scfl”))é{xe [a,b]‘f(x)e [ci’ﬁ},ci”)]},
n=12,3,---; k=12,---,n—1

The set as the following:

(e

k=12 n)={ (A0 )|k =1,2,-,n]

can just form a set partition of [a,b], i.e., these E,i") are mutually

disjoint and satisfy the condition:

UJE™ =la.b].
k=1

Clearly { ,{Em‘k =1, 2,---,n} is a group of linearly independent ele-

ments in L[a,b]. Therefore we can get a sequence of linear subspaces:

F., =span ({ZE@

n=123,--

k:1,2,---,n}),

For anyf],ﬁ") IS A;"), k=1,2,---,n, we can form a linear combination of

the group of base functions { o ‘ k=12, n} as the following:
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f fAM) 277(”) E(/!) € FAM) ’
(Vxe [a.b] (f (x)= 277“” (x)j

It is worth to understand the fact as the following expression:
(3 E)(f(&)=n").

Thus we can get a sequence of measurable functions { f, }::1 on Lla,b].
Seeing the fact as being: HA(")H — 0 & n— +oo, we surely have the

following result:

tim(L)| £, (x)dv = lim(L)[ 2;7“” X o (X)dx

m @ 277“” o (D)

gk 2’715") W 20 O

= Jim S0 7 o0
= 277‘") [1-m(E")]

= fim S om(E) = f o

Proposition 9.3.1 If f e L[a,b], then the sequence of functions as

being { f, }::1 is in measure convergent to the integrand f on [a,b].

Proof. First it is not difficulat to know the fact that, for any ¢ >0, there
exists a natural number N = N(0)e N, , such that
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(VneN,)(n>N=|A"

<o),

Then we have the following expression:

E(

f,— f|>0) 2 {xe B|f,(0)- F0] > o)

n
= U{xe E"
k=1

- {xe B n;">—f(x)\>a}=fj@=@
k

k=1 =1

£, f(x)| >0}

So m(E(|fn —f|>6))20 , which means the following limit

expression:

i.e., the sequence of functions { 1, }’H is in measure convergent to the

integrand f on [a,b]. O

Because the integrand f is bounded on [a,b], i.e., there exists
M >0, such that

(Vxe[a,b])(|f(x)|<M),

The sequence of functions { fn}::1 must be a sequence of uniformly

bounded measurable functions, which means that

(Vne N,)(Vxe[a,b])(|f,(x)|<M).

Based on Lebesgue dominated convergence theorem, we get the follow-
ing equation:
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tim(L)] f,(0dx= (W lim £, (o = (D) f(xdx.

Remark 9.3.1 From the proof of Proposition 9.2.2, we can learn that the
sequence of functions {gn }::1 is continuous everywhere in the measura-

ble set E =[a,b]— A which is the set of all continuous points of f .

oo

Let the limit function of the sequence of functions {g,} _, on E be

n

g=limg . We make g extended to be a function on the whole meas-

urable set [a,b] as the following:
limg, (x), xekE,
glx) =4
0, xe A

Then we know the fact: g = f, a. e. [a,b], which means that the func-
tion is Riemann integrabel, i.e. g € R[a,b]. Therefore, the Riemann in-

b
tegral (R)I g(x)dx must be meaningful. Naturally we have a question:

whether the following integral equality is true:
b b
R gx)dx =R f0dx.

Our answer is positive. In fact, based on the well-known Lebesgue inte-
gral equality:

W[ g@dx= D) fdx.

By using the relationship between Lebesgue integral and Riemann inte-
gral, we immediately have the following equation:

B gode=0)] gdr=0)[ fdv=®)[ f(x)dx

Moreover, from the Riemann integral equality as the following:
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B gdr=(R)[ fx)dr.
we can also find out the following result:
lim(R)[” g, (e = (R f (1)

=(®)[ g(odr=(R)[ Tim g, (x)dx

This means that the limit operation of the sequence of functions {gn }::l
and Riemann integral operation can be commutative without the stronger

condition that { g, }::1 must be uniformly convergent. |

Example 9.3.1 Now we use function approximation viewpoint to
inspect the integral of Dirichlet function which is well-known function:

D:[0,1]— {0,1}
1, xe[0,1]NQ,

xl—)D(x)z{
0, xe[0,11NQ°

We all know that D¢ R[0,1] but De L[0,1]. It is easy to know that the
fact that E({O,l}) Z{AI,AZ} , where A, ={0}, A, ={1}. Considering
the following expressions:
E =D7'(A))=10,11NQ",
E,=D"(A,)=[0,11NQ

clearly {E,, E,} forms a partition of [0,1] and { X }(Ez} is a group

of linearly independent functions of L[0,1]. It can generate a two-
dimension linear subspace of 1[0,1], denoted by

H= span({;(El,;(Ez}).

Only considering the integral, the linear combination coefficients of the
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group of base function { Xr,» ,{Ez} has only one way for taking, i.e.,

=0, n,=1.
Therefore we get an element of the linear subspace H as the following:
h=mnx: +1Xz, -

It is not difficult to know the fact that D =he€ H , and then we have the
following expression:

(L) jm Ddm = (L) jol D(x)dx = (L)jo1 h(x)dx
= (D) (205, O+ 17, () dx

=, -(L)] 2 )+, - (D) 77, ()dx

:771'I:l'm(El):|+772'|:1'm(E2):|
=7]1-m(E1)+772-m(Ez)zO-1+l-O=O

Furthermore, if we put (Vne N, ) (hn = h) , then we can get a sequence

of functions of L[0,1], i.e. {hn}::l. Clearly {hn}::l can be uniformly
convergent to the limit function /4 on [0,1]. Thus, in form we can learn

the following equation:
b b
lim(L)[ ", (x)dx = ()] Tim h, (x)dx
b b
= (D) hxdv= (D] D(x)dr=0
This is our well-known result. i

9.4 Unification of Riemann Integral and Lebesgue Integral

Considering the class of Riemann integrable functions R[a,b], as we all
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known R[a,b]=C"[a,b], for any f € R[a,b], we can have a sequence
of functions with discontinuity point of the first kind, which it has been
denoted by { g, }::l , such that

lim g, =f,ae. [a,b]

n—>+oo

From the point of view of function approximation theory, every function
g, 1s piecewise continuous polynomial which is formed by the group of

base functions{;(Am i= 1,2,---,n} . In other words, g, is just a linear

combination of {ZAW ‘i =12,--, n} as follows:

8, = F(87) Xy + F(E7) o+ + F(E7) 2y

where f( f'”),f( ;")),---,f(f,g")) are just the linear combination

coefficients.

The linear space generated by { Xym|i= 1,2, n} as the following:

G, =span ({14") ‘i =1,2,- ,n})

is just a n dimension linear subspace of R[a,b], which is closed for
g, - In other words, we can use an element g, in the finite dimension

linear space G \o to approximate the element f in infinite linear space

in R[a,b]. If we write G=lim G

n—>+oo

. » then we can have the following

expression:

dim(G) = dim( lim G

)=

This means that it is difficult that g , as an element G W » accurately

approximates f for any finite natural number ne N, where N, is the
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set of all natural numbers. Fortunately, G = lim G, , as a linear sub-

n—>+%

space of R[a,b], is of countable base function set.

Moreover, although lim g, = f*, a.e. [a,b], this does not make it
n—>+ow

true that the limit operation and integral operation are exchangeable, i.c.,
. b b .
lim(R)| g, (x)dx = (R)| lim g, (x)dx.

When f € (la,b], ie., f is a continuous function, lim g = f must

n—>+w0

be uniformly convergent in [@,b]; thus we have the following result:

lim(R)[" g, (x)dx = (R)[ Tim g, (x)dv = (R)[ £ (x)d.

On the class of Lebesgue integrable functions L[a,b], for any a Lebes-
gue integrable function f € L[a,b], we can get a sequence of bounded

n—>+0

measurable functions { f,}”_, such that f, = /. From the point of

n=1"

view of function approximation theory, every is a generalized piece-

n
wise zero degree polynomial, and the group of base functions of structur-
ing f, isjust the group of base functions:

{){E(,I)‘k=l,2,-~-,n};

and f, is the linear combination of {;( ‘k:1,2,---,n} as the

EM
following:

_ a1 (n) (n)
fn_771 .ZE(n)+772 .ZE(”)+...+77” .ZE(n)’
1 2 n

where these real numbers 7",7{",++,n" are regarded as the combi-

nation coefficients.
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As the same as the situation about Riemann integral, the linear space

i= 1,2,'--,11} as the following:

generated by { Xy

FA("> = Spa’n({/llEi(")‘i = 19 299”})

is just a n dimension linear subspace of L[a,b], which is closed for
fn . In other words, we can use an element fn in finite dimension linear

space FAM) to approximate the element f in infinite linear space in the

function space L[a,b] . If we write F'= lim F,, , then we have the

n—>+0

following limit expression:
dim(F) = dim( lim F, ) _—

This means that F'= lim F,, of countable base function set.

n—>+00
n—>+0

Moreover, considering the fact that f, = f, since the integrand f

is bounded, { fn}:;1 is a sequence of uniformly. Based on Lebesgue

dominated convergence theorem, we have the following result:

tim(L)[ f, (okke = (L) lim 7, (e = (D) S (.

9.5 Riemann Integral of Continuous Functions

For any continuous function f € C[a,b], we have known the fact that
E([a,b])={JE" ([a,b]).
n=1

For every natural number n=1,2,3,---, we take a representative ele-

ment in every equivalence class =" ([a,b]) as the following:
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A" ={AP|k =120}, n=1273-

such that they satisfy the condition: ii_rgHA(") =0 and
(Vn,me N) (n >m= HA(”) < HA(”’)H) )

Seeing that A” :a = x\" < x|
tions that we need as follows, refer to Figure 9.5.1.

() (m) _ () (m ().
(x—x1 )/(xo - X ), xe[xo . X ),

ll'lA((n) (X) = .
' 0 otherwise,

(n) (n) (n) (n) _(n)).
(x—x,_l )/(xi —Xi_l), xXe [xi_l,xi ),

_ (n) (n) (n) (n)y (n)).

My (x) = (‘x_xi+1 )/('xi ~ Xit1 )’ Xe I:xi > Xitl )’
0, otherwise;

i=12,---,n—1,
(n) (n) (n) (n) ()
ool ), e[ ]
A N .

0, otherwise,

(n) (1)
An—l An

437

<< xi") , we can make the base func-

b

(n) (1) (m) (n) (n)
Xo X Xy X1 X

Fig. 9.5.1. Continuous base functions A[.(n) (i=0,1,---,n)
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It is easy to verify that the set {/IA(()W#A(M,"',,LIA;,,)} is a group of
1

linearly independent functions in the function space Cla,b]. Then it
can generate a n+1 dimension linear subspace of C[a,b] shown as the

following:
HAm = Span ({/’lA((]X) ’qu;w ’...’ll’lA:'n)}) :

So we can also have got a sequence of linear subspaces denoted by the

sequence of linear subspaces {H A }

n=

r where the set as follows:

{ﬂA(()")’ﬂAf")’“.’ﬂAf,")}

is just the group of base elements of H A - By using f we can make

n+1 constants as the following:
P9 () (),

By using them, we can get a linear combination of the element coming

from the set {,UA(()M ”uAf”’ ree ,,uA;,l) } as follows:

LY F (5 1y ).

This expression means that we have got a sequence of continuous func-

tions as { f, (x)}:;1 .

It is not difficult to verify the fact as the following:
(Vie {0.1,+.n})( £, (x7)=r(x")).

and then we know that f (x) is a piecewise linear interpolation function

about the continuous function f , where x(()"),xl("),-“,x(")

n

are just its
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nodes of interpolation.
It is noticeable that there is an interesting fact:

(Vie {0,1,-,n}) (A" € F ([a,b])),

where A ([a,b]) means the set of all fuzzy sets defined on [a,b], i.e.,
every Al.(") is a fuzzy set defined on the universe [a,b], and H ) (x) is

just the membership function of Al.(") . Moreover, if we define the follow-

ing fuzzy sets:
B 2{f(x")}. i=0.1-.m,

where every Bl.(") is actually a single element set, then we can get a

group of fuzzy inference rules:

If x is A" then y is B\"
If x is A" then y is B

If x is A™ then y is B\

n

Now we return to consider the integral of continuous functions. For
every number i€ {1, 2,--~,n}, on every closed interval [xl.(_”l),xi(")] we

define a linear function ll.(") (x), such that they must satisfy the following

condition:
() =7 (), 17 ()= £ (57),
i=12,-n

And then these linear function ll.(") (x),i=1,2,---n are extended as the

following linear functions defined on [a,b]:
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(n) (n) .(n)
LM (x), xe [xi_"l,xi" ]

0, xe[a,b]—[x",x" |
i=1,2,--n

L (x) =

It is easy to learn the following fact:

LD ),

x{n) _x(n) i-1

i i-1

L= f(x1

where i =1,2,---n, and
f0=2L" ).
i=1
Proposition 9.5.1 If f € Cla,b], then the sequence of continuous func-

tions { f, }::l is uniformly convergent to f on [a,b].

Proof. Because f € Cla,b], f is uniformly continuous on [a,b]. So
for any £ >0, and for any two points x, x € [a,b], such that

(36> 0)(|x—x'

<5:‘f(x)—f(x’)‘<e).
Now we can take a natural number N = N(€)e N, such that

(Vne N+)(n>N:>HA(")

<5).

Since x€ [a,b], there must be one and only one i€ {1,2,---,n}, such

that xe AE") ; thus we have the following result:
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[F =1, =] f 0~ L )

fx”)=f (=
== r(x7)- (Xx@?_xéx )(x—x;:’f)
f=f (% N Co R Eo ,
= x-(")—)c(ij )(xl,( )_xl.(_l))_ (xfn))_ng(l) )(x—xi(_f)
(= (6)) (37 =22 )+ (f (32) = f (67)) (v =)
- XX
(F =7 (x) (5" =x)+ (£ = £ (x2)) (x=x2)
- x™ = x)

(Fe0=r (|57 =)+ 0= £ (2] (x=22)
" = x)

(xl.(”’ — x) + (x— x" )
<& =€
'xi(n) - 'xi(—nl)

<

Now that x € [a,b] is arbitrarily taken in [a,b] by us, so the sequence

of continuous functions { fn}:;l is uniformly convergent to f on the

integral interval [a,b]. O

We now take the following n points:

) A f(xf_”l))+f(xf”))
n = 5 >

l‘:]"z’...’n’

and by them we consider the integral of the continuous function f as the

following:
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b b b
f F(x)dx = f lim /, (x)dlx = lim f £ (x)dx
= lim j 2L<">(x)dx = lim 2 j o Lf")(x)dx

nn 4 X 1 ) _ l(nl)

(n)) _ (n)
_l1mZJ.<) (") f(xi ) f<xl ])(x—xi("l))de

n (n) (n)

_ 11_{2 ; S (x,—l );—f (x,- ) (xl_(n) _ xl(i?)
R ) )

= ,1,52 ; f (xi—l );—f (x,. ) m (Algn))

Furthermore, we write the following 7 real numbers as some weights:

(m)
B/

S|

w" =

1

and clearly they meet the following condition:
[(Vie 2 nb)(w" e[o,u)Hiwf”) :1]'
i=1

This means that (wl("),wé"), ~-,W,(1")), n=12,3,--- form a sequence of

weight vectors with normalization; and then we have the following
expression:
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b n

[ r@dx=1im Y 7" [1-m(A")]
a n—yes 4=

= lim 2 ‘77(”) ‘ [sgn ( ) ) (AE”) )]

n—oo

- {< ) (g\n;w]-mmsw)}

where sgn (”) (Z‘n(’”

rected areas, which they have the common height Z‘nﬁ")
Jj=1

b
widths m(Af.")) ; and the integral J. f(x)dx is just the limit of the

, but different

weighted summations of the group of directed areas.

Remark 9.5.1 When every partition A™ :a =x{" <x" <---<x" is

a equidistant partition, i.e.,
b-a .
AP =" —x" = — i=1,2,-,n,

We also have the following equation:
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n (n) (n)
R A
n—eo i

b ) f(a+i_l(b—a))+f(a+i(b—a)j
=lim —az 1 5 1

e n g
I WACNACI f(a+i(b—a)ﬂ
n—e 2 = n

. b- . b—ay j
=gggz—,f(f(a)—f(b>)+gggT“;f(a+§(b—a>j

:limb_aif(cwi(b—a))
i=l1 n

n—e pn

1Y i
—hm;;f(a+;(b—a))(b—a)

n—eo

L ]
where the summation —z f(a + L(b - a))(b —a) is a mean value.
ns n

However, what is the meaning of this mean value? As a matter of fact,
we make a transformation as the following:

jbf(x)dx = 1iml§":f(a +1(b—a)j(b—a)
a n—e p ol n

= limlisgn(f(a+i(b—a))j‘f(a+i(b—a)j
e 4 n n

(b-a),

where everysgn(f(a +£(b—a)j)‘f(a +£(b—a)j (b—a) is a di-
n n

rected area. These directed areas have a common width b —a, but differ-
f [a 4L (b— a)]
n

the limit of the mean values of the group of directed areas.

b
ent heights . Therefore the integral J. f(x)dx is just
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b
At last, we make a further transformation on the integral f f(x)dx as

the following:

b-a

J-bf(x)dxz limzn:sgn(f(a+i(b—a)D-‘f(a+i(b—a)J
a n—»eo pa n n

b—a

is a directed area, they have

Then every ‘f(a +i(b—a)]
n

b—a

common width , but different heights , and the

n

f(a+i(b—a)j
n

b
integral .[ f(x)dx is just the limit of the algebraic summations of the

group of directed areas. O

9.6 Conclusions

This chapter has discussed unification of Riemann integral and Lebesgue
integral. The main results are as follows.

On Riemann integral, we have shown that function approximation is
main tool where the group of base functions as the following:

{1, ]i=1,2.+.n}  Rla,b]

plays an important role in the integral. As we all know, every A, is an

interval which comes from a partition on X as follows:
Ata=x,<x <--<x,=b.

It is worth noting the following the sequence of sets:

G = span({;(m‘i = 1,2,-~-,n})
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which is the sequence of linear subspaces in Riemann integrabel space
Rla,b], plays the role of its framework. This means that linear algebra
plays an important role in Riemann integral.

On Lebesgue integral, we also have shown that function approxima-
tion is main tool where the group of base functions as the following:

{Z0 [k =120} < Lia,b1

plays an important role in the integral. As we all know, every £ may

not be an interval but should be measurable set which comes from the
following sets:

E" Z{XE E‘f(x)e A;’”} =f (AZ")),
k:1,2,"~,n

n
and {A;{")}H forms a partition on ¥ noton X .

In the same way, the sequence of sets as the following:

FAM) = Span ({IE[(")

i=1,2,---,n}),

which is the sequence of linear subspaces in L[a,b], also plays the role

of its framework. This also means that linear algebra plays an important
role in Lebesgue integral.

Thus, we can give the conclusion: Riemann integral and Lebesgue in-
tegral are unified under linear algebra and function approximation theory.
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Chapter 10

Fuzzy Systems with a Kind of
Self-adaption

10.1 Fuzzy Inference Relations with Self-adaption

Again we consider a kind of static uncertain systems with one input one
output shown as in Figure 10.1.1, which it’s the relation between input
and output can be described by (10.1.1) as follows, where the input vari-
able x takes its values in the universe X and the output variable y

takes its values in the universe Y .

s: XY, x> yEs(x) (10.1.1)
X =8 X
g y=s(x)

Fig. 10.1.1. Static uncertain system with one input one output

Since the system S has been supposed to be an uncertain system,
based on the methods discussed in some foregoing chapters, we have no
difficulty to get a group of fuzzy inference rules as the following:

(10.1.2)

If x is 4 then y is B,
i=0,1,---,n

where 4, € #(X) and B e #(Y), i=0,1,---,n.

448
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As we all know, the fuzzy inference relation R is fixed in CRI meth-
od. In order to enhance the ability of describing uncertain systems, we try
to make the fuzzy inference relation R be having a kind of self-adaption
which means that R can change with changing of the input variable of
the system. So we suggest a kind of fuzzy inference with self-adaption.

Suppose input universe X =[a,b] and output universe Y =[c,d],

and the IOD as the following:

I0D £{(x,,y,) € XxY|i=0,1,-,n}

should meet the following conditions:

a=x,<x <--<x,=b,

n

C=Vi SV, S S =d

where k, = 0(i),and o isa n+1 permutation as follows:

0O 1 - n
o= .
ky k- k,
Thus we can get a group of fuzzy inference rules as the following:
If x is 4, then y is B,
or
If x is 4, then y is B,
or (10.1.3)
or
If x is 4 then y is B,

n

In this group of rules, the inference antecedents and inference conse-
quents are respectively as the following:

A, € F(X), B eF(Y), i=0l-n
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And they can form a group of local fuzzy inference relations as follows:

R, i=01-n.

Then by using these R, ,i=0,1,---,n, we can get the whole fuzzy infer-

ence relation R € # (X xY). Now we take this operation: @ =2Xw. (),

and we have the following expressions:

R=®R, = ;wkiRki

(V(x, y)e X x Y)(R(x, y)= iwk’_Rki (x, y)j (10.1.4)

i=0

(Vie (0.1 m)(w 20), S w =1

where the weight vector Wé(wo,wl,---,wn) will be confirmed. It is

worth noting that the weight vector WZ(WO,Wl,---,Wn) is not con-
firmed with off-line but on-line on real time. In other words, the weight

vector WZ(WO,WI,---,WW) is regarded as n+1 parameters which are

adjusting depending on input information on-line on real time. For doing

n
this, we rewrite R = z w, R, as the following expressions:
i=0

R(W):R(wo,wl,n-,wn):ZwkiRki
i=0

W e[0,1]" (10.1.5)

(Vie{0,1,---,n})(w,20), D w =1

i=0

Is it easy to understand that the weight vector W = (WO, W, W ) isa

n

variable weight vector in essence.
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How to design a variable weight vector is a very important problem.
We can regard W = (WO, W, W ) as a mapping as follows:

n

(10.1.6)

W:(wo,w1,~--,wn):f(X)—)[0,1]"
A W(A) = (WO(A)’Wl(A)aJWn(A))

where we have the following requirements:
(Vief0,1,-+-,n})(w,(4)20), > w(d)=1.
i=0

Clearly how to define the mapping W = (WO, W, W, ) F(X)> R

is equivalent to the problem how to define the following 7 +1 functions:
w, F(X)—=>[0,1], A= w,(A4)
i=0,1,---,n

(Vie{0,1,---,n})(w,(4)=0) (10.1.7)

Zn:m(A)=1

We consider two methods to solve about problem as follows.

Method 1. Function Space Method.

Suppose F(X)c C(X). Then #(X) can be regarded as a sub-
space of the linear normed space (C (X),

), where the norm ”” 18

defined as the following:
(vf € CCO)(||f]| 2 max {| £ (x)|| x e Xx}).

Because of (VA e A (X ))(”A” < 1) , we give the following definition:
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w, 1 F(X)—>[0,1]
1-(4-4
A w,(A) 2 ; ” l”

2 (1-[4-4])

i=0

(10.1.8)

i=0,1,---,n

It is easy to verify that W :(wo,wl,---,wn) : F(X)—>[0,1]" defined

by (10.1.8) must satisfy (10.1.7).We can clearly learn that (10.1.8) means
the fact: the more the distance between the input fuzzy set 4 and the
inference antecedent fuzzy set 4, , the bigger the weight corresponding to

A;; of course this is reasonable.

When #(X)c B(X), where B(X) is the set of all bounded func-
tions defined on the universe X, #(X) is regarded as a subspace of

the linear normed space (B(X ), |), where the norm |||| should be

defined as the following:
(9F < BO) (1] supl 0] < X))

This time, Expression (10.1.8) is also effective.
Method 2. Close Degree Method.
We first give a definition as follows.

Definition 10.1.1 The mapping o : A (U)x F(U)—[0,1] is called

a close degree between two fuzzy sets, if it satisfies the following
conditions:

1) o(4,4)=1;

2) 0(4,B)=0(B,A4);

3) o(B,U)=0;

4y AcBcC=o0(A4,C)<0o(A4,B)ra(B,C),
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where U is a universe chosen by us in advance. m|

Example 10.1.1 When the universe U — R, we clearly know the fact
that # (U) < B(U); so # (U) is a linear normed subspace of the func-

tion space (B(U), ), denoted by (f(U), ), and |||| has already de-

fined in front. By means of the norm | , we give the following mapping;:

o: FU)xFU)—[0,1]

(4,B) > o(4,B)21-|4- B (10.1.9)

It is easy to verify that the mapping o from (10.1.9) meets the condi-
tions in Definition 10.1.1, which means it is a kind of close degree. O

Example 10.1.2 When U =[a,b]c R, we let

F ([a,b]) = F ([a,b])N L [a,b], 1< p<oo.

Then F), ([a,b]) must become a subspace of the linear normed space
(Lp[a,b], ), as being denoted as (Fp([a,b]),

is defined as the following expression:

(vae L”[a,b])(”A” 2 ( Lb|A(u)|p du)A )

), where the norm ||||

By means of the norm | , we make a mapping as follows:
o:F, ([a,b])pr ([a,b]) —[0,1]
(4,B) > o(4,B) = 1—%||A—B||p (10.1.10)
-a
| »
ZI_EL | A(u)~ B(w)|” du.

It is not difficult to verify that the mapping o from (10.1.10) meets the
conditions in Definition 10.1.1, which means it is a kind of close degree.
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Especially, when p =1, above expression turns to be the following

form:
1 b
a(A,B):l—b—j | A(u) — Bu)|du. (10.1.11)
j— a a
While p =2, above expression turns to be the following form:

1 (o 2
o(A4,B)=1 _EL (A@u)—B@)) du.  (10.1.12)

mi
After we got the tool of the close degree, we can make a kind of varia-
ble weight similar to Expression (10.1.8) as follows:

w, . F(X)—[0,1]

A, 4
AHwi(A)éna(—”), (10.1.13)

Z o(4.4,)
i=0
i=0,1,---,n
It is easy to verify that such weight vector from Expression (10.1.13):

W:(wo,wl,---,wn):f(X) —[0,1]"

can also satisfy the expression (10.1.7).

In order to show that the weight vector W = (Wo’wl" . '»Wn) depends

on the fuzzification of the input datum x € X — 4 € #(X), where 4
is the fuzzification of x , we denote the weight vector
W= (Wo’wl" . '»Wn) to be the following:

W (A4) = (wy(A), i (A), -, w,(4))

or simply denoted by W (A4).
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Definition 10.1.2 The following fuzzy inference relation formed by the
weight vector W(A4) = (WO (A4),w,(A),-, Wn(A)) :

RW(A) =D w (DR, ,
=0 (10.1.14)

ROV(A) ) = Y w, (AR, (4,9)

is called fuzzy inference relation with self-adaption, where 4 € # (X))
and (u,v) € X xY and

(Vie{O,l,m,n})(wl.(A)ZO), Zn:wl.(A)=1. i

10.2 Fuzzy Systems with Self-adaption

Generally speaking, for an uncertain system S, it is difficult to build an
accurate model for S only by the data set as the following:

10D ={(x,,y,)e XxY|i=0,1,--,n},
where, by the accurate model we can get the relation between the input
and the output as the following:
s: XY, x> y=sx).
However, we surely can use the data set [OD to make an approximation
the relation between the input and the output as the following:

S:XoY, x> y25,(x), (10.2.1)

such that the function s, : X — Y that we will make can approximate

our goal function s: X — Y , which means that ||S—§n||<8, where

£ >0 is a kind of error number given by us in advance.
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Based on the data set X° = {xi | i= 0,1,---,11} on the universe X , we
can get a group of fuzzy sets .4 = {A,- | i=0, 1,~-~,n} ; in the same way,
by using the data set Y = {yl.| i= O,l,---,n} on the universe Y, we
also get a group of fuzzy sets 5 = {Bk, | i=0,1,- -,n} , where the fuzzy

sets A, B, can be taken triangle wave membership functions.

=i; s0o B, =B, . Thus,

L0

By noting oo (i) =i, we have ka”(i)

every B, has been defined so that 5| = {Bi| i=0,1,- ~,n} .

By means of IOD, we can get a group of fuzzy inference rules as the
following:

(10.2.2)

If x is 4 then y is B,
i=0,1,---,n

Where 4. € #(X) and B, e #(Y), i=0,1,---,n. Every fuzzy infer-

ence rule can form a local fuzzy inference relation as follows:

Rz(xay)ée(A(x)oB(y))o (xay)EXXY,

i=0,1,---,n
where 6:[0,1]x[0,1]—>[0,1] is a kind of fuzzy implication operator.
Then let R = URI. ; we get the whole fuzzy inference relation, so that

i=0
we get a mapping as follows:

T:F(X)> F(Y), A~ B=T(A)= AoR,

(vy e ¥)(BO)=(T(D) () 2 v [4(x) ARG, »)])

We can use two steps to gain the following function

s XY, x>y=5(x)
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i.e., first, we will make the set to set mapping 7 : # (X) > F(Y) be-

come a point to set mapping; second, we are going to form a point to
point mapping s, : X =Y.

Step 1. Make a point to set mapping from 7 : #(X) > A (Y).
In fact, we let

50X > FY), x5 (x0)2T({x}) (10.2.3)

So for any a point x € X and any a point y € ¥, we can get the follow-

ing calculating form:

(5,()) () =(s({x}))»
= v [ ARE )]

- v 2@ RED)] (1929

= R(x,7) = v (4(0)-B,())
Because of (Vx e X)(S1 (x)e f(Y)) , we can let

(Vxe X)(B(£=x)25(x)),

where £ is a variable taking its value in X , and the membership func-
tion of B(& = x) is as the following:

B(y|£=x)2(B(& =) =(5() ()

. (10.2.5)
= R(x,0)= v (4(0)-B(), xeX,yeY

Step 2. Try to make the fuzzy set B(S =x)=s,(x) € #(Y) turn to
be a point y = ( y(f)) fy T y(x) in the universe Y corresponding the

input point & = x.
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In a matter of fact, we have known the important method coming from
the center of mass of the rigid body in physics. If the following condi-
tions are satisfied:

[BOIE=0ldy <o, 0<[ B(y|&=x)dy <o

The we can define the y = ( y(/f)) e T y(x) as the following:

[ yB(rI&=xdy
[ B I£=xdy

y=(1(9)., =y(x)= (10.2.6)

This means that we have got the mapping s, : X — ¥ as the following:
s X—=>Y

S F (1) 2 () [ ¥B(|£=x)dy (10.2.7)
X Sn X)=)y\xX)=
[ B|¢=x)dy

And then we put B(y|<& = x) into above expression and gain the fol-

lowing equation:
o _[BolE=0d
[ B(yIE=xdy
_ I Vi (w(A)- 4()-B(») Jdy
J.Y [V?ZO (Wt (4)-4,(x)- B, (J/))]dy

(10.2.8)

Remark 10.2.1 Since we know the following fact:

(V(x,») e XxY)(B(y|£=x)=R(x,))),
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Expression (10.2.7) can be written the following simpler form:

[ yRGx,»)dy

Vre X) 5, =
e N T

(10.2.9)

Because R =URZ. , actually R is formed from Rkl_ (i=0,1,---,n) by
i=0
means of the operation “{J”. And except using “{J”, we have many
methods to form the whole fuzzy inference relation R ; so Expression
(10.2.9) is of more broad meaning. O
The realizing process from Data to Formulas is called the method of
fuzzy inference with self-adaptation. And the input output function

s XY, y=5(x)

expressed by (10.2.9) is called a kind of fuzzy systems with self-
adaptation.

By now, we have got the input output function s, : X — Y by the
data set IOD, which is regarded as a kind of approximation to our goal
function s: X — Y. In order to simplify the calculating for the input
output function s, : X = Y, we should give a kind of calculating meth-

od. In fact, let

Ayk, :ykm —yki, l':()’]’...,n_l’
n—1

szk
e~ T d-c
Ayk” == =

n n
Clearly Ay, =Ay, , and then Ay, (i =0,1,---,n) have their meaning.
EU)

By means of the definition definite integral, we have the following result:
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[ vBOE=ndy ZBUIIE=x)nay

[, BO1E=x)dy Zn',B(;v,-|5=x)Ay,-

5,(x)

=

|: ZO(WJ (A)-4;(x)- B, (yi )):|yiAyi

—0
n n

v (w,(4)-4,(x)-B, (y,-))}Ay,-

i=o L/0

N w,(4)- 4,(x)y,Ay, ,
& i ] i i n A,' X A :
1_(:1 :2 ( ) y y

wi(A)- A (0)Ay, 7Y A(0)AY,
/=0

i

1

i=0
=Y 40y,
i=0
where

_ A2 (X)A

Akl' (x) = n ki( ) yk 2 :0719 )n
z A/?, (X)Ay,
j=0

It is easy to verify that the group of functions {Zk, (x)}

independent and is of Kronecker property:

.o A 1’ l:J’
(Vz,]e{o,l,---,n})[Ak,( kf):{o, iij’]
Let

fn(x):izk[(x)yk[s xelX.

(10.2.10)

(10.2.11)

n
i=

. is linearly

(10.2.12)
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Then the function f, (x) = Z Zk (x)y, is just a piecewise interpolation
i=0
based on the group of base functions {Zk. ()c)}':0 )
Now we have known the fact that the fuzzy systems with self-adaption
S is approximately a piecewise interpolation based on the group of base
i=0

functions {Zkv (x)} , 1.e., as the following:

S5~ f,(x)= ZZ& (X)y,, xeX.
Definition 10.2.1 For the data set as the following:
0D ={(x,,y,) € XxY|i=0,1,,n},
we can make a kind of fuzzy data set as follows:
IODF £{(4,B,) e 7 (X)x F(Y)]|i=0,1,--,n}.
If the fuzzy data set IODF satisfies the condition:
(Vi € {0,1,---,}1})(/1[ eC(X),B C(Y) ),

then IODF is called continuous fuzzy data set. And IODF is called a kind
of two-phase fuzzy data set, if it satisfies the following conditions:

(‘v’xeX)(iAi(x)zlj, (‘v’ye Y)[i:Bi(y) :lj,
(‘v’xeX)(EIie {O,l,---,n—1})(Al.(x)+Al.+](x)=1),
(VyeY)(F {01, ,n-1})(B,(»)+B,.,(») =1)

Clearly, the two-phase fuzzy data set must satisfy Kronecker property:
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L, i=j, I, i=],
Ai(xj):{o’ i%], B[(y_j):{()’ i J,
i,j€{0,1,---,n}.

[m|

Remark 10.2.2 When IODF is a two-phase fuzzy data set, the conclu-
sions what we got above are also true. m|

10.3 Approximation Properties of Fuzzy Systems with
Self-adaption

For the data set IOD = {(xl.,yl.) € X x Y| i= 0,1,~--,n} , we denote
Ax, Ex,, —x,i=01n-1.
Clearly we have the fact that max Ax, = 0 = n — o0 ; but on the con-
0<i<n-1
trary, it is not true. If the following condition is true:

n— 0= max Ax, >0,

0<i<n-1

then the data set 10D is called harmonious; i.e., IOD is harmonious if
and only if the following condition is true:

n— o0 <> max Ax, - 0.

0<i<n-1

From now on, we always suppose the data set IOD is harmonious. Be-
sides, for a continuous function s € C[a,b], if IOD with respect to s

satisfies the interpolation condition:
(Vie{0,1,-- -,n})(yl. = S(xl.))

Then it is easy to know the fact that IOD is harmonious implies the fol-
lowing equivalence:
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n—>o0 < maxAy, —0.

0<i<n

In order to prove the following theorem, we firstly introduce what is
the lattice close degree between two fuzzy sets. In practice, the following
mapping is called the lattice close degree between two fuzzy sets:

o: A (U)xFU)—[0,1], .
(4,B) > o(4,B)2(A-B)A(AQ B (10.3.1)

[

where two mappings and “© ” are defined as the following:

S FU)x FU)—>[0,1]

(4,B)—~ (4,B)=A-B= u\E/U(A(u) AB(u))
O: FU)x FU)—[0,1]

(4,B)— O(4,B)=A0B= u/e\U(A(u) v B(u))

[T}

And the mapping is called the inner product and the mapping “© ” is

called the outer product between two fuzzy sets.

Theorem 10.3.1 For the data set of the system as the following:
10D ={(x,,y,) € X xY|i=0,1,n},
suppose the group of fuzzy inference rules be as the following:

{(Ak[,Bk[)ef(X)xf(Y)‘izO,l,---,n}.

Fuzzy implication operator is taken as @, or €, where 6,2 A and

0, = . (see [14-17]) and fuzzy inference relation is taken as R(W (A))
where the variable weight vector :

W (A) = (wy(A), w (), -+, w,(A4))

is as follows:
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W.(A):M’ i=0,1,---,n,

Where o means the lattice close degree. If the input of the system is taken
as a single element set, then we have the following results:

1) The fuzzy system with self-adaptation S is approximately a piecewise
nonlinear interpolation function based on the group of base functions as
follows:

_ A? (x)A
Aki(x):M, i=0,1,-,n. (103.2)

> A4 (A,
=0
where the interpolation function is as the following:
S~ f,(0)=2 A4 (), xeX.
i=0

2) The interpolation function f, € C'[a,b], i.e., f,(x) is smooth on

the universe X =[a,b], and satisfies the following condition:
fn'(xl.):O, i=0,1,--,n.
3) The interpolation function f,(x) is of universal approximation
property on the universe X =[a,b].
Proof. 1) For the given group of fuzzy inference rules as follows:
If x is 4, then y is B,
If x is 4, then y is B,
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We can take the fuzzy implication operator 6, or 6, (e.g. we take 6,,)

to make the following fuzzy inference relation:
Rk,. =0, (Ak‘. aBk‘. ),
R, (x,) =0, (4, (x).B, ()= 4, (x)- B, (),
(x,y)e XxY, i=0,1,---,n.

By means of them we get the whole fuzzy inference relation as the
following:

ROV(A) =Y w, (AR,

) v o(4,4,
RV (A))u,v) =D w, (AR, (u,v)= ,,G(—')Rk,. (u,v)

Y44, )

J
Jj=0

o (4A)(d04)
i=0 Z((A-Akj)/\(AOA"f )Cj

0
r (@ @) 1= (4w, )
{

. _,Zo &ZX(A(&)AA@.<§>)jA[1—§QX(A<§>vAk,<§>)ﬂ

4, () B, (v)),

(4, () B, (»)

where 4 € #(X)and (u,v)e X xY .

Now we arbitrarily take a point x € X , which is regarded as a input
value; then x is turned to be a single element set as being 4 = {x} .

Clearly, we can learn the fact as the following:
Ae F(X), (VEeX)(A&) =2, =),

And for any a number i € {0,1,---,n} , we have the following expression:
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o(ix},4,

w,(4)=w,({x})= ,,({—})

20 (ta4)

J=0

_(t-4)a(ifo4)
> (- 4) A (o 4))

J=0

(g\e/X({x}(f)/\Ai(f)))/\(l—é\)(({x}(é)v A,-(f)))
Zn:[(g\e/x({x}(f)/\Aj(f)))/\(l—é\)(({x}(f)VAj(f)))}

J=0

_ 4, (x) = A(x)

n

Z 4,(x)

Where we use the fact: Z A;(x)=1. Thus, the membership function of
j=0

the fuzzy inference relation with self-adaption is as the following:

R(W(A)) @,v) = R(W ({x})) (u,v)
= Z W, (6} R (u,v) = Z 4, ()4, @)+ B, ()

Therefore, we have the following result:

B(y)=B(y|&=x)=(5,(x))(»)=R(x,)
:R(W({x}))(u,v)\(u =R(W({x}))(x,y)  (1033)

M=)

=3 4, ()4, (0B, (1) =2 4 (0B, ()

J=0

Finally, we have the following expression:
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JyBGiE=d gB(yk, | &= x)y, Ay,
IYB(y|§=x)dy iB(yk/|§=x)Ayk/

n

{2 A2 (x)B yk )}yk Ayk zn:Akz (x)ykiAyki

i= i=0

i|:2Alf, (x)Bkj (ykl. ):| Ayk[. iAkz (X)Ayk,.

i=0 | j=0
e A (DAY, .
=Y = 2 A Wy, = £,()
LA Ay
Jj=0

where we have put fn(x)ézzki (x)y, and defined the following

i=0

symbols:
_ A (0)A
Akl(x)éM, i=01,,n. (10.3.4)
Z AI?] (X)AJ’k/
=0
or written as the following:
—_ Azz (x)Ayk 1
Ai(x): n - 5 i:Oala"'an

D A} (0,
=0 L)

2) Prove f, € C'[a,b].
In effect, for arbitrarily given a point x €[a,b], there must exist a
number i € {0,1,---,n—1}, such that x € [xl,xm] From the structure of

these fuzzy sets Aj, j=0,1,---,n, we can know the fact:
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(‘v’k € {0,1,---,n}—{i,i+1})(Ak(x) = 0)

so that f (x) :Zl.(x)yl. +Z,. LX)y, . Clearly f (x) is continuous at
df, ()
dx

everywhere in [a,b]. It is easy to know the fact that is continu-
ous at everywhere in every open interval as the following:

(x,%,), i=01--,n—1.

Thus, we only need to prove that is also continuous at every

&7, (x)
dx

node x, (i=0,1,---,n) (when i=0 or i=n, we only need to prove

&, (x)
dx

is left or right continuous at x; ).

Now we can assume the number i ¢ {0,n}. Let x = x,. Then we have

the expression: f, (xl.) = ;. In a neighborhood of the node x;, we con-

df, ()

sider the left limit or right limit of ——— at x; .

In fact, firstly, we see the left limit. At this situation, x <X, and we

can have the following limit expression:
4,0 _d

dx dx

d [ A0y v+ A @A,
dx| A, (x)Ayk{l“?l) + A7 (x)Ay,({1

(A )y+ A0,

(i)

2 2
X—X. X—X.
i i—1
Ay, Lo YTt Ay, L Vi
X, —X, oL X =X L)
1 1 1 1
2 2
X—X. X—X.
i i—1
IS A
X =X o X =Xy o
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2(x - )(x i )(xi—l _xi)(yi ~Via ) Aykgl(mAykfl(,)
2
((x—xl. )2 Ay, +(x—x,_, )2 Aykolm)

x—x;—0 O

o1 (i-1)

Then we see the right limit. At this situation, x > x,. Similarly, we have

d _ —
% = %(A: (X)yi + A[+1 (x)yHl )

d Ai2 (x)Ayka,]myi + Ai2+1 (X)Aykg,l(i+l)yi+1

dx Ai2 (X)Aykgfl(,) + Aiz+1 (x)Ay, |

o (i)

2(x —Xin )(x —X )(xi —Xin )(ym =) )Aykg—l(i)Aykal

2
((x -X,,, )2 Aykﬂm +(x—x, )2 Ayk{W )

x—>x;+0 0

(i+1)

So we have the following result:

fim Y _ iy S

x—=>x;-0 dx x—x;+0 dx

&7, (x)
dx

which means that is continuous at every node x, (i =0,1,---,n).

d
Thus % is continuous in X =[a,b], i.e., f, (x) is smooth in the

universe X =[a,b].
3) It is easy to verify the fact that the group of functions {Zl}n . satis-

i=

fies the conditions: this group of functions Zl(x) (i=0,1,---,n) are con-
tinuous in the universe X and z A(x)=1 and {Z}n , 1s of two-phase
i=0 =

property. So f, must have the universal approximation.



470 Fuzzy Systems to Quantum Mechanics

For any a continuous function s € C[a,b], suppose the data set IOD
satisfies the following interpolation condition with respect to s(x) :

(Vie {0,1,"',”})(% = S(xi)) :

We prove the fact that s, converges to s according to the norm in the

linear norm space (C[a,b], ), i.e., for arbitrarily given &£>0, we

have the following expression:

(EiNeN*)(Vn eN*)(n >N=|s-5,

<é).
In practice, for the given & > 0, we can know the following result:

(3N, eN+)(vneN+)(n >N, =

— &
f-sl<d)

So, when n > N,, we must have the following inequality:

o Sls =7,

s =5, B A I A I

Thus, we only consider to estimate ||S -l
In fact, it is not difficult to know that {Zk (x)}’f_0 is of two-phase
property, and for any x €[a,b], there must exist a i € {0,1,---,n -1},

such that x [xl.,x. ] . Thus, we have the following equation:

i+1

[, =4,y + 4 (D,

And by means of the following expression:

4, ()+4, ()= 4, (x)=1,
i=0
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we have the following inequality:
[s(0) = £,0] =|s0) = (4, o, + 4, )
= ‘s(x) (Zk,. (x)+ ka (x)) - (Zk, (x)s (xki ) + ZkM (x)s (ka ))‘

< Zki (x)‘s(x) S (xi )‘ + Zk,.+l (x)‘s(x) _S(xm)
S‘S(X)—s(xl.)‘+‘s(x)—s(xl.+l) S(X)—s(xm)‘.

<2 max

i<m<i+1

Because s € C[a,b], s(x) is uniformly continuous in [a,b]; for the
given ¢ > 0, there must exist o > 0, such that

(Vx',x" e [a,b])(|x’ - x"| <o= ‘S(X') - S(x")‘ < %) )

Then by using the fact that IOD is harmonious, we can have the follow-
ing result:

(EIN2 EN+)(‘V’n EN+)(71 > N, = max Ax, <§)

0<i<n-1

By noting the fact that x [xl.,xi +1] , we can learn the inequality:

max |x—xm|£ max Ax, < max Ax, <0,

i<m<i+l i<m<i+l 0<i<n-1

so that

|s(x) = £, (x)| <2 max _

i<m<i+l

s(x) —s(xm )‘ <2

£_¢
4 2

Since x is arbitrarily taken in [a,b], we have the following inequality:

&
max |s(x) - £, (x)| < >
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ie. ||S —fn” S%. Now we take N = rnaX{Nl,Nz} e N", we must have

the following expression:

(‘v’neN+)(n>N:>||s—§n <£+£=5j
202

This means that s, is surely of universal approximation property. m]

Remark 10.3.1 We can prove the result that f, & C*[a,b].
In fact, for any a node x, (i =1,---,n—1), when x <X,, we have the

following limit expression:

Che
di®
(x_xi)2 (x_xi _3(x_xifl))Ayk4 +(x_xifl)2 ('x—xifl _3(x_xi))Ayk4
3
|:(x_xf)2Ayk,l +(x_xi—l)2Ayk4 :|

R (xi X )2 (xi _xi—l)Aykﬁrlm 1

|:(x,» -x.) Ay, T ) (Ax.,) (Aykﬁ,,m )

Z(xi—] - xi)(yi Vi )Ayk{l . Aykﬂ,, ‘ X

2

And when x > x;, we have another limit expression:

&’/ (x)
d;z = 2()61 _x1+l)(yi+1 _yl)Ay,‘av“]Aykﬁlutlr .

(-3 ) (e =3(r-2 )y, +(r-x) (v -3(x-x,) oy,

3
[()c—x‘,+l )2 Ay, i +(x—x‘ )2 Ay, N }

N (x_xm )2 (x_xm)Ayk{lm 1

(Gonym | a)(m )
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This means that the following equation is true:

&cf(x) . dfi(x)
Tae Cam e

x—x;+0

lim

X%, -0
ie. f, & C’[a,b]. O
Theorem 10.3.2 For the data set of the system as the following:

I0D ={(x,,,) € X xY|i=0,1,--,n},
suppose the group of fuzzy inference rules is as the following:

{(Zkl,Bk[)ef(X)xf(Y)|i=o,1,---,n}

where Zk,. (i=0,1,---,n) are as the following:

A ()=t i=0,1n,

where 4, (i =0,1,---,n) and Bk,. (i=0,1,---,n) all can be taken as tri-

angle wave membership functions. And the fuzzy implication operator
should be taken as @, or 6, and the fuzzy inference relation is with

self-adaption, i.e. R(W (A)), where the variable weight vector:
W (A) = (o (A), W, (A),+,w,(4))

is as the following:
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where o means lattice close degree. If the input value is taken as single
element set, then we have the following results:

1) The fuzzy system with self-adaption s is approximately as a
piecewise nonlinear interpolation as the following:

S = f,0=Y 4, @y, veX,

where

Ll s () ()

b

( )Ayk Zn:(Ak,(x))4(Aykj)3 (10.3.5)

Jj=0 Jj=0

i=0,1,--,n.

Ek,. (x) =

n

2) The interpolation function f, € C’[a,b], which f, (x) is of 3
order smoothness in the universe X =[a,b].

3) The interpolation function f (x) is of universal approximation
property in the universe X =[a,b].

The proof of the theorem is similar to the proof of Theorem 103.1. We
omit it. m|

Theorem 10.3.3 For the data set of the system as the following:
I0D ={(x,,y,) € XxY|i=0,1,-,n},
suppose the group of fuzzy inference rules is taken as the following:

(4B, )e 7 (X)x F(X)]i=0,1,,n]

where A4, ,B, (i=0,l,---,n) are all triangle wave membership func-

tions. We have the following results:
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1) The fuzzy system formed by CRI method § is approximately as a
piecewise nonlinear interpolation as the following:

E(x)zfn(x):zn:A,fi(x)yk’_, xeX.

where

A (x)A
AQ(x)=-7—ﬁ£—132L—, i=0,1,---,n. (10.3.6)

ZA/:, (x)Aykj

Jj=0

2) The interpolation function f, € C’[a,b], which f, (x) is of 3
order smoothness in X =[a,b].

3) The interpolation function f (x) is of universal approximation
property in the universe X =[a,b].

The proof of the theorem is omitted. o

10.4 Examples

Example 10.4.1 We consider to use a kind of fuzzy system f, (x) to

approximate the well-known continuous function as follows:
s(x)=sinx € C[0,10].

For doing this thing, we first make an equidistant partition for the uni-
verse X =[0,10] as the following:

h=Ax, =10/n, i=0,1,---,n—1. (10.4.1)

Second we take the fuzzy system f, (x) as the following:

1= 24, (.
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where A4, (x) are taken as triangle wave membership functions and the

base functions AI:,- (x) as follows:

A, (x)A
A/:(X)ZM’ i=0,1,-,n.

z Akj (X)Aykj
=

No.l TrimfA;; No.2 BasefA!; No.3 Contrast No.4 Error
T LN 7

Fig. 10.4.1. Approximation situation with n =10

When n =10, the situation of f, (x) approximating s(x)=sinx is

shown as Figure 10.4.1.
In these figures, “Trimf” means triangle wave membership functions
and “Basef” does base functions.
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Fig. 10.4.2. Approximation situation with 7 =50

shown as Figure 10.4.2.

No.l TrimfA;; No.2 BasefA;; No.3 Contrast No.4 Error
T L T

5 / .
0 1 2 3 4 5 6 7 8 9
1 T T —
0 1 L //.
0 1 2
2 r T
1k
0
i . .
0 1 2
T T r T T r T T r
01k .
ok ]
-0.1 /
0.2 i
1 1 1 1 1 1 1 L 1
0 1 2 3 4 5 6 7 8 9

Fig. 10.4.3. Approximation situation with n =10

477

When n =50, the situation of f, (x) approximating s(x)=sinx is

O
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Example 10.4.2 We also consider to use a kind of fuzzy system f, (x)
to approximate s(x)=sinx e C[0,10]. First we use (10.4.1) again.
Second we take the fuzzy system f, (x) as the following:

£0= 23,

where A4, (x) are taken as triangle wave membership functions and the
base functions Zk_ (x) as follows:

_ A (x)A
Ak’_(x)zM, P=0.Lm

42 (A,

J=0

When n =10, the situation of f, (x) approximating s(x)=sinx is
shown as Figure 10.4.3.

No.l TrimfA;; No.2 BasefA;; No.3 Contrast No.4 Error

w AR
ﬁk

=i

o

0

NX M U M i

cp

o

0 6

j:i \%ww il M ’V\ NWM\ I

\
-ou4— )
0 1 2 3 s 5 6 7 8 9 10

Lc_nmo

o

Fig. 10.4.4. Approximation situation with 7 =50
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When n =150, the situation of f, (x) approximating s(x)=sinx is

shown as Figure 10.4.4. m|

Example 10.4.3 We again consider to use a kind of fuzzy system £ (x)
to approximate s(x) = sinx € C[0,10]. First we use (10.4.1) again. Sec-
ond we take the fuzzy system f, (x) as the following:

J,(x)= Zn: jk,. (X)yy,»

where A4, (x) are taken as triangle wave membership functions and the

base functions jk,- (x) as follows:

(Zki(x))z Ay, _ (Aki(x))4(Ayki )3

n

Zn:(ij (X))z Aykj Z(Ak,- (x))4 (Aykj )3 D

Jj=0 j=0

jk,. (x)=

i=0,L--,n.

No.1 Trimf A;; No.2 Basef A;; No.3 Contrast No.4 Error
T T T

1 PN /1\\ TX
1 / (/ \
\ /"4 \,\
: n s : M AN
2 3 4 5 6 7 8 9 10
~— T ~—7T T T
\f [ \ [
\ / \ /
05 | )ﬁ \ \ .
i\ \ |
/\ \ \
o\ i | Ay | 1 I /l .
0 1 2 3 L 5 8 9 10
2 T T T T T T T T T
I g o e
0= B /'t/ \\‘ -]
1 | L L — " 1 1 1
0 1 2 3 4 5 6 7 8 9 10
0.5 T T T T T T T T T
[ N
. /
N N AV AN N4
\/ ‘ / v Ry V|
-0.5 - -
1 2 3 4 5 6 7 8 9 10

Fig. 10.4.5. Approximation situation with n =10



480 Fuzzy Systems to Quantum Mechanics

No.l _lrlmfA No 2 Ba?ef’i No.3 (.outlaat No. 4 l:.rror
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Fig. 10.4.6. Approximation situation with 72 =50

When n =10, the situation of f, (x) approximating s(x)=sinx is
shown as Figure 10.4.5.

When n =50, the situation of f,(x) approximating s(x)=sinx is
shown as Figure 10.4.6. m|
Example 10.4.4 We continue to consider to use the fuzzy system fn(x)
to approximate the function s(x)=sinxe C[0,10] . First we use

(10.4.1) again. Second we take the fuzzy system f, (x) as the following:

L0=Y 4 @y,

where A4, (x) are taken as triangle wave membership functions and the
base functions AZ (x) as follows:
A (X)A
A:(x)zM, i=0,1-,n.
Z A:j (x)Aykj
=0
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Fig. 10.4.8. Approximation situation with # = 50

When n =10, the situation of f, (x) approximating s(x)=sinx is
shown as Figure 10.4.7.
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When n =150, the situation of f, (x) approximating s(x)=sinx is
shown as Figure 10.4.8. m]

10.5 Conclusions

In this chapter, we discuss a kind of fuzzy systems with self-adaption.
First, we present the self-adaptive fuzzy inference method and the
construction of self-adaptive fuzzy system. Second, we prove that the
self-adaptive fuzzy system not only has universal approximation but also
a better smoothness. Meanwhile, we offer a method to construct fuzzy
inference antecegents, such that CRI method has a general meaning.
These methods will offer a lot of help for modelling on a great deal of
uncertainty systems in some theory or real practice cases. At last, we
give several examples to show that these methods are very effective for
approximating many real continuous functions.
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This unique compendium represents important action of fuzzy systems to
Quantum mechanics. From fuz2zy sets to fuzzy systems. it also gives clear
descriptions on the development on fuzzy logic, whese the most Important
result is the probability presentation of fuzzy systems.

The important conclusions on fuzzy systems are used in the study of
Quantum mechanics, which is avery new idea. Eight important conclusions
are obtained. The author has proved that mass-point motions in classical
mechanics must have waves, which means that any mass-point motion
in classical mechanics has wave mass-paint dualism as well as any
microscopic particle motion must have wave-particle dualism. Based on
this conclusion, it has been praven that classical mechanics and quantum
mechanics are unified.
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